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. Permutation matrices . Vanderwoude diet
. sign of a permutation
. Permutation expansion of det .

Defy A permutation of a set X is a bijective
function r : X→ X . If e is another permutation
of X, then so is rot

.
The set Gx of permutations

of X together with the binary operation o is

called the symmetric group of X . If X -11,2, .. ..nl ,
then we denote this by Gn .

Ej Hera are the six elements of 6$ :

I → l l

#
l l l

Z → 2 2 2 2#2

] → 3 3 →3 3 3

I→ l l l l l

'¥ '
.

3 3 3 3 3 3

In general , there are n ! i n In- i) - - - 2.1 elements

of Gn : n choices for oh )
n - l chorley fr rH f rLl )
n -2 choices for 823) f rLil , rn) etc

.



Defy For re Gn , the permutation matrix corresponding
to r is Pre Mart

men
(F ) with i -throw ere is .

In other words , Pr is obtained from In by

permuting it co according to r .

Eye suppose
• =

.

Then

Pr -

- fo
.
! ! ) .

Mel Exercises
(1) If the rows of A are r

. .
. . ., rn , than

Pr A has ith row rnis .

(2) Pro era,
= e i

b) Pr Pe = Reor y§ Order of r, e switches !
Spoiler foe M¥113 Perm '

n matrices correspond to
non-attacking rook placements.
Defy The sign of a permutation r e Gn is

sgnlr) i - det ( Pr ) = I 1
.

A perm'n is man if its sign is 4
,
and odd if its sign



is - l
.

✓swaps

Fact Eary perm
'
n is a composition of transpositions ,

so Pr is obtained from In by some number of
column swaps . Each swap changes the value of
dat by multiplying by - I land dit In = I )

,

so sgnlr) E Itis .

Et i.¥! =
,

is even .

Note Ewy permutation can be expressed in many
ways as a composition of transpositions . Well -olefin of
dat implies that the number of transpositions
in such a decomposition is always even lsgn G) =D
or else is always odd (sgnlr) = - l ) .

Thnx For A E Matan IF I ,

dit A ifeng.gr G) Aira, Arny
" - Ahrens .

t.gs Adding up the following six terms gives
the determinant of a 3×3 matrix :



TPS check that this works for 2×2 matrices .

pfofthm We want to compute
dot A = Iet (Ai, e , t Amen t - - - tAmen

,
um
, Ame , tA nzeztw - tAnnen)

Expanding by multi linearity , we get n
" terms

that look like

Aj , Aaja - - - Anju dit (ej , , eja , . .- , ejn ) .



But if jk
-

-je for any kid ,
then ejh will be

duplicated in the determinant expression
which will thus be 0 by the alternating property
of det .

As such
,
the only terms contributing (potentially)

nonzero terms to dit A are of the form

Ai ru, Azra,
- - - Anning dttle.in , erm , . . . , erm,)-

#
= sgnlr) A , on, Azra,

- - -Anan,
rows of Pr

for re Gn .

randw-mondh.ae
Suppose we have n points ( x

, , y .
)
,
. . -

, Ian , yn
) e pi

.

Given that 2 points determine a line , 3 points determine

a parabola , etc , we expect that there is a degree
n - l polynomial p (

x) -- ao ta
,
X t u - - t am ,

X
"- I

interpolating between the points ? pcxiliyi , Kien .

Each such constraint corresponds to the linear

equation ao ta, x ; tar Xi t - - - t an . , Xin
- '

-

-

y ; .

To determine a
o ,
a
,,
. -
, an. ,

⇐ 112
, we

turn to the



augmented matrix
I x ; x T - - - x

,

"'

y ,

l :
--
Vanderwoude matrix V

The system has a solution when dat V to
.

Consider the linear transformation

f : Khan . , → Rn

pk)→ (plx ,) , . . . , plxn)) .

Let mill, x , . . . , x"
' )
,
E -

- Cei
, . . . ,

en)
.

Then Afif ) -- V.
Now consider a new ordered basis

x ill
,
x- x

, ,
K-x,) (x-xz) , . .. , (x

-x, ) (x-xD - -- (x- xn))

of NEXT⇐ .
The i -th term of a is moni¥i ,

so AT lid ,ray,m
) is upper triangular Ixit lower order terms

with a 's on the idiagoneil .
Thus Iet ATC idea , em )

-

- l
.



We have AE Cf) i Aet Cfl AI lid )
but by evaluating the a polynomials at
Xi, - r -

,
Xn we also have

a." t:÷÷÷÷÷÷:::::: ÷ ::*
.. . . ..
!

Thus det AE tf) = Iet V detAaTd)
"

⇒µV=TjCxj-xi .

Note that dit V - O iff some xj -x ; , i .

If dit V-40 , then V
- ' ( Ky ) = (

a:?)
,

for

p (x) = ao t a , x t
- - -

tan. , x
""

interpolating .

(dit VT is the discriminant of a polynomial p
with distinct roots x" .- , xn - important in Galois theory .


