
Daj3 Learning goals :
• Clarify

"

coarsest topology containing . . .
"

. Metric spaces and the metric topology .
- continuity

Mea helper Day 2 failed to justify the
existence of a coarsest topology containg B .

We can actually make this construction for
any subset S E 2x

;
call the corresponding

topology 14 .

Lemme The (finite or infinite) intersection
of topologies is a topology .

Pf Moral exercise - see
#remote

.

Prop If s e 2x , then N T = Is)
,

T25

Ta topology
i.e
.
G) exists and is equal to thegiven int

'

n

of topologies .
Pf Thr discrete topology 2

"
contains S

,

so we are intersecting over a nonempty collection



of topologies . By the lemma , T is a

topology on X .

T top
It is the coarsest such topology since
SET' a topology ⇒ n T E T'

.

Metric spaces-
--

Deff A metric space is a pair (X, d ) ,
X a set

,
di X xX → R satisfying

- (nonnegativity) dlx,g)30
• (symmetry dlx ,y)

-

- dly , x)
. (a inequality) dlx, z) E dlx,y) tally, z)
' ( identity of indiscernible ) dlx.gl

-

-O H
xey

(Atl properties universally quantified . )

ez
o X -- pi

, p> I , x.geht
dp (x,y) = (E

,
Cy ; -g)

P )
"P

do I x.y)
=

, {uipnlyi
-

xit

for p
I2
,
recover Euclidean distance

.



. For
any

X
,
have discrete metric

dlx
,y)

= { to Hy
x =y .

• Suppose (X ,
d) is a metric space and let

RaulX) = { finite subsets of Xf .

For A. Be Ran LXI . define the Hausdorff
distance

data ,B) - maafma.aqyigdla.bliy.gg main
dlaid) .

B

•

•
• •

A

•

L du IA , B)

= int { e> 01 A EBe , BE Aef
-
- fx# / d (x, b) se for

some b e B }
Defy If (X

, d) a metric graze , x E X, and r so
then the ball of radius r centered at x is



Bex
,
r) {yex Idk , g)art .

The metric basis for X is

BE 1134,4 / x ex ,
r>Of

.

The metric topology on X is

(B) = { U EX / U is a union of balls }
.

A topological space (X
,
T) is metrizable

when F metric d such that T -- kBd ) .

¥ Multiple metrics induce the same topology .

Eg . Ifa, y) -- felling) if dlxsyk I

01W
.

satisfied (Psa) -- SBE ) for all metrics d
.

Also SBdp)
-

- ( Bdq) for all Kp ,gina .

(see HW . )

Prep If Y EX and (X ,d ) is a metric space
than dly×y : 7×4→ IR is a metric on Y .



e.ge I
= Co> I] ER , Dn =L x EIR

" L x-xEl f EIR" ,

S
"
-

- {xe IRM I x.x -- If E Rn" are all

metric land topological ) spaces in this fashion.

Defy A function fix→ Y between top't spaces
is continuous when UEY open ⇒ f)U EX open .

pruimage = fxexfftxleu}
Prep suppose the topologies on X. Y ere gen 'd by
bases B

,
C. rasp . Then f:X-24 continuous

iff ty e Y and xex at . flx) --y , if yeCe C
then F x EB EB s-t . fB EC

.

Cos A function between metric spaces f:X→ Y

is continuous iff Hy e-Y and xeks.lt . flaky ,
He>O FF >O s.t

.

f- B (x, 8) E Bly , e ) .

-

Ftprop Suppose f is cts , - flxky ,
and ye

CE C
.

Then f
- '
C is open so x e f

"
C = U B

B E I



for some IEB . Must have x in one of these
B
,
and BE f-'C ⇒ fB EC

.

✓

Converse : HW ( immoral axe ? )

Prof Given topological spaces X, 7 , -2 and
continuous functions f : x- Y and

g
: Y→Z

,

have that i o idx : X → X
×t→y

• gf :X → Z gfl, tzg
are continuous

.

L we'llwrite gf for
gof , the composite
function xnsglflx)) .

3µF
"
this makes top 't spaces t continuous
functions a category .

Herson w/ spyglass?

PI id× : FU EX open , idx
'
U -

- U open .
V

gf : Fix U E Z open . Moral exe :

Igf )
"
U = f " U )

.

Since gets ,

g-
'
U open . Since fats , f

- '

Ig' U ) open .
V


