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tearing goats
° How we'll present defines lcharacterizatons
of topologies

o Subspacu topology

Presently want to build new topologies from old :

subspace : Y EX , Y inherits top from X

quotient : Mn for - an equiv rel 're on X)
product : Xx Y and it

,

Xi

coproduut : X HY (disjoint anion )

proceed in three stages :
- classic defn : explicit land unmotivated )
- first characterization : coarsest or finest

topology for which maps into or out of
space own cts

- second characterization : universal property
Date for (X , Tx ) top span and Y EX

, define
the subspace topology on Y (relative to X1



to be Ty : = fun Y l U E Tx } .
First char 'n : More generally , consider
f :S→ X

,
X space , S a set .

Is there

a coarsest topology on S s
.
t

. f is ets ?

Yas : the intersection of all top 's on S for which
f- is cts . ( Note : nonempty since f is cts
wrt discrete top on S) .

Call this int 'n Tf and note Tf = It
"
U l Ugyen ) .

For Y E X and i : y→ X the inclusion function
,

yu y

we have Ty = Ti since i
"

U = UM
.

More generally , call Tf the subspace topology
on S whenever fi 7 →X is injective .

Defy A cts injection f : Y→X is an

embedding when the top on 4 matches Tf .

Note id
'
. ( IR , Taira ) → ( IR, Tstd) is a cots



injection but not an embedding .

Second chain i

Thx for (X
, Tx) a top space , 7 EX , i : Y- X

the inclusion map ,
the subspace top on Y

is characterized by the following universal pmperhg :
tf space (Z, Tz) and function f: Z→ Y ,

f- is at iff if : 2-→ X is cts
.

E Need to show u) subspace top satisfies this prgserty
(2) subspace top is characterized by this property .
Cll : for Ty subspace top on Y and (Z, Tz) top
space , f : Z

→ Y any fu , must show

f ets iff if cts .

(⇒I if fats , than if is a comp
h of cts fry

hence cts
.

(E) suppose if : 2-
→X cts

,
U e y open . Then

U = Vny = i- l V for some VEX open
(by defn of abeyance top ) . Since if cts

,

lift
'
V -

- f
-'
U is open

⇒ f cts .



121 Now suppose
T '

is some top on Y satisfying
the univ property . WI T

'
-

- Ty .

Univ prop says
t

jets iff if As

it
, ti

Take 2- = 14
, Ty ) , Y -- C Y

,
T ' )

,
f -- idy :

"""

iiiiu
.
.,

i-i¥ tjj
Since i id

y
= i is cts

,
learn that idy :(Y,Ty) →

(y
,
T
' ) acts ⇒ T ' E Ty .

( make sure you
understand this !

To
prove Ty E T

'

,
consider ( Y

,
T' ) iydy

'
( y,T

' )since id
,
ets
,
learn that i ↳ ¥

.

is ets
. By first chain ,



Ty is the coarsest top for which i is ets ,
so Ty E T

'

.

TPI Is the subspace top on Q EIR discrete ?

(No : Irl open in Ddt
"

,
not in Emb which

has basis {Q n ca. b) f .
)


