
Day33_
Learning Goals

' Determinants and volume

' Determinants and orientation

Deterrents rndnx_

What good is dot ?
① A c-Matan (F) is invertible iff detA -1-0
② XA G) = dit (A- ✗ In ) has roots = eigenvalues
of A .

Viewing dirt in the context of real inner product
spaces, we get two more applications :
③ A scaly volume by ldrt At
④ sign det A measures whether A is
orientation-preserving or

-rower

sing .

Voting

Daft The parallelepiped spanned by vi.→her
"

is the set P :=/ § tin. I 0Exit n ti }
.



" P

They Suppose A c- Matnxn (B) has rows um, vnER^
and that P is the parallel ipiped spanned by
run. > vn .

Then rollP) =/ Iet Al .

Remade ① Volume? We will argue for
the reasonableness

of this theorem .
A full-fledged discussion of volume

occurs in Math 202 + 321 .

1 For n= 1
,
not = length ; n --2, rot = area.

③ If vi.→ rn are 1in ind
,
then det A =0

.

In

this case , P lies in a proper subspace of Rn
which has 0 n

- doin
'

l volume .

④ Intuitive properties of volume captured by this
theorem

(a) If we scale one vi by 120 , then the
roll P) scales by X . If we scale all u;

by 130 , then rollP ) scales by In .

(b) If we permute the vi , rollP ) does not change.



⑤ dit A -

- det At
, so /dit Al = v01 (parallelipiped

spanned by columns of A) . This is more

geometrically meaningful , since this says
ldet A / = v01 (A. bit ) .

-

image of unit
cube under A

A- ÷¥÷A
""

[0, if
v01 = ldet Al

"

Pf
"

of Thm
-- - Apply Gram-Schmidt to get orthogonal
vectors {vii. . . >It with

v. = ri

vi.= az,Ñ,
+ is

V3 = a, , Ñ,
t
azz Ñz + Ñs

:

Vn = an , VT + anik t - - + an
,n.
,Ñn- , + Ñn .

Since dit is alternating multilinear in rows,



dit A = detlv
,, .
. - , rn )

= Iet lvi
, an

Ñ
,
+ in

, asit +azÑ, +v5 , - . . )

= drtlvi
, vi. . . - , in ) .

Let Ñ have rows vi , . .. , vi. . We just showed at f--dit Ñ .
Thus dit (A)

'

= det (A) dit IAT )

= dit (E) atlatl
= dit ( A- A-t)

.

But ñ , -→ in are orthogonal , so ÑÑT =/
"

µ
⇒ det IAT = hilt . . - think

⇒ 1 dit Al = thrill - - - 11in 11
.

We claim the RAS is the volume of P :

i.

"

this is the base . height . width . - - - fmla for volume
of a parallelepiped !



Orientation
Recall that swapping two rows of a matrix multiplies
its determinant by -1 .

Defn_ The orientation of an ordered list of 1in ind
vectors v

, , . .
. .vn c-Ri is the sign of ditch , - , un) .

E¥ °

en , en ,ez
c- UP has positive orientation .

• Swapping even gives en, e , , e, with negative
orientation .

• Swapping again to gut eye,, e, gives positive
orientation

.

YeiT
"

y→e,
T
"

y→e ,Fei
e
, ez ez

1- - it

• Note that the positive orientations obey the
"

right - hand rule .

"



Volume again
Let's return to the fact

ldet A / = v01 (Aloni ) .

Let P be a parallelepiped spanned by vii. , rn and
M th matrix with columns v

, , .. . , un ao that I let M / = roll P)
.

What about v01 (AP) ? We have

AP = AMGif ⇒ v01 (AP) =/det 1AM) I

=/dit Alldit MI

=/dit Al voi LP)



so %¥¥- = ldet A 1 - i.e. volumes of
all parallel ipipeds are
sealed by Klett /
when transformed by A.

Nola further that volume is not altered by translation :
v01 1 Alvi- P)) = v01 (Av + AP)

= v01 (AP )
=/dit Al volt + P)

.

Now suppose ✗ c- 112
"

is
"

nice
"

in the sense that it
may

be
"

approximated
"

by parallelepipeds .
Then rollAxl = ldet At villa
i.e . I def Al is a universal scaling factor for volume
after applying A.

Chafe of variables
Fr X E 112

" "

nine
"

and f
:HI→ 112

"

nice
"

,

1×9 e- IR

is the "

volume of ✗ weighted by p !



(You will define this properly in Math 202 . )
Let f be a "

change of coordinates
"

on X
.

Then the change of variables formula says

f- (×, 1
= 1×40 f) 1 dit f

' /
*

-

Merivotive off
= best linear approximation

measure of how
much f- locally stretches space !


