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'

defn and two characterizations of
the quotient topology.

Recall X a set , ~ an equiv rel 'm on X
,

XIN = In equiv classes on X }
The ~

equiv class of x EX is

Ex) : Ex]
n

i ly ex lynx 's
.

Ur here a surjection
a :X→ Xk
x x Cx)

.

Note that a- ' Ext e l ye X / cylix]) = Ex ) .

In fact
, every surjective fn a :X→S gives

rise to an equiv rel
'
n on X : x -y

⇒ a 64 -- Ti ly) .
We get an iso (ofsets)

S - xx
s 1-5 a

-'{Sf .

If X is a topological space and a :X→s ,



we want to give s a topology for which a is ok .

=
Define A set U ES is open in

the quotient topology
when it

- '
U EX is open
.\

which one. . ?

First characterization The quotient topology
on S is the finest topology on S for which
IT is Cts .

tf Let Tguo if U ES la
- ' U open } .

This def

directly implies that a :X→ CS
,
T
quo
) is ok .

Suppose it :X → (s
,
T) is also ok . Then

U ET ⇒ Ti'U open
⇒ U e Tquo , so

T ETqo .

Thus Tqw is the finest such top .

Second characterization The quotient top on S

for a :X→as is determined bythe following
property :

tftop space Z and tf is→7 , f is its
iff fa is ok i ¥

S f→ Z
.



tf we first check that Tg, satisfies the property .
(⇒I suppose f : (s, Tew ) -Z is cts . for U EZ

open, we have (fat
'

U = a-
' (f - 'U) .

Since fi,
etc
, f-

'
U is open , so

a- ' (f - 'U) open (by continuity
of a ) .

(⇐) suppose for is ct . Then for UEZ open .

(f- a )
- '

U e x

- ' (f - 'U ) is open
in X

. By
the defn of Tqoou , this means f'll open ,
a f ets .

Nou suppose that T is some other top satisfying
the property . WIS T -

- Tquo .

Consider f- = ids : ( s, T) → (S, Tqw ) .

Then

f is ets iff Te :X→ IS
,Tquo ) is cts

;
IT is ¥5

,

so fir cts , whenu Tgw E T .

Similarly , continuity of ids :(5,41 → CST)
implies a :X→ CST) ets . The first chain then

gives T E Tqao , so T
-

- T
quo .



Note Univ prop
tells us that every cts

map
S→ Z

"

arises from
"

acts map X
-it

which is constant on the fibers of it .

X

\
i.e. Ti

' 1st

Defy call a cts fu f :X→ Y a quotient map when

the top on Y equals the quotient top on Y rel t f .
Ez x : Co, D → s

'
°

t↳ (cos that) , sonfat ) )
is a quotient map

.

Thus cts fu S
'
→ t

may
be identified with

its 8 : Cod) → t s . t . Not -- VH) .

• Consider equiv
rel 'n - on Mnt' -101 given by

xn Xx for I eR× .

Then projective space
IRP
"

= (R
" '

Yolk space of lines through 0
in Knt

)

is the space of lines through 0 in IR
""

.

•

"

Identification spaces
"

are quotient spaces :

torus T = IYCX , o) nKil
>

lo, y)
- Li, y)

A a

I = Co , l)
>



Mobius band
A O

D
,

Klein bottle i

A O

÷÷

:
IRP' A T

4

Ty is this homeomorphic to 11234%-xx ?

STxn -× E IRP
'

IE. . if← Ext

9794;uYMEm¥fLEEdc:ffaYFy
the equator .

So IRP
'
± DY×n -× for x EdD' ⑤

"

Smash
"

into a square and you get a ? o
.


