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Problem 3. Prove that a polynomial ring in infinitely many variables
R[:z;,:ng, I3,.. ]

where R is any commutative ring (with 1 # 0) contains ideals which are not
finitely generated. (Thus B[z, 29, 3, . . .Jis an example of a non-Noetherian

ring.)

Answer:

Consider the ideal generated by the infinite set (z;, x2,...), or the ideal
generated by the infinite set of first degree monic polynomials of each vari-
able. If this ideal were finitely generated, then we would have to have a
variable z; be in the ideal generated by a finite ideal (z,....z;). How-
ever, since no variables equal a linear combination of any of the other vari-
ables in our polynomial ring, no such finitely generated ideal exists. Thus,
(1,73, ...) is non-finitely generated, proving that R[z, 29, z3,...] is an ex-
ample of a non-Noetherian ring. :
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6. (a) Z[z]/(2) = (Z/2Z) [:c])n other words, it contains polynomials in =
with binary coefficients. -
(b) (z) is the set of polynomials with 0 constant term. Therefore,
Z|z]/(z) is just the constant terms. Consequently, it looks exactly the
same as Z.
(c) (2?) is the set of polynomials in = with 0 constant and first degree
terms. Therefore, Z[z|/(z) looks like {a + bz|a, b @ mathbbZ}. -/
(d) (z2,3?,2) is the set of all polynomials with even coefficients and
polynomials with degree in = or y greater than or equal to 2. Conse-
quently, elements of I = Z/(z?,3?,2) are of the form a + bz + cy -+ dzy
where a,b,c,d € Z/2Z. If z = 1, then 22 = 1. If z # 1,0, then
T = a+ bz + cy + dzy + (22, 4%, 2) where either b,¢c,d # 0. Well, “

(a + bz + cy + dzy + (2%, 97, 2))? = o + 6%z + Ay? + d*z%y® + other terms

None of the other terms will have equivalent multidimensional order to
these terms, and consequently will not affect the following analysis. By
our assumption, either b, c or d is 1. Therefore, there will be a non-zero
term for a something of degree two. Consequently, z2 = 0.



Problem 7. Let F be a field and let R be the set of polynomials in F'[z] whose
coefficient of z is 0. Prove that R is a subring of F[z]. Use the equation
25 = (z%)® = (z*)? to prove that R is not a UFD.

~ Ris closed under addition because Oz + 0z = 0, under multiplication be-
cause (ag + agz? + - -+ )(bo + baz® + - -+ ) = aobo + (apb2 + asbp)z® + - - and
contains the identity elements 0 and 1 and additive inverses —(ap + a2z® +
ey = (—ag) + (—ag)z? +---. 23 . 2% = 28 = 2. 22 . 2% and as z? and 23 are
both irreducible elements in i, F is not a UFD.
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Problem 9. Show that the polynomial (z—1){(z—2) - - - (z—n)+1 is irreducible
inZ[z]foralln 21, n 5 4.

Answer:

Suppose f(z) = (z —1)(x — 2)---(z — n) + 1 = g(z)h(z) for some
g(z),h(z) € Z[x], where deg(g),deg(h) < n. Note thatfor 1 € a < n,
fla) =1 = g(a)h(a). Thus, g{a) = h{a) = £1. Therefore, g(a) — h{a) = 0.
Since g(z) and h(z) are polynomials of degree @Igzlgl_}qn , g(z) — h(z) is a
polynomial of degree less than n, which has at least 1 Toots. This can only
be the case if g(z) — h(z) = 0, implying g(z) = h(z). Thus, f(z) = g(z)?,
implying g(a) = %1 for 1 € a < n. Note therefore that n cannot be odd,
as deg(g{(x)?) = deg(g) + deg(g) = 2deg(g) which is even. For n = 2, note
that this would require f{z), f(z) = 2® — 3z + 3. By Eisenstein’s criterion,
since f(x) is monic and’3 divides both the x and constant coefficients, but
3? does not divide 3, f(z) is irreducible. Now suppose n > 6 implying
k = 3, and let deg(f) = 2k, implying deg(g) = k, for k > 3. Note that if the
function g{z) — 1, which is a degree k function, has less than k roots, then
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