
Day7Leag Goats
• Reorient ourselves in the world of topology
. More examples of spaces
• More examples of continuous functions .

Recall A topological space is a pair (X, T )
with X a set , T E 2x .sk .

' 0
,X

ET

- T closed under arbitrary unions
✓ T closed under finite intersections

thou *Empty of spaces
"I may consider the cofonite topology or any
set X : U EX

open iff X-u finite Lor U
-

-O)
.

(2) 0 and * have
unique topologies .

Note V-space X , F ! de fue 0→ X→ k .

initial
'
terminal

(3) Some topologies on IR :
• metric . discrete . cofinite
'
we mean this unless olw stated



• lower limit topology
: basis Ha

,b) laeb 4121
.

141 For X totally ordered . the order topology on X
has basis { Ca,b) I aebexfufca.at/ae-Xf
u { C- o , b) I be Xf .

b) Typically think of Z as discrete, but here is

a novel topology : for a c- 21-104
,
be21 let

Sca
, b) = {ant b / new f

.

s
arithmetic
sequence

Ez S ( 3 , -4) = f - 4, - l, 2,5 , 8, 11 , . . - I
let B

.

- { sea , b) la c- 21404
,

be 21 ) .

Claim B is a basis for a topology on B .

Indeed
,
for x EB

,
SCI, o) t Ix to -- x , and

if x e Sca
,b) n see , d) then

x e 511cm la
, c) , x) c- Sca

,
b ) n Slc

,
d )

× 80 • •
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So
may

take unions of arithmetic sequences
(and 0 ) as opens for 4 .

TPS
-

Each basic open Sca
,
b) is also

closed
.

Now note that

Z - { Ill = U Slp ,o)
P prime

be
awry integer t II has a prime factor .

Furthermore
, It t ) is finite so not open ,

whence Z -hey is not closed . In particular ,
21 - Hlf is not a finite union of closed cuts ,
so there are infinitely many prime numbers !
(This proof is due to Furstenberg , 1955 -

published when he was an undergrad . )

(6) R a comm ring, speak
= { PER l P

, deeming}
with closed sets VE Ip c-SpecRIE Epl,
E any subset of R .



(7) Read : Norms in metrics ms top .

MI examples of Iste
( II s -- lo, it with topology 10,111, Sf is the Sierpinski
space .

For U EX
open , Xu

: X→5

am> If
xeu

x ¢ U

is cts
. In fact , every ch fn f

:X→ S

is of this form : f -- Xf . . , , ,
.

Theus Top (X ,s)

E T
X .

(2) Top Cia , X) = X

(3) Latur : Top C , do , Hdd
") detects connectedness .

141 A path in X is acts Fn V : lo , I]→ X .

A loop on X is a cts fu V : lo , I] → X

with 8107=84)
.

(5) A homotopy between f.g : X- Y is a cts fu

H '

. X x to , I] - Y sub
. Ht , o) -- f and

HC- , it -- g .

Write H : f -g .



""→"'

① y
xx o M-

f

.
.

. {It is a
"

moron
"

of fns starting with
f
, ending v ith

g
.

Note Need to know X. Co, i ) as a space to make

this precise
- product topology .

Spaces X. Y are homotopy equivalent when
F et fue f : X 7- Y : g s . t . gf - idx and

toy - id y .

Write X- y
,
callxfn@uotopyeguiv.Eg.S' - D

'
- lol via f : S

'

D
'
- Iof :g

I← a

11×11

Note gf = ids . . so may use
Hlx

,
t) -- x as htpy .

Have fgcx) : Ey, .
Define

It : (D' - lol) x Eon] → D
'
- lol

(x
,
t)a txt ( t- t)

,

I



parametrizes a straight
line from Izu to x .

Then Hlx , o) -- Ey,
-
- fglx) and Hlx

,
i) -- x

so It : Fg- id# o
as desired .

May define the homotopy category htop
(or Ho (Top) or Hot ) t have objects
top

' l spaces and morphisms homotopy classes
of cts furs . The ios in htop are homotopy
equivalences .

whet 's next ?

Make sense of subspace , product, and quotient
topologies . We will then be able to define

things like fat diagonal
Uconfn (X) -

-
X
"
-Alon
'
symmetricgroupthe unordered configuration actingby permuting

space of n- subsets of X .

factors

- Paths in Uconfn (x) will be trajectories of



these n non-colliding points .

- Homotopy classes of paths will be
"

topologically
distinct

"

trajectories .

- Homotopy classes of (based ) loop , in Uconfn (x)
form the n- the braid

group of X .

⇐ with X -

- IR
'

. get th Artin braid
group .
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