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. Powers of diagonal itable matrices
. Graphs via matrices
. Matrix

powers
and counting walks on graphs
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than computingby induction .

This is much

Ak via k- I nxn matrix multiplications !

Greg hes via matrices

A (simple) graph is a -- CV, E )
whistedges e- ( Va )
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A walk (of length d) in G is a sequencer
of vortices uou,

- - -

ue such that he ; , aint e ECG )
for E- 0, . . .

,
I - L .

In the above example , vile and vihvzvy arewalks
from V

,
to be of length 1 and 3, resp .



Defy Let G -

- IV
, E) be a graph with Velu,→ vnl .

The adjacency matrix of G is the nxn matrix

A-- Ala) with

Aij
-

- J f his vjf EE
01W .

For instance

a it: : : :L
.

then If A -- A Cal , then the number of walks
from v; to y. of length d in G is (Ad ) ij .
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Ez For a th above diamond graph , we have



The highlighted entries indicate there is 1

length 2 walks from vz to vz and 4 length 3 walks
from v

,
to Vz .

TPS find these walks !

So we'd like to compute powers of adjacency
matrices efficiently .

Defy A matrix A is symmetric when A- AT .

Note Adjacency matrices are symmetric .

This floor of the spectral Them) Ff A is an nxn

symmetric matrix with real entries, then A
is diagonalizeable .

So adjacency matrices are diagonal izable i
A- =p

- '
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,
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and we can compute Ad as
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diagCab, ... , Ind) P .

As such
. for each i.j T a, . . . , one IR (independent

of d) such that the # of length I walks in G



from v ; to vj is ÷
,

Citi
.
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Defy A walk is closed if it starts and ends at the

same vertex
.

CE The number of length I closed walks in 6
is tread) .

(Recall tr IB) : If
,

Bii is the trace of B .)

Prof for A c- Matrix
n

CF)
,
tr IA ) = sum of

eigenvalues of A counted according to algebraic
multiplicity .

Note Every field F has an algebraic closure
EZ F where E is an algebraically cloud
field . By viewing XpCx) e E Ix] we
have Xalx) = c ( x -X ,) - - - (x-In) for some Xie E

.

We are saying that trIA)
= ¥

,

hi .
In particular,

this sum is in F
, even when the ki are not !

tfofpvp F P e aln IE ) s. t . P
' '
AP --T is in Jordan

form
.
The eigenvalues of A appear along the



diagonal of J, alg multiplicity-many times .
We observed previously that tr luv) -- trNU )
for all matrices UN, so

tr LAI -- tr ( PTP" )
= tr ( pp" J)
= HIT)
= sumof eigenvalues (withalg malt) .

Coe suppose Ai ACG) e Matn.in/R) with eigenvalues
K , . . . , knee listed with oily multiplicity .

Then

the number of length d cloud walks in G is
if that - - - t.tn .

E.gs For the diamond graph ,G ,
XAN r x (xn) (x'- x- 4)

with roots Teigenrakes )
o
,
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, KYI

, 1-1-7 .



Thus the A- cloud walks in G of length L is

will Od t tht t ( 'II ) b r ( try Jd
where Ole f lo

e-- o

l> O .

Here are the first few values :


