MATH 201: LINEAR ALGEBRA
HOMEWORK DUE FRIDAY WEEK 2

Make sure to review the homework instructions in the syllabus before writing your solutions. In
particular, show your work and write in complete sentences (but also aim for concise explana-
tions).

Problem 1. For each of the following systems of linear equations, do the following:

» Find the associated augmented matrix M.

» Compute the reduced row echelon form E for M. Show your work as in class, specifying
your row operations.

» From E determine whether there are solutions to the system. If there is a unique solution,
state it. If there are infinitely many solutions, express the set of solutions in two ways: (i)
parametrically, as in examples 2.4 and 2.5 in Chapter One, Section 1.2, and (ii) in vector
form as in Chapter One, Section 1.3.

(a)

r—2y+z=1
—4r4+2y—2=0
3x+3y —z=1.
(b)
r+y+3z=3
—r+y+z=-1
2z 4+ 3y + 8z =4.
(©
T—2y+22=5
r—y=-—1
—x+y+z=>5.

(d)
20 — 2y — 3z = -2
3r —3y—2z24+5w="7
T—y—2z—w=-3.
(e)
r+y+3z=4
T+ 2y+ 4z =5.
Problem 2. Some questions about conics.

(a) Lety = pz®+qx+r be the equation of a general parabola. By solving a system of equations, find
the constants p, ¢, and r so that the resulting parabola passes through the points (-2, 15), (1, 3),
and (2,11).
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(b) A (real) plane conic is a set of points of the form
C={(z,y) € R? :a:c2+ba:y+cy2+da;+ey+f:0}

for some constants a,b,c,d, e, f € R, not all zero. For example, the unit circle centered at the
origin is the conic specified by takinga =c=1,b=d = e =0, and f = —1 to get the defining
equation, 72 + y* — 1 = 0. Note that defining equation of a conic is only determined up to a
scalar multiple: for instance, 222 4+ 2y%2 —2 = 0, the conic witha = c=2,b=d = e = 0,
and f = —2, also determines the unit circle centered at the origin. The parabola specified by
y = px? + gz + r is a plane conic with parametersa = p,b=c=0,d =g, e = —1,and f = 1.
Above, we saw an example where three points determined a parabola. How many points in
the plane do you think must be specified to determine a conic, in general? Why? (Note: You
probably don’t have the tools yet to rigorously answer this question. Make a conjecture and
explain your intuition.)

Problem 3. Prove that the the following sets and operations do not form vectors spaces. As usual, to
disprove something, you need to provide a concrete counterexample, ideally as simple as possible.

(@) V =R?, with
() (G2) = () ama ()= (50):
1 Y2 Yy1y2 U1 Y1
1 n T2\ _ (11 + 29 and - T\ _ (rT ‘
Y1 Y2 Y1+ Y2 Y1 0

() V = {(z,y) € R? : x + 2y = 3} with the usual addition and scalar multiplication for vectors
in R2.

(b) V = R?, with

Problem 4. Let V be a vector space over a field F', and let r,s € F' and ¥ € V. In preparation for
this problem, review the statement and proof of Lemma 1.16, p. 92, from your reading. (Note that
the proof given there could be improved by adding implication arrows between the displayed
equations and providing reasons for the implications.) You may use this lemma in your solution.

(a) Prove thatr -7 = 0 if and onlyif r =0or v = 0. (Note: this is an “if and only if” proof.)
(b) Prove thatif ¢ # 0, thenr - ¥ = s - 7 if and only if r = s.
(c) If F =R, prove that any nontrivial vector space is infinite.

Problem 5. Here are two templates for showing a subset IV of a vector space V' over a field F' is a
subspace:

Proof 1. First note that 0 € W since . Hence, W # (). Next, suppose that u,v € W.
Then . Hence, u +v € W. Now suppose A € F'and w € W. Then .
Therefore, \w € W. 0

Proof 2. First note that 0 € W since . Hence, W # (). Next, suppose that A € F
and u,v € W. Then . Hence, \u +v € W. O
Use one of these two templates for each of the following exercises.
(a) Show that W = {(z,y, 2) € R®: 3z + 2y — z = 0} is a subspace of R3.
(b) Show thatthesetW = {f: R — R : f(t) = f(—t) for all ¢ € R} is a subspace of the vector space
of real-valued functions of one variable. (Hint: you will need to carefully use the definitions
given in Example 1.12, p. 90, of the text.)



