
Rags

tearingGoats
• Define image and kernel of linear trans 'm
° Rank and nullity as dimm of these subspaces
• Rank nullity theorem

Date Given a linear trans f : V→ W
,
the image

of f is inCfl = f-V = f ful I v e V} .

Prof im tf ) EW
.

tf Cil O -- f lol E im (f)
14 if Hui , f- Lv) e im tf) , then flu) t flu) a Hutu ) eimlf)

.

(3) if flute inCfl , then kflukfl.lu) E im tf) .

Duff The rank of a linear train 'n f : V→ W is

rank If I dim imlfl .

Ez Define a linear trans f : K2
'
→ 1123 by

Hbo ) = (2,1 , o) , flo, 1) = 10, - I, I ) and illtending
linearly . ( This means



Hx
, y) = x

(2, 1,0) t yLo, -1,1 )

= (2x, x -y , g) . )
Than in H1 -

span 112,40) , lo , -1,111 and
(2,1 , o) , lo, -1,11 are lin ind (why?) a rank (f) =2.

Rink If f : V→ W linear and lb
, . .. , but is a basis

of V, then in tf ) -- span lflb.hn , flbn) ) .
If Hb , ) , - , flbnll not lin ind , then have

rank (f) <n .

Defy If f : V→ w linear and U E W
,
then the

preimage of U under f is

f-
'

U ie { v EV ) flu ) EU}
.

Prof for f : V→ W linear and U EW
,
f-

'

U E V
.

Ff Cil O E U and flo) -- O so 0 C- f-
' '
U

.

(2) if u,v e f
- 'U then fluty - flu) tfHell since

Hal
, fat ell which is closed under add '

n
.

Thus
utv c- f

- '
U

.

(3) if u c- f-
"

U Ahn t.lu/-uyfIu1eU so but f-
' 'U

.



Defy For f :V→ W linear
,
the kernel (or null

space)
of f is her Iff -- f

' '

Iof - f veVI flu) - of .

Note her (f) E V
.

The nullity of f is dim herCf) .

TPS whet is her If : R'→ 1123 ) ?
ix.g)→ l2x, x-y, y)

E.ge Consider the linear trans

f : IRIx)
ez
→ BE

at bx text↳ ( atb
,
at c)

.

To find KerCf ) need to solve flatbxtcx' ) = 10,01
.

This is equiv to att - o

at c I 0 .

Apply G -Trudi :

c : : :L :L - c : : :L :)
so a. = - c

,

b -- c and

ker tf ) =/ -et ex text / ceRf
=

span I
- I txt x

-f
.



Hence nullity of f is dim herH) = I .
What about rank ? REI ez has basis lls x, x' l and

f-I 1) = 11
,
I )
,
fix) -- l l, o) , flx

' ) : ( O, l) so

im tf ) -- span / Cl , l) , Li,ol , co, 1) f = IR
'

so rank(f) I 2 .

Note that dim KH
ez
=3 = 24 = rankCf) tnullity If) .

This is generic :

THI crank -nullity suppose f : V→W linear

and V is finite dim ' l
. Then

dim V = rank tf ) t nullityf) .

ooo {V "

splits
"

into the piece f kills Her If I )
and the piece f preserves

tf suppose nullityf) e k and Ker tf) has bass is

K -- I vis . - u, uh }
. Complete k to a basis for V,

B = { v
, , .. . , Ye , then , . . - , Vn f .

To prom
th theorem

,
it suffers to show that



Hwan)
,
. . -

,
fun) f is a basis of imlf) .

Know that

im tf ) " span f-B -

-

span 10 , -→ 0, Aram) , . . . , fun) f
-

-

span Haram) , - n , full
so this set generates in Cf) .
For linear ind

, suppose
the , that ,) t

- - - t kn fun ) = O .

Then t.lu
, Vw,

t - - - t Wn) - O

s tht , Yet,
t - - ' t Xnvn E Ker (fl . Since K is a basis

of her (f) , F di, . . . , but F s. t .

X
, V ,
t - -

- t Thr Ye = tht , Yet,
t " ' t Xnvn

.

But then

X
, V ,
t - -

- t Thr Ye - tht , Yet,
- i - -

- Xnvn = O
.

By lin ind of B, all Xii O . In particular,
I Hunt

,
, . . . ,

Hun ) f is lin ind ,


