
DeyE

tearing Goats
• kerf1=0 detects inactivity
° Define isomorphism
° Dimension detects isomorphism

Throughout, fi V-W a linear transformation .

The f injective ⇐ her (f) = {Of .

tf (⇒) since f is linear, flo) -u O , so O e her(f) .

As f is injective , no other vectors map to 0 under
f- so her Cf ) -u lol

.

(E) suppose fer )
-

u few) . Then

0 = flu ) - few) = f- Iv- w)
.

Thus v - w e Ker tf ) = {Of so v - w = 0 , i.e . V
-

- W
.

This means f is injective .

trop for SEV
,

lil S lin dependent ⇒ f-S - IfG) Is c- 54 lin deep
(2) S 1in ind t finjectie ⇒ fs lin ind .

TPI Find f , S lin ind sit . FS is not tin ind .



Fft ( 1) Suppose [ Kisi =O for si ES, Xi
EF

.

Applying f , Elif ki ) = 0 so f preserves
linear dependencies , and FS is Lin deep .
(2) Fix f-Is

,
)
,
. . .
,
f-Isn) e FS and suppose

ElifGil -- O
. By linearity of f ,

f- (ai si ) -- O .

since f is injective, the
theorem implies [ his : = 0 . But S is tin

ind
,
so Xi -- O ti . Hence FS is lin ind .

Define A linear transformation f : V→ W is an

isomorphism when I l in trans g : W→ V s.li
.

g.of = idv , fog = idw .

Call V
,
w isomorphic

and write V EW .

Rink It follows that f is a bijection . You should

check that all linear bij 'us are isomorphisms .
( They automatically have an inverse function ,
so you

need to check that the inverse is linear. )

Eg
' Matza (F) E F't via ( Ibd ) '→ la

, be, d)
. FCx) E Ftw via Xo thx thx't - - - t ( in> Ii )



TPI check that = is an equivalence relation .

Prof f : V→ w is an isomorphism iff kar (f) = lol
and imf) -- W .

tf The second condition is the defn of surjeetiwty ,
and the first is equiv to injectivity by the theorem.
Thx If V

,
W are finite dimensional , then

✓EH iff dim V --dinW
.

if we first prone thet din V
-

- n# VE Fn :

choose a basic lb
, , mi , but of V and define ,

a tin trans f : V→ F
"
via f- ( bi) -- e ; , i.e .

f- = Rap, i Chibi
n Lt

, , m,
Tn)

. Since

{ er , . . . , enf is a basis of Fn , may define g
: F
"

→ V

by gLei ) -- bi .

Check 's got = idv , fog -- idv .

(suffices to check on basses ! ) Thus VE Fn
.

Now suppose
dim V - din w -- n so

.

Then

VE Fn
,
W E Fn

,
and E is an equiv rel

'

n
,
so

VI W
.



finally , suppose V EH , both finite dimensional .
Check i iso sends basis to basis

,
so dim V -dim W

.

Rink Specifying an iso V→ F
"

is equivalent
to choosing a basis of V ble the inverse iso

g
: f
n
→ V gives gle ,) , . . ., glen) as a basis .


