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Learning Goats

'

Components + (orthogonal ) projection
• Cauchy -Schwarz & triangle inequalities
• Angles between vectors

Throughout, (V,L ,> ) an inner product space over
F-- R or E

. Recall × , y
EV are orthogonal when

G.g) = 0 .

Provocation : É;
=É-z

Given ×
, ye V, can we find ceF such that

G- cy , g) = 0 ?
Answer : lx- ay, g) = 05--5 lay>

-dry ,g) =0

⇒ cly,g) = lay>
⇒ i. ¥÷;÷¥ñ
for yto



Defy The component of x along y is is

c = Exod
Myth

and the (orthogonal ) projection of x toy is the

vector c

y
= kid

HyH2
Y

°

Ez CD V --F
" w/ordinary inner product , g- =j

-th

standard basis vector
.
Then for x e V

,

(x, ej )

Tq
= xj , thj

-th component of
X = (Xi, .. . - , Xn) .

The projection of x to ej is xjej .

12) x-. (3,2)
, y

= (5, it in IR
'

w/ ordinary IP .

Then 47¥ : 33,7in =
'Ea ⇒ aces .

17

-264



11 =

absolute value
on IR orthug For Xiy

← ✓
' # F

'

{ ya+bi\=✓ñ .

length in IC :

4) 114×11=17111×11

14 11×11=0⇒ ✗ = 0

(3) Cauchy-Schwarz inequality : Kay> 1<-11×11 11yd
(4) Triangle inequality : 11×+211<-11×11 +11yd

%→i¥÷PI CH, iz) : Moralexercises ,
11×11

(3) : If y
:O

,
we're done as 0<-0

.
For YEO , let

c-- 9,2¥ .

Then x- ey is orthogonal toy , hence

orthogonal to ey . By Pythagoras ,
11×-411

'
+ 1kg112 = Hx- eytcyll

'
= 11×11
'

.

Since 930
, get Kylie 11×11

'

. Taking
square roots ,

11×11 > 11%1*1%11=1%3,7 / "y" -19,3%1 .

Thus kxkllyllzkx.gl/ .

✓

(4) First
"

recall
" the following about complex numbers :

Ii) 2- +E = 2Relz) (ii ) Retz)£ lzl .



Now observe that

11×1-211
"
= (xty , ✗ + g)
= (xxx) + Cy ,g) t ↳g) + Sy, x)

= 11×112 + Hyp + ↳g) +⇐y)T luonjsy.mn)

= 11×112 + Kylie + 2Rek×ry )) ( it

c- 11×112+112112+214>g) 1 Iii)

E 11×112 + Hyp +211×1111yh
(Cauchy-Schwarz)

= (11×11+11211)?

Taking square roots gives the dining .
✓

Aside Define the distance b/w x.ge V to be

day) :=/Ix-yll . y¥i×
This makes CV

, d) a metric space :

y
' dlx>g) = ally, x)
' dlx.gl 70 anddcx.yt-oiffx-y.dk

, t) e dlx,g) tally,z) .



AH

,

Idea cos 0 = "%÷ = 141k¥
= "÷÷"÷.
= '¥ñ÷. .

Dropping the 11 in the numerator makes this
work in all quadrants .

So . - -

Dnfn_ Let ( V
,
C
,
) ) be an IPS over F- IR .

The

angle 0 between ×
, ye V is

0 :-. areas ( ¥i¥, )
I.e. cos 0 = ¥F÷yµ and Guy) i 11×11 11yd cos ② .

Note• By Cauchy - Schwarz,
arecos



¥12T, ⇐ I • -k ¥¥µ "
and thus arecos of Takes sense .

• Can also write

0 = arnos ((Eu , Ign ) ) .

⇐ is the unit vector in the direction of v.
ny

¥¥÷


