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Learning Gods
. Characteristic polynomial ofa l intrans
. Eigenvectors with distant eigenvalues are lining
. Algebraic and geometric multiplicity
. Jordan for inn .

(should have noted the following earlier. )
Prof let A, B ke matrices representing a tin

trans fir→V wrt bans a
, p rays

.

Then Xp Cx)
= Xp (xd .

Define The characteristic polynomial of a tin trans
fi v→ V ie Xf Cx) i - Xa (x) for any A-

- AEHl .

TfP→ We have A -
- P

- '
BP for some P

.

Thus

Xalxl -r dit IA - xI)

= dit ( P
- '

BP - x P
- '

Ip)
= Iet ( P" (B- xI) P )

-

- dit E
' ) dit IB -XI) detR)

.



Since dit CP
" ) : Ig (by multiple'cafivity of

det ) we get
XA Cx) ' XB (x ) .

We now cheek that the last bit of the
diagonal izati on algorithm (take union of

eigenspace basis ) is rabid

trop suppose f : V
-' V liner with eigenvectors

vi. .→ rueV corresponding to eigenvalues X. "→ the
distinct

.
Then u, we , uh are Lin ind.

tf Priced by induction on k .
Thr k-ul case

works b/c eigenvectors are nonzero .

For induction
,

suppose u, m , uh,
lin ind for some Ksl and that

µ,
t v - - thaw -0 .

Apply f- kid to this rel -n :

4-Aaidu) fu ,
v
,
tu- tmrw) : (f- Khidr ) Col

⇒ ftp.v.ir . - - turvy) - Xue Lyn, t - - - turvy)
= Ho) - Xu . O



⇒
er , X , v,

t - - - tgyl.hu -de , 1W ,
t - - - truth Vu ) e O

⇒ µ ,
( X , -Wu, touch- Xu)h t- tm¥Tvu=0

⇒
µ ,H ,

-Wv, t - - - tune. . Ha - ith) ,

O

=3
y , ( X , - ku ) = - - -

qua. , ( th ,
- th ) = o (b/c Yim

, Val

lin ind )
⇒ µ ,

= - - - yuh ,
-

- o ( ble Xi distinct)

⇒ truth -0 ⇒un :O too
.

Thus u, . . . .vn lin ind, completing the induction .

Cos If fi V→ V has dim V distinct eigenvalue ,
then f is diagonalizeble .

Converse is not true in gull i can have

uprated eigenvalues and he doagile or
non- diag

' le .

Now turn to atg & geog multiplied .

Defy A polynomial pcxl c- Ffx) splits our Fwhen
F c , hi, .→ In E F s. t . p Cx) i e (x -X ,) .

- - (x-Tn) .



Ez Ntl splits over E , but not over K2 .

Fundamental Them of Algebra EuypWeek)
splits our G .

Prof suppose f : V
→ V hiver

, dimV
-

-nsa
.
Then

f- drag
' le ⇒ Xf CA splits our f .

IF If f diag
' le then there is a basis a of V

at . AI If I =D = diag.ch , . . -ant with ti EF.
Then Xf Ix) = XD (x ) = (X , -x ) - r - ( kn- x)

= ti)
"

Cx-XD . - - (x-Xu )
which splits our F.

§ comma fails : ( f : ) with x -- (x- D
' but

dim E , =L .

Defoe let dem V ca
.
The geometric multiplicity of

an eigenvalue X of a tin trans fir→ Vis

dim Exlfl
.

The algebraic multiplicity of X is the number of
times (x - X) divides Xf Cx) .



Props Thr geometric malt of an eigenvalue of f is

E aly mutt of 1 .

tf Let u, . . . .vn be a basis of Ed (ft , extend to
basis vi.→ rn of V. The matrix for f wt this

basis looks like A ( "oh Bc ) .

The char ply of f is thus

xp. en -

-dit ( "I' " I.
×

I ( x-x)
h
Xelx)

⇒ h -- geom malt of t E aly mutt of X .

Prairie of Jorden fore

A Jordan block for k of size k is a kxk matrix

of the form
i ) = : Teil .



EI Jae Gi -- ( i s' ; )
THI = ( x)

A matrix is in Jordan farm when it is a block

sum of Jordan blocks :

"" '
n
.?".) .

⇐

¥:*:'s..
.

O 0

Thin suppose din V so and fill →V linear with

Xflxl splitting our F . Then Ford basis of
V s. to matrix for f wrt this basis is in



Jordan form
.

The Jordan farm of f- is unique
up to permutation of Jordan blocks.

tf
"

Requires
"

the structure theorem for modules
our a principal ideal domain ! Cf. Math
332

.

"i

Note of is diag
-

la iff all its Jordan blocks have

size 1
.

. A matrix like ( 3 '

g
z ) --Jis) OT,H

is net drag
'

le
-


