
Daye (ctd )

tearingGoats
° Isomorphisms

- definition-1
see them

'

ons notes

- examples (Top , Set , Ben Vaeth )
• Detecting isomorphisms with CC

,
I .

TPI For a group
G
,
what are the ios in BG ?

(This explains the term
"

groups
'd

.

"

)

Ezo An iso of vector spaces is an iso on underlying
sets and hence an bijection .

Moreover
,

the

inverse function of any linear bij 'n is linear
,

so isos in Vertz are the same as linear

bij ins .
o In FinVertz , choosing a basis of V makes
✓ = ti fr n

-

- dom V c- IN
.

The linear transf 'm

km→ k
"

arr in bijective correspondence with

nxm matrices
.

later
, we

will see that this
makes Math a skeleton of Finketh .



idea To understand X E ob C
, compare

it with

other objects of C .

Daff Fm fix→ Y morphism in C and ft ob C
,

get Clz
,
X) Is cosy )
x x# y
GT '→ 8T#g) fgZ Z

the pushforward of f (given by postcomposition with
f) . Similarly

ccx ,z ) et CH,t)
Z Z

Hg) : -gtf pg← Tg
x→ y y
f

the pullback off (given by prawnposition with
f) .

Thy t.at?
Honing an equivalent

• f : X→ Y is an isomorphism
• F Z e ob C

,
f-
*

: CLE , X) → CLZM) is an
iso of sets



• f z e ob C
,
th : C(Y

,
Z) → CH , Z) is an

iso of sets .

Slogans An object is determined Cup to iso ) by
its relationship with other objects .

Pfthm "I ⇐ th i suppose f :X
→ Y an iso .with

inverse g
: Y→ X

.

Claim :

ga
: C(Z

, Y) →Ctf,x)
is inverse to ta : Cca

,
X) → CCZ

, 71 .

Indeed
, ga f. h =

g.
(th) -- g CfH

-

- Igf)h -- id h
= h

and f. ga k
= f-*Cgk ) = f-Cgk) -- Cfg) h

-

- k
.

Now
suppose Fa

: CLZ,X) → CLAY) is an iso YZ .
For t -- Y

, get f. ich ,
X) C 17,71

F g
- id

y
= fag

⇒ fg= idy .

For Z -- X
, get f. : CLX

,

x) CCX
, Y )

id
×
↳ faidx ' f

and f. Igf) = Itg) f -- f .

Thus infectivity of Fa



implies gf - id× .

Moral eac : Q ther equines .

E.ge Lat s be the Sierpinski space with
5=10,4 and

open
sets 10, lot , 10,111 .

Then Top ( x, s) = Tx Hh set of open
×

sets for X )

gt
↳ g-

'

lol
.

Given f : X→ Y
,

the pullback
f? Top G,5)→ Top (X, s)

is identified w/ Ty → Tx
u ut f

- '

U
.

Thus f an iso ⇒ ft : Ty → Tx is a big
' '

n .

I Converse ? (Only assuming f: an iso, not
f: FZ . )

A- No ! Fck bij
'

ng which are not homeomorphisms .
E.ge lo, i) → S

'

→②*
s'


