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Learning Goals
- connectedness §
• Path connectedness
o Path components

Define A space
X is disconnected iwhen FU ,VEX open

at
.

C l ) X -
- U U V

,
L2) Un V -- 0

,
and 4) UNF0 .

① 0
A
space X is connected

when it is not disconnected .

Prof A space X is connected iff every
cts fu

X→ 10 , Ifdiscrete is constant
.

E C# We
prone

the contrapositive . Suppose X is

disconnectedwith X = U u V
, U , V open

and disjoint .
Than Xu is cts and nonconstant

.

(⇒ ) Again by contrapositive . Suppose f :X-1194
is nonconstant and ets

.

Then U - f
- '

O
,
V -- f

-

4



witness that X is disconnected .

Recall that a path in X is a cts fu r :[0,17→ X

×

Define an equiv rel
'

n on X as follows :

x-

y
when F path 8 in X with Hokx.HD -

-

y .

Reflexive : constant path at x

symmetric
: Givin V : x may define J :

yousx by
Jett -- ru- H . \Transitive : Given x whyIs z define

g.V : x ms z by

g.rich .. fruitteco.in/:n?EK7IS(2t- it teth
,
I] in X from

x

" " t '



DE A space X is path connected when tix,yeX ,
x -

y live . I8 : x -s
y
l .

The Image under a cts fu preserves connectedness

and path connectedness .

tf (connectedness ) support:X→ 7 cts and FX

disconnected
, g

: FX→ lo, if noncomstant .and cts.
Then gf : X→ fo, Y is too so X is disconnected .

(Path connectedness ) suppose X ie path conn'd,
f:X→ 4 cts

.

Given text
, fly) t fX , choose

tix→
y
in X

.
Then ft : text us fly) .

Core connected and path connected are topological
properties .

Cos The quotient of a (path) connected space is
(path connected.

TE Quotients are cts surjection .

Thin Space X, sur; fn f :X→ Y . If y is connected

in Tf (quotient top) and f
- '

y connected the 4 ,



-

then X is connected .

E aim as g.* say,

know g is constant on each tf
t
"

y .

The points of Y may
TEY

identified with these fibers , so we get g : Y → 10,11

sit
.

X

fg tf
,

BY Univ prop of quotient ,

y
af is continuous. Since Y conn 'd,

go.iq/5 g- is constant ⇒ g constant .

They suppose X - Laka , tae- A, Xa is Gath)
connected

,
and
fax . 40 .

Then X is (path)

connected .

gµ@mf×'

Ez Thr space 0h (as a subspace of IR) is disconnected .

Indeed , consider tix
keep⇒ vgg

.

Then

f-
"

lol = I xcrzf = to , re) nOh , f- ' Ill = uh , o ) nQ .



The Th connected abuts of IR are the intents .

F- Reading : conn 'd ⇒ internal
.

⇐say , x.yet

← contradiction !
⇒ s e- I

.

Suppose I EIR is an interval , I -- U U V
,
U,V

nonempty disjoint . Whoa have xe U
, ye V with my .

The set U
'
-
- Cx, y) nu is nonempty and bald above ,

so s
-

-

sup U
'

exists by completeness of IR .

Since x es Ey and I is an internal ,
either sell or se V . If se U

,
38 SO it .

( s - 8, Sts ) EU (since U open ) . If s
e V
,
2870 at .

( s - S
,
St S ) EV (since ✓ open) . In the first case,

s is not an
upper

bound of us E .

In the latter
,

s- 8 is a smaller upper bound of U
'

,
I

.

The Path connected ⇒ connected .

tf suppose X is path connected and consider a
cts fu f :X→ 10, It .

Fix xo E X .
theX IV :xmixo

Have Eo, I]

µ µ
and ft is constant since Io, Y

y
x

conn 'd
.

This fix) : f-Hot - fKil -- flxol

do , if l f ⇒ f is constant
.


