
Daigle

learning goals
:

- Functors
- defn
- examples
- adjectives
- application

In category thy , we want to compare object .
Categories themselves are a type of object .
How do we compare

them ?

Defy A functor F from a category C lo a

categoryD (written F : c→D) is

Ci ) FX e obc
,
an object FX E obD

Iii) tf : X → y in C
,
a morphism

Ff : FX→ FY on D
.

s-t . Ciii) Agf) --fg)Ef) t X F YJ Z in C

and Civ) Fid× = idf× the ob C
.

Sneha functor is sometimes called a covariant
functor

.

A functor cop→D is a contravariant

functor from C to D
.

.
these

"

ruins arrows
.

"



Ez 4) For Xeobc have the functor C(X , -) :

Y ( (X , Y) from C to set

f f t tf.
z CK

,
t)

(y U - , X) is a contravariant functor
from C toSet i

Y CI Y , x)
f I ↳ Tf

.

Z C LZ
,
X)

G) Suppose that the objects of c consist of
a set t more structure and that the

morphisms of C are functions on said sets

satisfying add
'

l properties .
CE. g .

C -

- Vaeth
, Top , Gp , Ring , CRing , . . - I

Have a forgetful functor
u : c→ set

takings X
e- obc to its cinder lying at and

a morphism to its underlying function .



(4) In the above setting , typically have a
free functor F : set → C .

In case

C-- Vaeth , have FS
-

- KS = {functions S→KG .

Maythink of this as a vector space with
basis 5 (more formally , Ix, I s est is a

basis for X
,
:S→ F the characteristic

function of s ) .
We have

set F- Vertu
S ks x

,✓
eatend this

G1 "→ t I . aisfnuremyentT ht x
gest

free and forgetful functions fit into a
free - forgetful adjunction that we will study
later .

(5) The power set gives a contravariant functor
from set to set :

¥→ II.* if
'"best fishery



(so maybe we should write 2f for f-
'
in order

to not confuse it with an inverse function ! )
Note that idj

'
i idzs. and

for S f- T Es U ,

Cgf I
'
v = { s es /gflsle.tl/--fseS/fCs) C- g-

' V f
-

- f't j
'

V) .

This
proves that 2

"
is a functor

.

Lenny If F
'

- C-s D is a functor and

f : X→ Y is an iso in C , then
Ff is an iso inD

.

F- Suppose g: y→X is an inverse to fine :

gf = idx , fg i idy .

Then Fcgf) -- Fide and FCfg) -- tidy
⇒frg)Ff)

-

- idea ⇒ EH Krg) -- idly
Thus Fg is inverse to Ff, so Ff is an iso



To study topological properties , we will want
"

good
"

functors Ftp → C
.
Note that

Fx #Try ⇒ X¥7 , so we can distinguish
top

' l spaces w/ such
tools

.

Note that a functor F:c→D induces a
④

set
map

CK
, y) →DEX ,Fu ) TX,Yeoh C .

f I→ Ff

Defy . Call F faithful if ⑧ is injective tix ,Y .

• Call F full if ⑨ is surjective VX, Y .

o call F fully faithful if ④ is bijective tail .

If F is injective on objects and fully faithful ,
call it a full embedding of categories .

So what can
you

do with a functor ? We will
later study the fundamental group functor

it
,
i Top*→ Gp .

Facts Th LD
' ) = 0

,
it,
(S

') E B



Breer fixed Pent theorem Every cts function
f- iD
'

-55 has a fixed point ( i.e . FxED
'

at
.

Hx) -- x)
.

tf suppose for contradiction that there exists a
cts fu f :D

'
-D
' with no fixed points.

Then th following construction defines a
cts fu r :D' → S ' :

7

×• •

fix
• (

r(x)

If i :S
'
→D
'

is the inclusion ofthe boundary ,
then ri = idsi ble r is the identity on 215 .

id
Thus #

The
') Iii x, I D2) -in,Csi)

nz in
Tilt)
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