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tearing goats
• Introduce compactness
° Bolzano -Weierstrass theorem

•

compactness and Hausdorffness

An analogy :

connectedness : IVT : : compactness : EYT
extreme value

To fully develop this, ve
''ll need theorem

the Heine -Boral theorem ( compact subsets of
IR are closed and bounded) which we'll do on

Day 17 .

Deff A collection U of open subsets of X is called

an open cover of X when full -- X .
The space

X is compact when every open cover of X
has a finite subcover

.

E.ge IR is not compact because {Cn, ntl) Inez / u



{ (n t 's
,
n tz ) Inez} has no finite subcover.

Thnx If X is compact and fix→7 cts
,
then

f-X is compact . (Hera HEY with subspace topology . )
Pf
-

but U be an open cover of FX . Then

V -- { f-'U l Ue '

Uf is an open cover of X .
Since

X is compact , Ffinite subcover N
'
EV

.

Define U ' -- l U eU l f - ' U e V'}
.

Then U'EU

is finite and
,
since every

xeX is in some

f-
'
U EV

'

, every Hx)
e- f-X is in some UEU '

.

Cos compactness is a topological property Cin .

it is preserved by homeomorphisms$ .

Defy A point x is a limit point of X if every
nbhd of x contains a point of X- sixf .

g-
not a limit point

limit points



Thin f.Bolzano -Weierstrass ) Every infinite set ina compact
space has a limit point .

.
.
o {In a compact set , ifyou take infinitely

many points , those points clusterfaceumutate
around one of themselves .

tf suppose F EX infinite with no limit points .
for xe X -F

, since x is not a limit point of F,
F Ux E X open with xe Ux and Ux n F --0 .

For xef
, 3-Ux EX open with x e- Ux and Uxn't -1×1

.

Then N -- l U. I xeX ) is an open cover of X .

Since X compact, Fx , , .→ x. EX with

Ux
,

u - - - u Uxn -- X
.
Thus (Ux

,

u - - - U U
xn ) n F

= F E fx
. . .
. - , xn G E .

÷÷÷÷÷÷÷i÷÷



This Closed subsets of compact spaces are compact .
tf Take X compact, C EX closed

.
U -- { Ua la e A}

open cover of C .

(Meaning Ua EX.pen,
C Eyall a .

Note / CnUal at AG is an open cover

of C in subspace topology . ) Then Uu lX-Cf

is an open
war of X ,

thus has a finite subcover

{Uil Kien) possibly together with X -C .
( finite subcorner of C .

¥¥¥u
Nov consider how compactness and Hausdorffness
interact

.

The lat X be Hausdorff . the X and compact K E Xyxf
F disjoint open U, V EX with * eU , KEV .



×

FI Given such x,K , Fye K take disjoint open
Uy , Vy EX with xe Uy , y e Vy .

Then

{ Vy ly e k) is an open cover of k so hes a finite

subcover IV,, . . . . Vn ) . Let U -- U ,
n - - nun

and V-- V
,
u - w u Vn - throw work !

U
,

Us V' Vz "

corn compact subsets of Hausdorff spaces are closed .
PI Express X-K as the union of the sets U produced
aborn (one for each x E X-K )

.

Cos If X is compact and Y is Hausdorff, then every
map f : X → Y is closed (i.e . CEX closed ⇒ f-Ccbad)

.



tf C is compact so FC is compact so FC is closed .

Note In the above setup ,
of inj ⇒ f embedding
of surj ⇒ f quotient map
of bij ⇒ f homie .


