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Leeming good
• Recall matrix - linear transformation correspondence
• im (fa ) = co 1 space (A ) ⇒ rank (A) = rankCfa )
• Graph theory application : cycle space

We constructed a bijection

Matina (F)→ Hon tf
n

,
Fm )

A 1- (fa : x↳A x)
(
as column vector

The inverse function is given by
(Hed - v - flan) ) e- f .

ITI Why are these inverse functions ?
Answer A linear trans is determined by its action
on a basis

.

EI Aef ! ! ) e Mat,×, IF ) induces



FA : F
'
-s f

'

in - is :L ÷:* .

Note that face . ) -- L! ) , Farler) : (I )
.

EI
A = ( Ibd ) e Matza HRT .

How does A act on IR
' ?

#÷¥t÷
TPI " I Find A such that ta rotates by the cow

.

(2) Find A such that Fa reflects across the
X-axis

G) Find A stuck that ta stretchy x-axis by
a factor of 3 .



Recall that the image of a tin trans f : V→W
is in (f) = { ft) / veV) . If ( u, .. . , vnf is a basis

of V, then in tf) -- span tful , . - u , fun) ) (why? ) .

In particular , in Cfa) - span { fate,) , -n , talent }
= span { cols of Af
= cot space (A) .

The dimension of alspace (A) is the rank of A .

The dimension of in Cfa) is the rank of fa .

Thus rank (Al -- rank Lfa ) , so this terminology was
well - chosen

.

-U-

By choosing ordered bases
, we can make

matrices for arbitrary linear trans 'ns blu finite-dimensional
✓actor spaces .

Suppose f : V→ W linear
,
V has ordered basis

x
-

- Cv
,, . . ., un) , W has ordered basis p

-

- Cwi , .→ Wm)
.



Then V f- W

Reps
' TE E)Repp
F
"
-5 Fm
Repo fo Rep;

'

induces a tin trans F"→ Fm and we call the

associated matrix Ab Cf) -

- Af that
man

LF I
.

The
j
-th column of Af is Repp fly. ) , ive .

the p - coordinates of the image of thj-th basis
vector of V .
--

Graphs and matrices
consider the following directed graph G :
I
⑤

fry a -- CV
,
E) with

iFf V -

- fi , -2,5 , 41

I E -
- l E , IT , Is , 2T , 351 .

Dufim the edge space QE = Q - vector space with
basis E . A typical elt of QE is a formal



linear combo of Its of E
,

such as

2. IT - ZE t 14 . 2J - f . 35 ,

we
may interpret negative signs as

"

reversing
orientation

"

i
- 2T a 4-2

4- I

÷ . ,
I I

similarly define the vertex space QV .= Oh
-

us with

ban's V
. Typical elk look like -2'T t 3 . I +55 - 4- .

We now define a boundary operator 2 by
J : RE → LOV

IT 1-3 I -T

is - 5 - T

2T -5 5 -I

2T -5 4- - I

3T - 5 -J

and extending linearly .



The matrix A = fry is

1-2 IT 253 29 3T

÷f ! ! ! ! ! )
-sina.im..

The kernel of 2 is called the cycle space of G .

Compute this by GJ radin of CA lol :

s .

pivot
X

, z
= XD - X34

4,
i - x

,,t x,y
L indices correspond

xz, free
to edge labels .

Xzy I
- X

34

Xgy free

To get a basis
,

set ↳
, xgy ) = ( Iso) and lost)

to get



( l , - I , I , O , o ) and (- I, I , O,
- I
,
l)

respectively , i -e .

T2 - II t 25 and - II t IT - 24-+35

I I
③ ⑥

A H
i Ffs i Ff

'

• o

T T

(Note how negative signs correspond to
"

going backwards!)
what about 2T - 2T t 3T ? It's the cam of the
two basis motors !

Thu dimension of the cycle space is called the

cyclamate number or first Betti number of G .

It '

measures the number of
"holes "

in G
.

( Graphs = I-dim ' l
"

simplicial complexes .

" This is

a first step towards defining homology of
such objects. )


