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4. Let H <G of prime index p. Then let K < G, consequently K < Ng(H) = .
G. So by the second isomorphism theorem, we know HNK<K. There
fore, by Lagrange’s theorem, |H N K| divides |H|. Also by the second
isomorphism theorem HK < G, so by Lagrange's theorem |H K| divides
|G|. Now we break the problem into two cases.

Cnse 1: K < H, great we are done. \/

Case 2: K is not a subgroup of H. We already know from the pre-case
portion of the problem that X H < G. Therefore, the following quotient
divides:

G| _ 1G| P
|[HK|  |H|K|/|HN K| {corollary 15)
= IT{-I[?;TF:‘]TI- (definition of index) v*
__r
~ KI/IHN K]

Since |H N K| divides |H1, |K|/|H N K| must be either 1 or p. However,
since J is not a subgroup of H, HNK # H and, therefore, [HNK | < |K|. v
Therefore, |K|/|H N K| = |K/H N K| must equal p. So [ : KNH]= P
Furthermore, this means v~

v’

Gl _ p
[HK]  [KI/[HNK]

p

So G has the same cardinality as HK, a subgroup(so also subset). This
can only be true if G = HK. So we are done. alenl,



Question 5. i e fn/‘l'l‘-l-t'bm%)
Proof. .
1. Let 21,22 € ppe(C). Then

w{z122) = (z122)"
».p

= 2}z
= ¢(z1)p(22) \/

Hence y is a homomorphism. /

2. Let z € (. Then there exists a natural number n such that zP" = 1. Let us consider
the polynomial g(z) = zP — z, which has root w € C such that (W) =w™ =1V
So w must be in G. Moreover, since w is a root of q(m)K}l_len plw) = wPf = 2.

Therefore ¢ is surjective. v/ Tkt
preAt - xwese are e § Voots of
3. The kernel of ¢ is {z € C | 2P — 1} which we know to be nontrivial by the DM‘% ,

first fundamental theorem of algebra. And by the first isomorphism theorem,
fipe{C)/ ker p = im . And im @ = pigeo (©) ye @ is surjective.
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s _ ‘:xh_is-,ya omwoi=poi. Ifwelet @ bethe trivial homomorphism, then
]Cf‘.’:\!cﬁ € can see that for all n € N poi(n) = 1= @gomoi(n). The trivial 6
N homomorphism is a homomorphism trivially, so we have one direction

th at ', of implication. Wilefioos, )
Then assume that there exists ¢, a homomorphism that makes the
diagram commute (i.e. omoi = @oi). From here we would like
to show that ¢ o i = 1. Observe that for n € N, n(n) = noi(n) =
AN = N. Then, @(N) = 1 because N is a normal subgroup of G. So
po i=@omoi= 1;/Thus @ fexists and is a homomorphism if and

only if poi=1. IT'm wok Sule Y"U arz a’-b'vx W Co//&‘ci-—
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9. (o) = £1. Furthermore, ¢ is a homomorphism, so €(c?) = ¢(0)e(o) =

@ (=1)(-1) =1 or = (1)(1) = 1. Therefore regardless of whether or not
o is odd or even, o2 is even.



Problem 10. Show that S, = {(1 2),{(1 2 3 .-+ n}))foralln > 2.

As shown in class, any permutation o can be expressed as a product of
transpositions, so it suffices to show that ((1 2),(1 2 3 --- n)) generates
an arbitrary transposition. Let (a b) be the desired transposition. Note that
(1 a)(1 b)(1 a) = {a b). So if we can transpose (1 a) for all a < n, the result
follows. Infact, (12){(1 23 --- n) =(2 3 --- n), and in general powers
of this allow us to shift all elements except for 1 by arbitrary amounts. If
we do this until 1 occupies position a + 1, insert one more (1 2 3 .-+ n},
and then cycle through again until e reaches position 1, then we have ex-
changed 1 and a. The result follows.& ¥
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Question 11,

Proof. .
1. Idefine ¢: Aq — M.
2. ¢ € A4 can take three forms: s a_ﬂé (((_()
(a) o =1 in which case ¢(1} = 1. ov adc COW‘:‘RH 43 Q(w\' raea XWo.-

(b) o = (a b c). Here ¢ keeps one element constant and rotates the other three
elements. There are three such s in Ay, so define ¢(¢) = r* where r the ood .
rigid motion where one vertex is fixed and the other three rotate positions. &
re{1,2,3}.



(¢} o = (a b)(c d). Define p(g) = sur*, where sy, represents the swap of vertices

a and b, i.e. if a is our fixed vertex, move b to a’s position and now consider
b to be the fixed vertex. Then perform the necessary rotations remaining in
the formula under the same rules as the previous step.

3. That was wordy and detailed, so here is the simpler form:

(a)
(b)

(c)

An even permutation can encode one of two things:

First, keep one element constant and rotate the other three, i.e ¢ = (b c d).
On the tetrahedron, simply keep vertex a in place and rotate b, ¢ and d. Note
that the identity element is keeping one element constant and not rotating
the other three.

Second, swap the two elements, and then swap two different elements, i.e.
o = (a b)(c d). On the tetrahedron, begin by considering vertex a as fixed.
Then rotate such that a and b swap places. Now consider & as the fixed vertex.
Keeping U’s position constant, rotate the other three vertices until ¢ and d are
the other’s original position. Hence we can think of this as a reflection and
then rotation.

4. There are 12 elements in both Ay and M, and during the construction of ¢, it's
gdear that  is a homomorphism and bijective. The fact that ¢ is a homomorphism
follows from the fact that the rotations and reflections that permutations map to

are composable.

Easy to see; hard to write out. O
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