MATH 113: DISCRETE STRUCTURES
HOMEWORK DUE MONDAY WEEK 15

Problem 1. Consider the sequence (a,,) defined by
ag = 0, an = 2a,—1 +nforn > 0.

(@) Compute ag, a1, ...,ao.
(b) (No work required.) If you have taken calculus, convince yourself that

[es) . d 0 - 2
%nw :a:dm;x —m.

(c) Use the defining recurrence to show that the generating function for (ay,) is
x
(1—-2z)(1—2)%
Hint: The identity from (b) should figure in your work.
(d) Use algebra to prove that

a(x) =

a@y— 2L 1
S 1-2z 1—-xz (1—-2)%
(Look into the method of partial fractions if you want to learn how to generate such identities
yourself.)
(e) (No work required.) If you have taken calculus, convince yourself that

1 d 1 d X, = "
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(f) Use parts (d) and (e) to give a closed formula for a,.
Problem 2. Define a sequence of Fibonacci-like numbers L,, by

2 ifn=0
L, = 1 ifn=1
Lyp1+ Ly_o ifn>1.
(a) Compute Lo, L1, ..., L.
(b) Use (strong) induction to show that
L,=F, 1+ Fn+1
for n > 0, using the convention that F__; = 1. (This is a good convention since it satisfies
F i+ F=F5N)
(c) Determine the generating function for L,, as a rational function (i.e. as a quotient of two poly-

nomials).
(d) Prove that
(e) Prove that
F2n = FnLn
forn > 0.



