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Learning goals
o

prove that the dimension of a (finite dimensional )
vector space is well-defined

• compute dim V

Defy A water space is finite dimensional if it has
a basis with finitely many elements .

E.ge o Fn
,
that

man
CF ) are finite dimensional with

bases of cardinality n , mn s d rasp .

• FIx)
,
IRR are infinite dimensional (no

finite basis)
.

Va vill
prom today that if V is finite dimensional

and B
,
B
'
are bases of V, then 1131=113' l

.

This
will allow us to make the following defn :

Defy If V is a finite dimensional F-us , then
the dimension of V, denoted dimV or dim

,
V

is the cardinality of any basis of V .



Ege Lemme suppose B - hi , .. -, vnf is a basis of
✓ and w Qiu ; EV with chief not all 0 .

If Id 't O for some hell , . .. .nl
,

then

B ' = (B - Ivel) u Iwf U exchange ve and w
is also a basis of V.

FE First show B
' Lin ind

. W
.

LOGS 1=1 .

Suppose µw t# t . . - ran
= O

.
Since

u-BE.liri
, substituting gives
u fi Vi ) t fist - - - tu#n

-

- O

⇐ ink , V, t Lutz ten) vz t - - - t feelin tun) un --0
Since the Vi are tin ind

,
we have

lit , =p listen, =
- - -

=p kn turn = 0

Since X
,
40
,
knowµ

-

- O
,
whence

Mz I - -- Fun I 0

Therefore B' -- lw , um . . . .vn/ is lin ind .

Now show that span B
'
-

- V
. Solving for u, in⑧ gives



viii.in - ⇒in - - - -
- ¥.vn .

Ginn ve V , use the fact that B is a basis to write

v =µ ,
V
,
t - - - thenVn for somepi E F .

Gabsting ⑤ in gives

u
-

um ,

w - ¥
,

u - -- - - ?f.vn/tuiht---runvn--7fwt (n. -M÷Iv, t - - u t (un -Ming ) un
c-
span B

'

.

Thus B' generates V ⇒ B
'

is a basis
.

Th%¥EIY9IhIiYgmemybaT
Be Among all bases of V let B - { vi. vz, . . ., Vnf
be one of minimal size .

Wt C -- fun, wi , . . . I be
another basis of V

.
VI Ich IBI . By the choice

of B, know 1471131 .

Idea : use the exchange lemma to swap nett of
Tinto B

, mainlining basis status .



Let Bo - B.and take u
,
c-C

. By the exchange
lemma

, get a new basis B , by swapping
w
,
in for some Vet Bo .

Whole
, 1=1 and

Bi -- {wi ,Vu , in , rn } is a basis .

Since B , is a basis
,

have

Wu = X , W ,
t X
, Vz
t - - - t InVn , Xi GF

.

Since w, ,Wu Lin ind , some lie , Is, 2 is nonzero .

Whoa
,
he 2 and swapping w. for vz gives a

bases Ba -u ly ,we, us , . . . , vnf . Continuing in this
fashion . erantualhy get that

Bn :{wi, - u- , Wn ) is a basis
.

N

C In fact
, Bni C ble Wnt, would

be in span Bn ⇒ C tin deep E .

Cos If V is a fin dim 2 vector space , then our
"

basis production algorithm
" extends any

1in ind set S fo a basis of V in dimV - 1st

steps .



Cos If V is a fin dowel vector space and TE V

generates V, thin D-SET which isa basis

of V .

Cos If SEV,and IS kn -

- dim V s d
,
then

S is lin ind iff spans - V .

Pf (⇒) If 151in and S lin ind, then S can be

completed to a basis .
This basis cannot have more

than n ett
,
so S is already a basis .

(E) If ISI -- n and spans = V, then there is a

subset of S which is a basis
,
but this basis must

have n elk , so S is already a basis .
E.gg ( t ) F

"
hes basis { e , , . . . , enf a dim Fn -- n .

(2) Let S -u { ( 1,0,o) , 11,2, o) , 11,2,3) G E 1123 .
Since o ( l

, 2,0) f- span 111,0,o) f
o (42,3) ¢ span fu, o, o) , a,2,011
• dim IR' =3 = Is I

know S is a basis of IR' .



HI FWez has basis 11, x, x'f so dim FCx]
⇐
=3

(
polynomials of
degree .

TII Let Flay) : { Exijxigi I is finite
-

f
be the F- us of 2-variable polynomials our F.

Define dog (E Xijxiy ) = max litj I Xij to} and
let Flay) en be the subspace of polynomials
of degree En .

• What is dim FCx, y Je , ?
- dim Flay ]en ?


