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learning goals
u define linear transformations
• how to prove that a function is linear
° understand basic properties
. the vector space Hom LV,W) of tin trans V→W .

abject Relations btw abject
sets Functions
Open subsets of IR continuous ldiff 'l fun ins
vectorpazes Linear transformations
-

,,

Aside contemporary mathematics (esp . category
theory) emphasizes relations over objects .

Deff fix -vector
spaces V,

W
ome a field F .

A

linear transformation f : V→ W is a function

sit
.
tfu, v e V

,
IEF

,

Hutu) ifCult fer) and t.lu) : I flu)
.

I
f-

"

prawns addition
"

f
"tpnywus scalar

mutton
"



Diagrammatically ,
V x Vt V Fxv Is V

fxf f tf idxf f f f
wxw is W Fxw → W

commute (compositions w/same source and target
are equal ) .

TPI show that f : V→W is linear iff
flutter) = flu) + If Lv) Vu

,
ve V, LEF .

§ Hefferon limits
"

linear transformations
"

to

those of equal domain and codomain , f: V→ V.

This is not standard . Such linear transfins
are typically called ( linear) endomorphisms .

Ez The function f
: IRB-K

x
,y , z) '→ (2xby , xty

"

- 3z)
is linear

.

What follows may be treated as a template
for proving that a fin is linear .



PI Let Guy , z) , Cxsysz
' ) e 1123 . Then

f-((x,y , t)
t (x ; y

'

,
z
' ) ) = flxtxsyty' , 2- t 't ' )

= (2GtxD +3 lyty
')
,
Gtx 't t ly t y

') - 3 lztz '))
= ( (2x t 3g) t (2x't 3y

')
,
(x ty -Sz) + (x 'ty

'

-3Z
'))

= (2x thy , xt y -37 ) t ( 2x't 3y
'

,

x'ty
'

-32
' )

= Hay , t) thx '

, y
'

,
z
' )

.

Thus f preserves addition . Neat
,
for It IR

,

f- ( Hayat) = flax
, Ty , Xz)

= (2Kx) +3Ay) , (xx) t Hy) - B Hz))
= ( x (2x thy) , I lxty -32-1 )
= X (2x+3g , xt y -Bz)

= If Lx, y it ) .
Thus f- also pressures scalar multi , so f is a

linear trans
'

n .

§ Don't confuse
"

closed under
" (as in subspace

verification) with
"

preserves :



TPI Prom or disprove the following assertion :

f : 112 →U2 is linear
.

X Mtx
2

( It's not : fl Iti) = 22=4 white fu) tfa ) -- l 't T -- 2
.)

Pope If f : V→W is linear
,
then Ho) -- O

.

tf By linearity
f-lot = f-( of . Or) = Of . flow ) = Ow .

THI LA linear trans 'n is determined by its action
on a basis )

Let V
,
U be F- us 's and suppose B is a basis of V.

For each beB
, suppose ube

W
.

Then F ! tin trans'n

f : V→w such that Hb ) -- Wb Vb EB
-

PI Define f as follows .

For v E V write

v i €
,

Xi bi for Soma bi E B .

(can do so uniquely
since B is a basis . ) Define

A

f- Lw) = €
,

Xi Wb
;

.

'ned by
✓

This is well- def and the expression



is forced by linearity t ftb ) -- Wb for b EB
.

Terming We
say that

such f is
"

defined on

B and then extended linearly.
"

E.gs There is a unique linear trans'm
1122¥ IR'

such that 11,01↳ (bi) , lo , 1) '→ C- Is 3)
.

r

#t.#
Wu have flx,y

) = f (x Li, ol t y 10,1))
T x Hbo) t yflo, I)

= x (bi) t yl- I , 3)
= (x-y , xt3y )

.

Defy For V
,
W 4thFrs 's

,
let

Homer
,
W) := { f : V→w/ f linearly

.

This is also denoted Home 2kW) or LIV,
W)

.



The set HomN
,
w) has a linear structure via

ft Xg
: ✓→W

v -s fly rlifcg )

for f,g
e HomN

,
W)
,
IEF

.


