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° Define Hausdorff spaces
° (Non) examples
- Diagonal condition for Hausdorffness
• Other separation conditions (overview )

Defy A space X is Hausdorff when th,y e X

F disjoint open sets U ,V E X with x ell , ye V .

:O :O
.

The Hausdorff condition is named after Felix

Hausdorff (1868-1942)
.



Pruface to 1914 Principles of set theory
"

of the human privilege of error
to make as economical a use as possible .

"

Tragically ,
Hausdorff took his own life in 1942 to

avoid being sent to Endenich, a Nazi concentration
camp .

Thin If X is Hausdorff then every finite subset
of X is closed . In particular , points are closed .

tf It suffices to show that every singleton subset
{xof of X is closed . We prone lxoT = Sixof

Given x EX , x#Xo ,
take U

,
V ( closure of Hof

,

disjoint open nbhds of x, xo .

KI -- N C
.

CZHotThen x El X- U
,
a closed set containing closed

Xo , so x 4 foot .

Ez Every metric space is Hausdorff i Given
×
,y
EX where X has matrix topology Wrt d,

the
open balls

B2x
, 'Tdlx,y) ) , Bly, Idk,y))



separate .si i

E.ge Every order topology is Hausdorff
.

(Moral exe )

Eg Any infinite set X with confine topology is

not Hausdorff : (
U EX

open
H

x
, ye X separated by X-U finite

disjoint nbhds UN ⇒
Unr =p ⇒ X - (unv) -- (Xiu) or Hiv) -- X
so X is finite . I

E.ge
"

line with two origins
"

X -- IR- lot of p.gg
is net Hausdorff . Here top on X has tragic opens

•

open intervals not containing 0
° C-a

,
o) Ypf u lo, a)

- C- a, O) ujqgu (o,a) →←×

The Product and subspace preserve the Hausdorff
condition

. Quotient and homotopy equivalence
do not preserve the Hausdorff condition .



Fact Every top
'l space is homeomorphic to the quotient

of some Hausdorff space .

The A space X is Hausdorff iff the diagonal
A-- I ex,a) Ix eeXf E Xxx is closed

.

tf ⇐ ) Take HyeX .
Then Cx

,y) EX-A open

so 3- basic
open UxV E X-A containing K,y) .

Then xell
, ye V , UN -0, U,V open

V

i

try
X U

(⇒ ) WTS Xxx -A open . for
(x.y) EX-X-I

know x.yeX , x -4y .

Since X is Hausdorff
,

Fu, VEX open disjoint nbhdes of ay .
then

UxV E Xxx-A open in Xxx containing ↳y ) .



Other separation properties Claims )
A space is

T
,
when its points are closed .

A space is regular when it is T, and AxeX,
x et B EX closed, I disjoint open sets separating x andB.
A space is

normal when it is T
, and VA ,BEX

cloud disjoint , 3- disjoint open sets containing AB

resp .

. an
:B
.

'

⑧
\ Tr

T
⇒ normal

3
aka Friechef Ty

⇒ To
, Tun , completely I , Tz ,

Ts
,
Ta as well

but we
'
won't belabor these .)
I

UrySohn Ty chonoff


