
Daye
tearing goats

.Determinant as function Matnxn Cf) htt F
which is alternating &multilinear in rows
and normalized : dat ( In) = 1 .

- compute det via row ops
- det A to ⇐> rank A -- n F) A invertible .

We are investigating a cpntat.ve) function det :Matnxntr)
→F . If A hes rows r

, , . . ., rn , write

det A -- dat (r
,, .
. . , rn ) -

Properties of dit :

Multilinear : det is linear in each of its variables

Alternating : It ri --r; for some Ifj , then ditch," , rn):O.
Normalized : det Lin) = ditCe, , . . ., en) = 1 .

The far each vs O
,

there is a unique determinant
function satisfying the above properties .
Proof - later !



For now
,
we assume dat exists and explore

consequences .

Props [behavior of dit wot row ops]
c) If A B then at A = -dat B

14 If A B then dat B -

- Xdit A

(3) If A
th
B then def A = Iet B

.

tf sketch
(1) o -- dit (r, true, r, t re)

= Iet Lr
, ,
r
,) t dat l r, .ru) + Iet Lra

,
r
,) t IetGod

= O t Iet A t dit B t O

-

- dit A t det B
.

Same argument for bigger matrices , different
rows

.

(2) Multi linearity .
(3) dit (r

, ,
Xr

, tra )
-

- k dit Ir
, ,r, ) t dit Ir

, ,ra)
= O t dat l r

, , re )
.

This argument also generalizes .



EI dat( E Y ) = det l laid , Ce ,d))
= a del- (e , , kidt) t b detter , le,d))
= aedit ( e, , e ,) t ad date , , er)

+ be dit Lea
,
e
,) t bd dit Ce,ex)

= ad - l - be . I

= ad - be
.

Eugen Wr can use G -Trad
'
n to compute dat !



Et dit ( ! 3g ! ! )- upper triangular !

= 4.5 - z - 3 dit (
'

ooo ! ! !)
= 120 dit I

y

= I 20
.

Date A matrix is upper triangular if it looks
like * be a * a

lot : :*;)
"

÷:::
"

:c
.

Prop The determinant of an upper triangular matrix
is the product of its diagonal entries .

tf Thr above method generalizes as long as
no diagonal entry are 0 :



dat (ja . . tan) -

- ai
--

an dit (
'

f.¥ )
-

- a
,
- -
- an dat In

=
a,

- - - an .

Ingen
' l
,
dat A = X det ( REHA)) for tone XEFYof

by a RJ rudin . If A has a O on its diagonal ,
then REF LA) has a row of all O 's

and - pulling a 0 scalar out - we get
dat A = 0 as desired

.

Prof for AeNatan (F ) , TFAE :
C l det A to

(2) rank A -

- n

(3) A is invertible
.

PI we have already shown 14# 131
,
so it suffices

to check (1)EDM .

Since det A = X det REHA ) for
some X t Hol

,
we knew def A -- O ⇒ dit REFCA) -0

.

The rank of A is n iff REFCAI -- In iff det A- = k¥0 .
T

www.REFCAHIn
,
it is upper Atar w/ row

of05 , so Iet = 0 .



A tour of things to come :

HI det AT -- dit A

M dit AB i dit A - dit B

(3)
"

Laplace expansion
"

of dat along any row
or column

14)
"

Permutation expansion
"

def A = [ sgnlr) Air in - - - An
ring

it On

G) Own R
,
datagives the

"

signed volume
"

of
the parallelepiped spanned by th columns

of A .

And
,
of course

,
diet exists and is unique !


