
Daye

Learning goals :

o definition of a topological space
° specifying topologies by basis

Defy A topological space consists of a
set X and a collection of subsets TE 2X

satisfying the following :

open
tuts

( i) 0
,
X E T
, potentially

infinite !

Cii) any union of elements of T remains
on T

liii) any finite intersection of elements of
T remains in T

.

Slogan : Open sets are closed under

arbitrary union and finite intersection .

Defy V E X is closed when X-V e T
,

i.e . X-V is open .



Linguistic atrocity : 0, X are doper
in

every topology
on X

.

We will live with this formalism and develop
several examples before attempting tojustify
this definition .

Boutaki exempted
. ( X

,
2x) is the discrete topology on X

o l X
, 10,4 ) is the indiscrete topology

on X (aka codiscrete, trivial , or

chaotic topology ) .

Analysis eixample
. x -- R

.
T - I use It. Ya

.
I but "Y

= {U ER l U is a union of
open intervals

/
This is the standard topology on IR .

We ' 'll see more examples soon .



Suppose T , T
'

are topologies on X and

T E T
'

.
We call T coarser than T

'

and T ' finer than T .
We will often construct

topologies as the
"

coarsest
"

Cor
"

smallest
"

)

topology satisfying a particular property .

One such example is when we generate
a topology with a basis :

Defy A collection B E 2X is a basis for a

topology on X
when
y

i.e. BIBB = X
ti ) Tx e X F B EB St . x E B

Cii) x c- AnB
,
A,BeB ⇒ 3-CEB at

.

x e C E AnB

cartoon
× wtrjiiiiisia.im
of basis sets is
a union of basis
sets

The topology T - CB ) generated by B



is the coarsest topology containing B .

Prof If B is a basis for a topology on X ,
then GB) -- f u ex / the U FB eB

"

Obvious
"
?? Svt

. x EB E U }
Make sure you
/

could prove
this
-

QIU ex I Uuiesmahtfngmrs off .if compelled .

tf Write T ' for the set of unions of sets inB .

Since opens are closed under unions ,
T' E CB)

.

Since B EB is the
"

one set union
"

of itself, B E T'
.

Thus it suffices to
show that T ' is a topology (because HB> is

the coarsest topology containing B , so
B E T

'
⇒ Sps) E T ' if T

'

is a topology ! ) .

A
"

union of unions is a union
"

so T
'
is

closed under unions
.

Closure under finite intersections is equivalent



to closure under
pairwise intersection

( induction t associativity of n )
so suffices to show U

,
V e T ' ⇒ UnVe T '

.

If U
,
Ve T '

,
then we may

write

U = U B
,
V = U C

B EI EB c e-JEB

so U nV = U Bnc (moral exercise :
BEI

"

check this ! )
C C-J

But each Bnc is a union of Its of B

by Iii) , so U nV e T ' as desired
.

NI - Estel has basis Bstd= { Ca,b) / a-b e IR) .
- Next time we will generalize this by
taking collections of open. balls as a basis
for a metric topology .


