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Proof. We know that © = {hzK|h € H}. If a given element hzk € HzK,
then hzk & hz K, 8% we know that hzK € @, and if a given element hzk €
hzK for some h, that element giust be in HzK, so HzK = | ) ke0 9K. o’
Let O = {Hzk|k € K} be the oil-g‘lt of Hz under a right multiplication action
by K. If a given element hzk € Hz K, then hzk € Hzk, and we know that
Hzk € O, and if a given element hzk € Hzk for some k, that element must
bein HzK, 50 HzK = Uppe0 Hg- v R jum b,

Let hyzk; € HzK and hoyke € HyK. HEykg e HzK, then hhizkk =
hayks for some arbitrary h € H, k € K, since HzK is closed under left
multiplication by elements of H and right multiplication by elements of
K, since both of these are subgroups and therefore closed under multi-
plication. Therefore, y = hg'hhizkikk; ' and so any arbitrary element
Wyk! € HyK is equal to h'hy 'hhizkikk; 'K/, and since h'hy hhy € H,\
kikky 'k € K, h'yk' € HaK. So if HzK and HyK share a single element,
they share all elements, so assuming HzK # HyK, HxK n HyK = 0. And
we know that for a given element g € G, we can generate such a double
coset HgK for any H, K = G, these sets partition G. o
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Question 4a. The conjugation classes of Dsg.

‘EF'roof.“
a1 = {1}
ca = {r?}Y
ey = {s,r%s} v
cq = {rs,rs} v’
cs = {r, 1‘3}

Question 4b. The conjugation classes of (Js.



FProof.

o ={1} v
Cp = {—1} v/
ez = {1, —i} ‘/
Cq = {Jr _J}
s = {k, —k} %
O
Question 4c. The conjugation classes of A,4.
Proaf.
e ={(}{ /
cz = {(12)(34), (13)(24), (14)(23)}
cs = {(123), (132), (134),(143), (124), (142), (234), (243)} \/
(]

Question 4d. The conjugation classes of 83 x S3.

Proof. First consider the conjugation classes of S3. We proved in class that the conju-
gation classes refer to the decomposition of n = 3, so we get:

1+1+1=¢ ={1}

142 = o = {(12),(13), (23)}
3 = 3 = {(128), (132)}

Since the permutations apply component wise, to find the conjugation classes of S5 x Gy
we take the cartesianr@product: {e1, 02,3} x {e1, €0, e3). ol a

]
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5. If G has exactly 2 conjugacy classes, at least one of them must be {1}.
Then if there are precisely two, there must exist x, the other conjugacy
class. x may be a singleton setf}r not. If it is a singleton set, then

. clearly G is isomorphic to Z/2Z." Suppose & had two elements, g and h.

) Then hgh~! is in k. By assumption this element must either be g,k or

1, because if it weren’t, then there would be more than one conjugacy
class. hgh~! = h => g = h, which cannot be the case, hgh™! =1

implies that g = 1, which also cannot be the case and hgh™! = g

implies that hg = gh, which would mean that the group {1,g,h}

is abelian, and that there should be conjugacy classes {1}, {g}, {k}, /

which also violates our assumptions. Therefore, x = {g}, which means

that there are precisely two elements to G and that G =X Z/2Z / j ; >
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0. Let G act on a set X, a set with a left G-action. Since the orbits of a
group action constitule equivalence classes, we know that they partition
X. Now assumne X € G-set. Il X is a G-Set then the orbiis of elements cf
X can be represented as 1, zs, ... elements of each distinct partition. By
the orbit stabilizer theoretp G \ G, 2 Gz;. Clearly each Gz; is distinct
since orbits are partitions.” Next, suppose hg € G\ Gy, and hg € G\ G.,.
The bz; = hg = ax; where z; € G, and z; € Gy, and ¢,b € G. Then
{a='b)x; = z; € Gy, Therefore, G, = G,, but since the x's partition
the set this implies that i = j. Therefore, U;=y 2, G \ Gz, is a disjoint
union, Define a map v : Uj=12,..G \ Gy, = G such that ¢ figures out
which portion of the disjoint union the element is in and then maps it via
the isomorphism from that set to the corresponding Gz;. Since each of
these functions are isomorphic and none of them overlap, ¢ is a bijective
homomorphism. Therefore, U;= 2, G\ Gz, =G. o



11. We just need to make sure that Gr €g G/G: = Gz = G/G,. We
know that f is bijective, so we just need to make sure that it's a

~ 7\ homomorphism. For g,h € G,
D

f(gG:chGz) = f(ghGz) =gh -z =g -h-T = f(9Gz) - f(hGz)

Thus there is an isomorphism, so we know that |Gz| = |G/G:| = ]JC%L[
via Lagrange’s theorem./



