Chapter 1

Some Notation for Sets

A setis any collection of objects. Usually the objects we consider are things like
numbers, points in the plane, geometrical figures, or functions. Sets are often
described by listing the objects they contain inside curly braces, for example

A = {1,2,3,4},

= {2,3,4},

14,3,3,2},
1111

{ 75757175}'
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There are a few sets that occur very often in mathematics, and that have

special names:

N
Z
Z+
7~

the set of all natural numbers = {0, 1,2,3,...}.
the set of all integers = {0, —1,1,—-2,2,...}.
the set of all positive integers.

the set of all negative integers.

the set of all real numbers.

the set of all positive real numbers.

the set of all negative real numbers.

the set of all points in the plane.

the set of all rational numbers.

the set of all positive rational numbers.

the set of all negative rational numbers.

the empty set = the set containing no elements.
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A rational number is a number that can be expressed as a quotient of two
integers. Thus a real number x is rational if and only if there exist integers a
and b with b # 0 such that x = a/b.

The terms “point in the plane” and “ordered pair of real numbers” are
taken to be synonymous. I assume that you are familiar with the usual rep-
resentation of points in the plane by pairs of numbers, and the usual way of
representing geometrical objects by equations and inequalities.

4 4
3 3
2 2
1 1
-1 01 2 -1 01 2
Figurea Figureb

Thus the set of points (z,y) such that y = z? is represented in figure a, and
the set of points (z,y) such that —1 < x <2 and 0 <y < z? is represented in
figure b. The arrowheads in figure a indicate that only part of the figure has
been drawn.

The objects in a set S are called elements of S or points in S. If z is an
object and S is a set then

x € S means that x is an element of S,
and
x ¢ S means that x is not an element of S.

Thus in the examples above

2 € A 2/6 € D. 1¢C. 0¢Z.
0¢0. 0 A. 6/3 € N. 0€eN.

To see that ) € A, observe that A has exactly four elements, and none of
these elements is ().
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Let S and T be sets. We say that S is a subset of T" and write S C T
if and only if every element in S is also in 7. Two sets are considered to be
equal if and only if they have exactly the same elements. Thus

S =T means (S CT and T' C 5).

You can show that two sets are not equal, by finding an element in one of the
sets that is not in the other.
In the examples above, B C A and B = C. For every set S we have

ScSand(cCS.

Also
1 €{1,2,3}. 0e&{1,2,3}.
{1} c {1} 0 c{1,2,3}.
{1} £ {1}. 1e{1}.
The idea of set was introduced into mathematics by Georg Cantor near
the end of the nineteenth century. Since then it has become one of the most

important ideas in mathematics. In these notes we use very little from the
theory of sets, but the language of sets will be very evident.

1.1 Definition (Box, width, height, area.) Let a,b, ¢, d be real numbers
with a < b and ¢ < d. We define the set B(a,b: ¢, d) by

B(a,b:c,d) = the set of points (x,y) in R? such that
a<zr<bandc<y<d.

A set of this type will be called a boz. If R = B(a,b: ¢,d), then we will refer
to the number b — a as the width of R, and we refer to d — ¢ as the height of
R.

width
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The area of the box B(a,b: ¢,d) is the number
area(B(a,b: ¢,d)) = (b—a)(d — ¢).

Remark: Notice that in the definition of box, the inequalities are “<” and
not “<”. The choice of which sort of inequality to use is somewhat arbitrary,
but some of the assertions we will be making about boxes would turn out to
be false if the boxes did not contain their boundaries.

In Fuclid’s geometry no distinction is made between sets that contain their
boundaries and sets that do not. In fact the early Greek geometers did not
think in terms of sets at all. Aristotle maintained that

A line cannot be made up of points, seeing that a line is a contin-
uous thing, and a point is indivisible[25, page 123].

The notion that geometric figures are sets of points is a very modern one. Also
the idea that area is a number has no counterpart in Euclid’s geometry, and
in fact Euclid does not talk about area at all. He makes statements like

Triangles which are on equal bases and in the same parallels are
equal to one another[17, vol I page 333].

We interpret “are equal to one another” to mean “have equal areas”, but
Euclid does not define “equal” or mention “area”.
q

1.2 Definition (Unions and Intersections.) Let F' = {S},---,S5,} be a
set of sets. The union of the sets S1,-- -, 5, is defined to be the set of all points
x that belong to at least one of the sets Si,---,S,. This union is denoted by

SiUSU---US,

or by

-

S;. (1.3)
=1
The intersection of the sets Sy, .S, ---,.9, is defined to be the set of points
x that are in every one of the sets .S;. This intersection is denoted by

SiNSN---NS,

or by

ﬂ S;. (1.4)
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The index 7 in equations 1.3 and 1.4 is called a dummy indez and it can be
replaced by any symbol that does not have a meaning assigned to it. Thus,

Si = U Sk‘ = U St7
k=1 t=1

n n
but expressions such as U S,, or U Ss will be considered to be ungrammatical.
n=1 3=1

C-=

=1

3 11 4
1.5 Example. Fori € Z" let R; = B(z’,i+§ :—=,=). Then |JR; is
11

i=1
4
5 11
represented in the figure, and ﬂ R; = (. Also Ry N Ry = B(2, 7' Ty 5)
i=1
1—
0 1 2 3 4
_1—

In the figure below,
B(0,4:0,2) N B(1,5:—=1,1)N B(2,3 : —2,3) = B(2,3:0,1).

(4.2)

(5,1)
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1.6 Definition (Set difference.) If A and B are sets then the set difference
A\ B is the set of all points that are in A but not in B.

In the figure, the shaded region represents B(2,4:0,4) \ B(3,5: —1, 3).

(2.4) (4,4)

(5,3)

(B=1) (5.-1)

1.7 Exercise. FExplain why it is not true that

B(2,4:0,4) \ B(3,5:—1,3) = B(2,3:0,4) U B(3,4:3,4).

I will often use set relations such as
AUuB=(A\B)UB
or
A=(A\B)U(ANB)

without explanation or justification. The second statement says that A con-
sists of the points in A which are not in B together with the points in A that
are in B, and I take this and similar statements to be clear.

1.8 Definition (Intervals.) Let a,b be real numbers with a < b. We define
the following subsets of R:

(a,b) = the set of real numbers x such that a < z < b.
(a,b] = the set of real numbers z such that a < z <b.
[a,b) = the set of real numbers x such that a <z < b.
[a,b] = the set of real numbers x such that a <z <b.

(a,00) = the set of real numbers x such that z > a.
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[a,00) = the set of real numbers x such that z > a.
(—00,a) = the set of real numbers x such that = < a.
(—00,a] = the set of real numbers x such that = < a.

(—00,00) = the set of real numbers.

A subset of R is called an interval if it is equal to a set of one of these nine
types. Note that (a,a) = 0 and [a,a] = {a}, so the empty set and a set
consisting of just one point are both intervals.

1.9 Definition (End points: open and closed intervals.) If ] is a non-
empty interval of one of the first four types in the above list, then we will say
that the end points of I are the numbers a and b. If I is an interval of one of
the next four types, then I has the unique end point a. The empty set and
the interval (—oo, 00) have no end points. An interval is closed if it contains
all of its end points, and it is open if it contains none of its end points.

1.10 Exercise. Let a,b be real numbers with a < b. For each of the nine
types of interval described in definition 1.8, decide whether an interval of the
type is open or closed. (Note that some types are both open and closed, and
some types are neither open nor closed.) Is the interval (0,0] open? Is it
closed? What about the interval [0, 0]?

1.11 Exercise. In the figure below, A, C', and F' are boxes.
a) Express each of A, C, F' in the form B(?,7:7,7).
b) Express D, E, and AN C as intersections or unions or set differences of
boxes. The dotted edge of E indicates that the edge is missing from the set.
c¢) Find a box that contains AU C'.
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1.12 Exercise. Let S be the set of points (z,%) in R? such that 1 <z < 4
1
and 0 <y < —. Let T be the set of points (x,y) in R? such that
x

(x,y) € B(—1,1:—1,1) and xy > 0.
Make sketches of the sets S and 7.

1.13 Exercise. Describe the sets S and T below in terms of unions or
intersections or differences of boxes.

3—
2|
2
1— 5 1 1y @y
3,1/2
T ) @) 5,1/4)
O 0 T T T T 1

0 i 2 é 4 g (I) 1 2 3 4 5 6



