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- Eigenspaces

- Diagonal. -zation algorithm

Recall that f : V- V has eigenvector v with

eigenvalue X when u -40 and flu ) = Xv .

Defy For dim V- n , a linear transformation f : V→ V
is diagonalizeblue when F ordered basis

a
-

- Sui
,→ rn ) of Vst . A! If ) -- drag (X . . . . . , In)

for some Xie F . A matrix A c-Matorant ) is

diagonal izable when FA : Fn → F
"

is diagonalizeble .

Prof A linear transformation is diagonalizeble iff
it has a basis of eigenvectors .

TE wa have Ai tf) -- draghi, . . - int
⇐ flu; ) = hi Vi , i
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Recall that a -

- Su
. . . . .vn) a basis of eigenvectors

for A c- Matan CF ) and P = ( u , n - - - un )
ur

implies D= P
- '

AP is diagonal column vectors

ul eigenvalues on diagonal .
Defy Matrices A. Be that

men
(F) are conjugate when

F P EMatnxn IF ) invertible with A :p- ' BP
.

TPI conjugacy is an equivalence relation !

Rmd A
,B are conjugate iff F fiFI F

"

linear

and ordered bases x. p of Fn at .
A -
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,
B = Af Cr) .

Recall that ya Cx)
-

- dat (A -XII is the characteristic

polynomial of A and that ter is an eigenvalue
of A iff Xa th ) - O .
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Thus A has eigenvalues 2 (with multiplicity 2)
and -5 .

Deff Let X be an eigenvalue of a matrix
A

.
The

eigenspace of
A fork is

E
,
CA) : -- fu eV / Av - Xv} = her CA- XIN) .

To (attempt to ) diagonalize A , we must fund base
fer all of its

eigenspaaes.E.IT'd ) To compute Er :

a-*
-

- III ! ) - G
'

! ! )
i÷÷H: : I

⇒ Ez -- Ker (A - 2¥31 =/ (x , It,z) / x, zEIR)
with basis 41,901

, 197 , D )
or 14,0 , O) , 10,3, 7)) .

To compute E.
s

:



a- s 't.
-

- l ! ! ! ) → ( I }:)
⇒ E.steer (A- 5 Is ) -u fly , y , o) / yea}
with Lagos 5141,0))

.

Wu will see later that eigenvectors in distinct eigenstates
are linearly ind ,

so 41,0 ,ol , 193,7), Ll, I , O) )

is a basis of eigenvectors . for A .

Hence diag( r , n , - s ) =p
- '

Ap

tr e -- too ! ! ) .

E.ge Lets modify A slightly :

* too .
'

:
'

:) .

This has the same char poly and same eigenvalues
as A

.

A basis for E.glA
') is 4-7,1 , o) ) .

(similar slaps as
before .

)



TPI Find a basis for Ez (A') .

Should get A -2Is → ( ooo to %)
⇒ Ed A' ) has ban's Ilbo , o)) .

Thus there are at most two tin and eigenvectors
for A

'

! We conclude that A
'

doe not admit a

basis of eigenvectors ⇒ A' ii net diagonaltable.

Diagonalizes Algorithm
l 't find eugenvalues of A as roots of Xa .

(2) For eogenvalne X of A , compute a basis of Eilat .
(3) The matrix A is diagonal table iff the total

number of basis vectors found in 12) is n .

If so
,

then vector form an organbasis for A

and if P is the matrix with these vectors as
columns

,
then

D =P
"
A P

is diagonal w/ eigenvalues on its diagonal .



Note Wu still need to show that vector, from different
eigenspaces are lin

ind .
Neat time !

Define If X is ian eigenvalue of A , its (algebraic)
multiplicity is the # of factors of ex-x) in Xa (x) .
The geometric multiplicity of k is dim EIA) .

We always harm C geom mutt 's E Ealy multi
and A is diagonalizeble iff both of these same
are n iff [geom malt 's = n

.


