
Day32_

Learning Goats
- Direct sum

- Orthogonal complement
> Orthogonal projection
- Least squares

Defn_ Given F-vector spaces
U
,
V
,
the direct sum

of U and V is UAV : = Uxv = { (un) /well ,vtlf
with componentwise add'n and scalar maltin :

(un) + ( u;v ' ) = (utu', ✓+v1

✗ In
,
✓) = ( Xu, iv)

.

Prof letU.VE W sit
.

① span (UW) = W
② unv -

- {Of .
Then Uav → W is an isomorphism .

(u
, v1 me utv

linearity is clear .
II ①guarantees sarjnetivity . If utv -0 for uelhvtv
then u= - v c-Vnu ⇒ u=v=0 by② .



Thus kw = {of so the map is injective as well .

From here on
,
let (V

,
<D) be an IPS over

F- 112 or Q .

Defy For SEV
,
the orthogonal complement of

5 is St := {✗c. V1 (×, s) so SES}
.

TPI St is a subspace of V.

trop suppose dim V=n and 5=14
, . . .> Ye } EV

is orthonormal
.

① 5 can be extended to an orthonormal basis
{V1> " 'Nk

, Vk+ , , . . -, Vn} of V.

② If W-
- spans , then then

,→ un / is an orthonormal

basis for Wt .

⑤ If We V ,
then dim Wtdimwt =dim Vin

.

④ It WEV, then lwtt = W .

B- ① Apply Gram -Schmidt starting with twirl .



② Let s ' -- {van , . . > Vnf which is 1in ind and

orthonormal
.

Since 5 is orthonormal ,
S
'

e wt ⇒ span S
'

C-Wt
.

For ✗ c-Wt
,
since 5 is orthonormal

,

✗ = £ IX.Vi)vi
it I

= [ Levi)vi lxewt )
i -- KH

c- span 5
'

to spans
'
= Wt ⇒ 5' a basis for Wt .

③ Let s : hi
, . . , yet be an orthonormal basis for

W and let 5- {van
,
. . . ,vnf be as in② .

Then dim W=k
,
dim wt -- n - k

.

⑤ We have (wt) '- = { ✗EVI ↳ g) -0 for ytwt}

3- W
.

Now dim@1) 1- = n
- dim Wt = dimW

so W = (wt) 1- .



Prof let WEV .

Then V=W☒Wt
,
i.e.

for ye V J ! UEW ,
ve Wt af .

g- utv .

call u the orthogonal projection of y onto W .

If lu , , . .. , uh } is an orthonormal basis for W,
then u = [ Ly, u ;) ui .

i = I

Ff Let {u , ,-→ uh } be an orthonormal basis of Wind

define a- [ (y, u;> u ; , v=y-u .

Then
i =)

new and
you +v. Furthermore, fr kjEk ,

Sir
, uj) = ly-u, uj )

= ly , n;) - { Kymi)ui , uj)
it I

= fy , uj) -Ely, ui> Lui ,uj )ii. I

= try, uj) - ly, uj ) - I
= O

lo ve wt
.



Moral erk Wn wt :{ 04 and the expression
is unique .

Cos the orthogonal projection
"

of y onto W
is the vector in W closest to y :

Ily - uke Hy-WII
for all weW with equality iffuiw .

Pf Write y=utv with new,
vewt

.
Take WEW

.

Then u
-weW

, y
- u c- Wt

. By Pythagoras ,

Hy- WIT =P ly- a) + In - w) 112
= by- up + Hu -wtf

> Ily- up
with equality iff Nu- w 11=0

iffu-w.E.ggLet W -

span { 11,1>0) , 10,1>111 . We determine
ii. in

the (minimal distance of 14,0, - 1) from W :

%
The orthogonal proj 'n of y onto W is



a- %÷uu . +8T¥ u.
= (3,1 , -2)

so y
- u

-

- 11, -1,1 ) with Hyuk -

- v5 th distance

of y from W
.

Least-squares
Goat Given A c- Matmxn HR) , b-- Ri , find
✗ c- 112
"

sit
. Nrk) : = Ax - b 11 is as small as possible.

- call this I , the least squares solution .

Thm_ A vector I £112" is the least squares
solution of Ax=b iffitis asolh of the
associated normal system ATA ✗ = At b.

PF-tdea-rlx.is minimized when it is orthogonal
to the row space of A .

Show that row (A)
1-

= her /At ) so I satisfies

AT rbi) =D ⇒ AT/b- A-E) = 0

⇒ AtAI = Atb
.



Fact Thr normal system AtA× : Atb
is consistent ←→ her 11-1=0 s⇒ columns of A

are 1in ind
.


