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Exercise 4. Let K be a field. A discrete valuation on K is a function v : K* —
Z satisfying
(i) v(ab) = v{a) + v(b) forall a,b € K> (i.e., v is a homomorphism [think
) logarithm!]),
(ii) v is surjective, and
(iii) v(z + y) = min{v(z),v{y)} forallz,y € K* withz +y # 0.
The set O, = {z € K* | v(z) = 0} u {0} is called the valuation ring of v.

(a) Prove that O, is a subring of K containing 1.
(b} Prove that foreachz € K*, zor £~ ! isin O,.
(c) Prove that an element z is a unit of O, if and only if v(z) = 0.

Proof. Leta, b e K such that v{a), v(b) greater than or equal fo 0. v(a +b) >
min{v{a), v(b)} so v{a + b) is grdater than or gqual to zero.Yv(ab) = v(a) +
v(b) so v(ab) is greater than or equal to 0.¥50 O, is closed over addition
and multiplication. v(1) = v(~1) + v(—1) = 0, so v(~1) = 0, so we have
invegsés. v(a » 1} = v(a) = v(a) + v(1), so v(1) = 0, so Oy is a subring with
ik

v(1) = v{zz™!) = v(z) + v(z"!) = 0, so v(z) = —v(z'). Assuming v(z}
0, then either v(z) is positive and so in Oy, o‘r/v(:r:“ Bis. If v(z) = 0, then
both are, I assume we mean inclusive or here.

Assume v(z) = 0, then v(z~!) = 0, so both are within Oy, so z is a unit. v’
Assume z and z~! are in O, then v{z) = 0and v(z"1) = 0. If v(z) > 0,
since v(z) = —v(z~!), v(z~!) < 0. So, by contradiction, v(z) = 0. - O
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g V. e would like to show that for M = Y aig; € ZG, MN = NM.
u = (@191 +a2g92+F.-@ngn) X (91 92+g3+...gn). The k" coefficient

of thls product will be 3~ or any k between 1 and n. NM =

9 g; gk {4 N
(g1 + g2+ ..9x) % (@191 + a2g2 + .. angn): with the k*® coefficient being ngi A ': coul]
Lgigs=q 337 We need to show that this comes to the same thing. r‘ tued,

Observe that (a1g14 0202 + .--0ngn) X (g1 + g2+ g3+ ...gn) = (@111 + 4 @
aig192 + ... + @1919n + -..), so each a; is distributed across all possible

products gig;. Therefore, the sums are the same, and the coefficients {j::}.\" 3K 3
of the k" product are the same in M N and NM for all possible k.

7. Suppose for contradiction that Q[z] = Z[z]. Then there would exists He < amc
@ ¢ : Q[z] — Z[z] where ¢ is a ring isomorphism. We know that p(1) = Ao

2 i‘g ‘& %v:'\i

fFor q” %w\
1 ’
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. In checking whether or not any given set is an ideal, it is necessary
to check that the set is a subring and that it is closed under
multiplication by arbitrary elements of the ring. This means that
we need to check that it is closed under subtraction by elements
within the set, and by multiplication by arbitrary elements, which
compresses the ideal criterion check and the second component

of the subring check into one step. = Zo o k/.-’?-‘f &Y’.ﬂ
a

It is closed under subtraction(because (3ag + a1z + ... + a,z") —
(3bg + bz + ...bpz™) = 3(ap — bo) + .... It is also closed under
multiplication for any polynomial, b - ab = ba = 3agbp+-..... Thus

this is a sybrimg:-

(.9
(B) This is not an i%feal. 1t is not closed under multiplication by any

polynomial b. If a € Z[z] has 3a2z?, then the relevant coefficient
of ab is apbz -+ a1b; + 3azbg, which is not necessarily a multiple of
3.

(c) This is closed under subtraction, because for all components from

0to2, 0—-0=0. It is also closed under multiplication. In the
constant term, for a in our set, and b € Z[z], agbp = 0by = 0.
Then agh; +a1by = 0b;+0bp = 0 and agha+a1b; +azbg = 0. Going
the other way, byag = 0, b0 + 5,0 = 0, and bg0 + b;0 + b0 = 0.
Thus the produet on both sides is the same, and the first three
terms are 0. So closure is demonstrated for arbitrary b The set
is therefore an ideal.

(d) This is not an ideal either. For a in the set, and b an arbitrary

integer polynomial the first term of ab is agb; + a1bp. a; = 0 by
our condition, but ag is not necessarily zero, nor is b;. This is the
coefficient for x, which is an odd term. Therefore this set is not

an ideal.
@ Note that the sum of the coefficients for a in our set is a(1) = 0,

or the polynomial evaluated at 1. Then if b’s coefficients also

/ sum to 0, (a — b)}(1) = a(1) — b(1) = 0. Thus we have closure
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under sybtraction. Then for any integer polynomial b, ab(l) =
a(1)b(1) = b(1)a(l) = ba(1) = 0, so the ideal condition is met.
This is an ideal.

(f) Let p(z) = 2% + 3 and let ¢ = 3z. p'(0) = 0, however (pg) (x) =
9z% + 9, and (pg)'(0) = 9. So the ideal condition is not met.



Problem 9. Find all ring homomorphisms Z — Z/30Z. In each case describe
E) the kernel and the image.

Proof. There are 8 ring homomorphisms that I was able to find (you didn’t
ask for proof that I found all of them, just that I find all of them). ¢,(z) =
0 + 30Z has kernel Z and image 0. ¢2(z) = 15(zmod2) + 30Z has kernel
2Z and image {0 + 30Z, 15 + 30Z}. p3(z) = 10(zmod3) + 30Z has kernel
3Z and image {0 + 30Z, 10 + 30Z, 20 + 30Z}. w4(z) = 6(zmod5} + 30Z
has kernel 5Z and image {0 + 30Z, 6 + 30Z, 12 + 30Z, 18 + 30Z, 24 + 30Z}.
w5(2) = 5(zmod6)+30Z has kernel 6Z and image {0+30Z, 5+ 30Z, 10+30Z, /



15+ 30Z, 20 + 30Z, 25 + 30Z}. @4(z) = 3(2mod10) has kernel 10Z and image
{0+ 30Z, 3+ 30Z, 6 + 30Z, 9 + 30Z, 12 + 30Z, 15 + 30Z, 18 + 30Z, 21 + 30Z,
244 30Z, 27+ 30Z}. p7(z) = 2(zmod15) has kernel 15Z and image {0 + 30Z,
2+30Z, 4+30Z, 6+30Z, 8+30Z, 10+30Z, 12+30Z, 14+-30Z, 16+30Z, 18+30Z,
20 + 30Z, 22 + 30Z, 24 + 30Z, 26 + 30Z, 28 + 30Z). Finally, g(2) = -+ 30Z L
has kernel 30Z and image Z/302Z. Wi ]



Question 10a. Prove that [ + J is the smallest ideal containing [ and J.

Proof. First, since 0 € fand 0e J, I C I+ Jand J C [+ J. Second, I believe we
showed that 7 + J is an ideal in class. It’s pretty clear. Third, I show that [ + J is the
smallest ideal containing 7 and J. Suppose that K is any ideal of R such that J C K
and J € K. Let i+ j be an arbitrary element of I +J. We know ¢,7 £ K since I,J C K.
Moreover, K is an ideal, so it closed under addition, so i+ 7 € K. Therefore I+ J C K,
and K was any ideal containing I and J, so I + J is the smallest such ideal. -J O



Question 10b. Prove that IJ is an ideal contained in 7N J.

Proof. First I prove that IJ is an ideal. Let }_ aib; and Y e;d; be sums in IJ where
ai,ci £ I and by,d; € J. Then

Z a;b; — Z cid; = Z a;b; + Z(—c,-)di since I closed under negation

And the left side is a finite sum of products of 7 and J, 's/oit is an element of IJ. So IJ
is closed under subtraction. Let r € R and }_ a;b; € IJ. Then

T Z ab; = Z(Tﬂi)bi‘/

And I is closed under multiplication by r so ra; € I, so 3 (ra;}b; € IJ. Likewise by
symmetry, (3 a:b;)r € IJ.¥Therefore 1J is closed under multiplication by elements of
r. And therefore IJ is an ideal since it is closed under subtraction and closed under left
and right multiplication by elements of R.

Second I prove that fJ € InJ. IJ is the set of finite sums of products of the form ij
with ¢ € [ and j € J. Every product ij is in I and J since I and J are closed under
multiplication by elements of R, due to being rings. Moreover, I and J are closed under
addition, so the sums are also in both 7 and J. So all finite sums of products of the
form ij with i e I and j € J are in I NJ. Therefore IJ C Iﬂ.].\/ |

Question 10c. Give an example where IJ # I'NJ.

Answer. Consider ideals of Z. We know that for z € Z, (z) is an ideal. {z) contains all
clements of Z that are multiples of z. I claim that (z)(z) = (22?). Let a;,b; € Z,
that za; and xzb; are in (z). Then

Z:z:a[:r'b; =z’ Z ab;
Since a; and &, are arbitrary, a,b; can be any element of Z, so z* ¥ a;b; is an multiple
of 22, precisely an arbitrary element of (2?). Therefore (z)(z) = (z?). But (z?) € (z)
since for ¢ # 1, = & (z2). Therefore if we let I = J = (z), then IJ = (z){z) = (2®) #
(@)=Ind. /=)

Question 10d. Prove that if R is commutative and if f + J = R then IJ=1nJ.

Proof. 1t is sufficient to show that I N J < I.J, the opposite inclusion is always case, as
proven in part b. Let z € JNJ, Note that since R = I + J, there exists i € Jand 7 € J
such that 1 = + j.

r=uxl
= z(i + j) substitution
= Ti - L] distributive property
= i{r -+ TJ commutativity

And since x € f and z € J, we know iz € IJ and zj € IJ. And IJ is closed under
addition, so iz + zj € IJ, so ¢ € IJ. Therefore INJ C IJ. And we know the opposite
inclusion from part b, so [J=1nJ. O
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