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Example. Consider R? with the standard inner product, and let

1 1
u=—(1,1) and v=—(1,-1).

vzt oA

Then 3 = {u, v} gives an orthonormal ordered basis for R%. What are the coordinates

of y = (4,7) with respect to that basis?

Answer:
y = (y,u)u+ (y,v)v
=(4,7) - (%(1 1)) u+(4,7) (%(l —1)) v
e S
= \/E L \/§ 4
Check:
i | 1 3 1 11 3
% (—2(1.1)> -7 (—2(1.—1)) =5 ML) -50L-) =40
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Proof of validity of the algorithm. We prove this by induction on n. The case n =
1 is clear. Suppose the algorithm works for some n > 1. and let S = {wy, ..., wpi1}
be a linearly independent set. By induction, running the algorithm on the first n
vectors in S produces orthogonal vy, ..., v, with

Span {v1,...,v,} = Span{wi,...,w,}.

Running the algorithm further produces

n
5 _ i (“v'n+l~ l'i> .
Ungl = Wny1 — Y 05
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It cannot be that v, = 0, since otherwise, the above equation we would say
Wpy1 € Span {vy,...,v,} = Span {wy, ..., w,},

contradicting the assumption of the linear independence of the w;. So v, # 0.

We now check that v, is orthogonal to the previous v;. For j = 1,...,n, we have
n
(Wn1,vi)
(’l'n+1. l'j) =\ Wn+41 — Z 7‘—%\ (]
~ il

n

= (ll_'n+1.l Z |7|l:1||.|24> (z“h“j)

i=1

<“«'n+la l"j)
llv;1®

= (Wnt1, V) — (Wnt1, ;)

(vj,v5)

= (Wn41, ;) —
= 0.
We have shown {vy,..., 0,41} is an orthogonal set of vectors, and we would now like

to show that its span is the span of {wi,...,wn41}. First, since {vy,...,vp41} is
orthogonal, it’s linearly independent. Next, we have

Span {vq, ..., vp41} C Span{vy, ..., Vn, Wpi1} € Span {wy, ..., Wy, Wni1}-
Since Span {vy, ..., Un+1} 18 an (n+1)-dimensional subspace of the (n+1)-dimensional

space Span {wx, ..., Wy, Wn1}, these spaces must be equal. Oa



