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"

connected
"

and
"

path connected
"

are htpyinvti .
Ff suppose fix→ Y is a htpy equiv witnessed

by g : y→ X
,
H : fg ⇒ idy .

Cound suppose X is conn 'd
,
take ets k : Y→ 10,14

,

y , y
'

E Y . Know kf :X→ 10,11 constant, so

hfgly) - kfgbj ) .

The fu Aly, - ) : GD→ Y

is a path from Hey , o)
-

- fgly) to hkyll -y ,

and kfgly) - klg) Ebla image of Hey, - ) is constant ) :



i÷÷÷÷:
similarly (using Hly ', -) ) , kfgcy.li Nj) .

Since kf is constant on all of X, this must be
the same value as kfgly) - kly) , in . Wy) --Kyd
so k is constant

.

Patt conrid Suppose X is path conn 'd . Then

f-X is path conn 'd .

④ is Y

FX

Given ye Y - FX , Hly , - ) is a path from fgly)
c- f-X to y , so 4 is path conn'd

.



(2) We can use connectedness of intervals to prove
Intermediate Value Theorem types of results .

Thug (n- l case of Brouwer fixed point theorem )
Every cts function f : El , l ) → Ft , I ) has

a fixed point .

tf suppose for E F f : El , I) → Fl , I] af.

tx e El
,
I )
,
f (x) f-x .

Note f-2- 1) s - l , fell 21 .

Define
g

: El , if → ft t f
x i→ x-f

Ix - fix) I

'

Then g is ate , gl - 1) = - I , gli) -- I .

But El , I] convict
,

so I .(
using that arithmetic operations
and composites of ets fins are its

(3) Defy The path components functor

to : Top → Set

§ →
it

;? atgofpath components
ToY



where ⇐of ICIx ) ) - tf Ix)] .

Cx) -- path comp 't

(This is well-defined b/c when
of x .

8 : x→ y in X , ft : HA → fly) in Y . )

Reading The previous proof can be framed as
a consequence of functor iality of to !

(4) Note that It does not preserve (path) connectedness .
We've already seen that quotients die .

Subspaces do not .
The lat Ha Ke Al be a collection of Gath)
conn 'd spaces . Then X : = III.ax, is (path) conn'd .

PFIpath conn 'd case ) Take a, beX .

Choose paths
b : a

a
→ by in each Xa .

The function

Vito , it → X with components Va is a path
a -→ b

.

to, IT

E tr

←
X

Xa



Fy As a set , X is the disjoint union of its
conned components. X --

z

'II
, :*. ×

There is a natural topology on LedaXa
with U E H Xa open iff un Xa open V-2 -
(see l . 5.)
It is net the case that X = HE

2- e conn'd gots X
where RHS has corrode it top .

Ez to Q = I try / reOL) but 0h is not discrete

Navartheless :

The TFAE
Ci ) X E H Z

Ze conn 'd opts X

Lii) conn'd components of X an open
( iii) X1, is dosimeter for xny when x.y

in

same conn'd component.



(5) Defy A space X is locally (path) connected
when the X t open nbhd U EX of x

3- (path) connected open nbhd V of x with V E U .

E.ge Most
"

nice
"/familiar spaces here this property.

"
×

The topologists sine curve does not :

5- (graph of sin l
'Ix) for x> o ) u ( lol x El ,D)

Have S = closure of image of co,
a )

so S is conn 'd .

Not locally com'd and not Cloeally ) path
connected .

For not path conned ; Itn→ 0 with sin Itn) = C- IT
not converging so no path connecting 10,0) to RH pts.



The If X is locally path connected , then its
connected components and path components are
the same .

Ff Read Mankins , §25 .

(Optional . )


