
Day_4
Learning Goals :

a Two operations and eight properties of
vector spaces

. Examples
.

Subspaces
Fix a field F, e.g.

R
,
G
, Oh , 39154 , . . . , but not B .

Deff A vector space over F is a set V together
with operations

+ : V x V→ V (vector addition)
• : F xV→V (scalar multiplication)
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t ) [commutativity f t ] utv -- v tu
(2) (associativity of * J ut lvtw) = (utv) tw
13) ( additive unit) F O e V s. t . Otu-- u
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(7) ldistribution of scalar mutt over vector addition)
x (utv) = Xu t Iv

(8) [ distribution of scalar mutt over field addition)

(X tu)u = Xu tua

( i) - 14 ) make (V, t ) an Sian group .
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° For n c- IN
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= T×-j = { (x , . .. ., xn) /
n times
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° If F-- IR , n--2 , get Euclidean plane with
"

parallelogram rule
"

addition and scalar

mutt 'n scaling length :
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° If F- 2132 ,
n
-

-4
, get computations such

as

( l
,
O
,
2, I) t 2 (O, O, I , I)

= ( 1,0
,
I
,
O) E F
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.

• If n-- I , then Fn
-

- F
,
the field itself.

Mere exempted
(1) E is an R -vector space where if Eatbi EG,
a
, b , he IR , then X latbi ) -- Ha) t Ab) i ,
addition is usual complex addition .

Cl ' ) If F E L are both fields . the L is an
F-vector space . E.g . R is a guy

.

vector space

(2) Matan (F) = { mxn matrices w/entries inFf
-

- Il:÷!÷÷÷÷: laiietskiemkienf
Given Ae Mat

mm rt) , write Aij for its
ij - th entry. Thin for A.BE Madmen (F)
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= Aij t Bij
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G) If S is
any

set
,
then

Fs -- { f / f :S→ Ff
is an F-us where for FgE FS , X EF,
( f tg) Is) = Hs ) + gls )
(X f ) ( s) -- X Hs )

• When S = { I, . .. , n f = : Cn) , ne IN ,

FH is essentially F
"

Tdepending on your formal
def 'n of ordered n- tuples,
this could be literal

equality
° When S = Em) x En) , Fs is essentially
Mat

mm
t)



° If S -- IN
,
then FN is the F-us of

sequences in F.

° For F- IR
, might be especially curious

about IRR
,
the vector space of functions

IR→ R ; IR
""
also interesting to analysts .

Sendspace wi#im shortly
1127

,

has
many interesting subspecies .

CHR) = { fl f :R'→M is continuous f
Ul

C
'
( IR) -

- { fl f : IR → IR has continuous derivative
u everywhere /
CNN -

- If I f :H2→K has continuous derivatives
01 of all orders {
IRCx) -- I f : IR → R I fix) is a polynomial function

Eaehof then has the nice property that
f.
g
EW → ftg

EW
,
life W , O e W

In fact, each is a vector space in its own right .
Defy A subset W EV of an F- us is a subspace
of V when W is an F- us with addition and



nulth inherited from V
.

In this case , writeWEV .

Prof A subset we V is a subspace iff
( t) O EW

H W is closed under addition (uneW⇒ uutvew)
(3) W is closed under scalar melt 'n ( new⇒ Xue-W)

iff

H O E W

(z' ) u
,
v EW

,
Xet ⇒ u threw

.

PI Two
.
I lemma 29

.

Ez { (x, o) Ix e Ff E F
'

> { co, y) / ye tf
but I ex , ol l x e-Ff u f lo, y) / yet} is not

a subspace : ( 1,0) t 10,1) = ( 1,1) is not

in the set .


