
Day
Learning goals

' Orthonormal vectors

. Gram - Schmidt orthonormalization algorithm
Throughout , (V, G) ) an inner product space over
F-- R or Q

.

Defy For SEV
,
s is orthogonal if fun)= 0

for all u-tvc-5.it is orthonormal when additionally
(usu) = 1 for all ues.

Ez al Th standard basis {e ,,→ en / is orthonormal
in €

, ordinary! . II.→
(2) The set { Fall > 1) , ¥11, -111 is orthonormal in

(R2, ordinary . Is

trop let s= {v1 , -n.vn } E V be orthogonal .
Then for ye span (5) ,

y
= & <y
j = I 11 ytp

Vj .



-

projections of y onto y.

II say y=÷k;v; .
Then

syn;) :{[ Kivi , rj )
i

= [ Kiwi ,Vj )
i

= Xjtvj,vj) (since {vi.g.) = 0 far

i=j I
= Tj HVJÑ .

Thus 4- = {Y÷, is the component • fyalongv;

cos If 5=14, . - → v4 EV is orthonormal and ye

span (5) , then y=Éty > Vj )vj .

j =L

Cos If SEV is an orthogonal set of vectors, then
5 is linearly independent .
If let 5- {vii.→ vhf and appose [ Kivi :O .

i

Than 0=20
> vj ) : {[Kivi , vj } = [ Kiwi,Vj }i i

= ijlvj ,Vj)



w

=/0 so Kj = 0 .

I

⑥

Goal Turn a linearly independent set into an
orthonormal set

.

Algorithm [Gram -Schmidt]

Input : Liminal set 5- {Wi
,
- n
, un } c- V.

it Let v , =w , .

12
,
n, n) For k: 2, -n, n , define

vi. wn
- ÉY;÷⇒vi
it I

°

:



☐

0

Output :S
'

= Iv
, ,- .in/c-V

an orthogonal set thinko-M.tkasg.
with span S

'
-

-

span 5 .

"

straightening
"

Wh Wrt

4, -→ Vw , by removingOutput : S
"

:{¥, >→ Finn } props onto them
an orthonormal set with {
span 5

"
=

span S . J
validity tf Idea Use induction to check that
- . -

the
"

straightening operation
"/
preserves orthogonality

sand span . (Full details below .
)

cos Every finite dink inner product space has
an orthonormal basis

.

II Apply Gram -Schmidt to any
basis

.

Eye Take V= Rikk , with innerproduct http://f-g .

Let's apply G-S to H , ✗ 1 :
I 1) v

,
=\

in vi. × - "¥¥v , = × - 4¥ '
i ✗ - fix dx = x - £ .

Normalizing : Hr
,
Hi ✓fiidx = 1

Will -Vfi(x-YzYdx- = V52
So { 1

, FL ( x - %)} is an orthonormal basis
.



TI Hou can we interpret
orthonormal.bz of these visually?¥ TE Orthonormalize 14,4 , 19 -111
in 1122

.


