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Abstract

We consider the costs of access to data stored in search trees

assuming that those memory accesses are managed with a

cache. Our cache memory model is two-level, has a small

degree of set-associativity, and uses LRU replacement, and

we consider the number of cache misses that a set of accesses

incurs. For standard tree access— searches and traversals—

changing the degree of set-associativity has no effect on

performance.

To explain this, we develop general stochastic access models,

an adaptation of the independent reference model (IRM),

and analyze the expected number of cache hits and misses

incurred by these types of access. The models and analyses

are accurate: we are able to exactly predict the cache

performance of tree data structures. In addition, we prove

why set-associativity is of little or no benefit for these types

of memory access and give examples where direct-mapping

performs better than set-associativity.

1 Introduction

Memory caches are crucial to the performance of today’s
computer architectures. They are key in keeping the
speed of accesses to data in memory competitive with
the speed of calculations in the processor. As a result,
an algorithm’s performance can be highly dependent
on the hardware cache’s performance. Much recent
algorithm work has focused on designing algorithms and
data structures that use the cache effectively [14, 5, 9,
22, 20, 25, 26, 1, 34, 27, 7], developing models for cache
memory [29, 4, 3, 2], analyzing the cache performance of
existing algorithms [19], and adapting external memory
algorithms for cache memory (see [31, 32, 33], e.g.).
When programming for performance, thinking about
the cache matters.

Algorithmic studies of caches often assume an un-
realistic cache model, that of a fully associative cache,
with some exceptions [29, 28, 27]. Instead, hardware
caches are either direct-mapped or have a limited de-
gree of set-associativity. Analyzing the performance of
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set-associative caches can be more difficult since one
has to take into account the layout of data structures in
memory.

The conventional wisdom is that increasing the
degree of set-associativity yields better performance
(with decreasing returns) for typical cache workloads
[17]. The implicit assumption in this heuristic argument
is that the cache’s replacement policy is able to perform
well for the given pattern of access, or at least better
than that of a direct-mapped cache. For some memory
access sequences this is not the case: In some cases
the mapping of memory to cache blocks provides an
excellent replacement policy implicitly, so that a direct-
mapped cache performs as well as or better than a cache
with some set-associativity using LRU replacement. For
example, the accesses to a number of tree-based data
structures like binary search trees and implicit heaps
have a cache performance relatively unaffected by the
degree of set-associativity.

1.1 Example: Search Tree Traversal One data
structure access pattern we consider is traversal. A
preorder traversal of a binary tree, for example, visits
each node of the tree in an order determined by the
tree’s structure. Even though a traversal visits each
tree node’s data exactly once, there can be some benefit
to having a cache. Figure 1 shows the misses per tree
node measured for a preorder traversal of a randomly
generated tree for varying sizes, recorded in caches of
varying degrees of set-associativity but fixed size. There
is little change in the cache performance when we vary
the degree of set-associativity. In Section 3 we give a
theorem that explains this performance.

1.2 Example: Search Tree Access Figure 1 shows
the cache performance of a sequence of random searches
in an ordered dictionary implemented as a binary search
tree. To generate the data, random binary trees
were constructed for various data set sizes, and then
a random sequence of key lookups were made. For
the resulting memory accesses made by each lookup
sequence, we simulated and counted the hits that for a
direct-mapped cache and D-way set-associative caches
for D = 2, 4, 8, all of the same size. The graph shows
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Figure 1: The performance of a random sequence of binary search tree lookups (left) and preorder tree traversal
(right) in direct-mapped, two-way, four-way, and eight-way set-associative caches.

the number of misses per search in each cache for each
tree size. For data set sizes where the resulting binary
tree is larger than the cache, there is an improvement in
the number of cache hits incurred by the set-associative
caches over the direct-mapped cache. The key thing to
note is that the improvement is very slight— no greater
than 1.6% for the data sizes we considered. In addition,
there is very little variation in performance among the
set-associative caches for this data set. In Sections 4
and 5.1 we analyze a general class of access patterns
that model this cache behavior.

1.3 Paper Overview In this paper we look at the
access patterns of the above examples, provide stochas-
tic models to predict their performance, and develop
analyses that explain when set-associative caches pro-
vide no benefit in general. The work is an exten-
sion of the direct-mapped results of [19]. In addition,
we adapt analysis of the independent reference model
(IRM) [11, 24, 18, 15, 16], bounding the performance of
systems of access in the IRM to characterize the mem-
ory layouts of data structures that do not benefit from
set-associative caches.

2 Methodology

2.1 Cache Model We model the main computer
memory as a sequence of stored values, addressed from 0
to M−1. A cache is a smaller memory that sits between
the CPU and main memory, that serves as faster,
redundant storage for the main memory. In current
computing systems the cache is mostly transparent
to computer algorithms. Algorithms cannot explicitly
place values into the cache, this is determined by
the caching hardware by its mapping and replacement
policy.

In our model and in current systems, cache memory

and main memory are organized into distinct blocks. A
block is a contiguous sequence of values; the number
of which, B, is fixed by the architecture. Let C be the
capacity of the cache in blocks. When the CPU requests
to read a value stored at address i, it is handled by the
cache. If the value at address i is in the cache, then
the request is a hit, and the cache is able to return the
value at location i without consulting main memory. If
the value at i is not in the cache then the request is a
miss and the cache requests block x = bi/Bc from main
memory. Main memory responds with the contents of
the block containing i— the values stored at addresses
xB, . . . , xB + B − 1.

We are interested in the cache performance of
algorithms. With this in mind, we model an algorithm
as a sequence of read and write requests to and from
memory, in particular, as a stream of blocks, numbered
from 0 to M/B− 1, that contain the target locations of
an algorithm’s memory requests. For any algorithm,
we consider only its sequence of requests and count
the hits and misses due to those requests. We do not
differentiate between reads and writes.

In a D-way set-associative cache, a memory block
can be stored in any of D designated blocks in the
cache. D is the degree of set-associativity of the cache
and is typically less than eight. The cache blocks are
partitioned into C/D cache sets numbered from 0 to
C/D − 1, where each set has D cache blocks. When
a requested memory block x is brought into the cache,
it gets stored in one of the D blocks in set S(x), the
set mapping. Let cache set s = S(x). We say that x
maps to s and write x→ s. Unless otherwise stated,
the set mapping function is S(x) = x mod C/D. We
assume the cache uses a least recently used (LRU)
replacement policy: when x is placed in the cache, of
the D blocks in set s, the cache block holding the least



recently requested memory block is evicted and replaced
by memory block x.

A direct-mapped cache is a set-associative cache
with D = 1. In direct-mapped caches the mapping of
memory blocks to the cache solely determines eviction:
when the contents of block x are placed in the cache
as a result of a miss, the unique memory block y with
S(x) = S(y) is evicted from the cache.

2.2 Empirical Methodology To measure the cache
performance of algorithms, we implemented each in C
on a Compaq (formerly DEC) Alpha workstation, and
monitored the memory accesses made using Atom [30].
Atom is a utility for instrumenting program executables.
In particular, one can insert cache simulation code
at each read and write to memory. By running the
instrumented program, we were able to measure the
number of memory accesses made and the misses that
would occur for various cache configurations. The
results are from simulation— for example, they do not
measure misses due to context switches, or effects due to
the virtual to physical address mapping. Note, however,
that the memory streams are not artificial, they are
the actual virtual address streams of the code being
executed.

3 Modeling Tree Traversals

The cache misses involved in a traversal of an array
are easy to analyze. Each array value is accessed
exactly once, in the sequential order of its layout in
memory. Assuming that the cache is initially empty,
there is a miss for each memory block the array occupies.
The performance of the traversal of a link-based data
structure like a linked list or a tree is similar, but
more complicated: Each node in the data structure is
accessed exactly once, but the order of node traversal
is determined by a layout in memory which is typically
not sequential. We model the traversal of link-based
data structures as permutation traversal.

A permutation traversal with access rate K accesses
each of N/K blocks in a contiguous region of memory
K times. The sequence of these N accesses is random.
The possible block access sequences of a permutation
traversal are a permutation of a multiset. Consider
the multiset S that contains exactly K copies of block
x where 0 ≤ x < N/K. Let σ = σ1σ2 · · ·σN be a
permutation of S. If σi = x then the i-th access in the
permutation traversal is to block x. In a permutation
traversal the sequence σ is chosen uniformly at random
from all possible permutations of S. Figure 2 illustrates
a permutation traversal of an array, where B = 4 values
fit in a cache block, the access rate is K = 4, and
C = D = 1.

We are able to analyze the expected number of
misses incurred by a permutation traversal when the
cache is initially empty. The following theorem, an
extension of the direct-mapped case analyzed in [19],
gives the expected number of misses per access made
by a permutation traversal with access rate K:

Theorem 3.1. For any D ≥ 1, in a D-way set-
associative cache with C blocks that uses LRU replace-
ment, a permutation traversal with block access rate K
of N/K contiguous memory blocks has 1/K misses per
access if N ≤ KC and

1− (K − 1)C
N

(3.1)

expected cache misses per access if N > KC.

In the proof of Theorem 3.1, left for the full paper,
there is a tradeoff when we compare a D-way set-
associative cache with a direct-mapped one, as given
by the following lemma [13]:

Lemma 3.1. For each cache set s in a D-way set-
associative cache, the expected number of hits to s made
by a permutation traversal is

ηs =
{

n(K − 1) for n < D
D(K − 1) otherwise,

where n is the number of memory blocks that map to set
s and K is the block access rate.

3.1 Tree Traversals as Permutation Traversal
We apply the above to determine the cache misses in-
curred by the preorder binary tree traversal experiment
of Section 1.1. We consider the standard pointer-based
implementation of a binary tree: each node of the tree
consists of a key value, a data pointer, and pointers to its
left and right children. We assume that the structure of
the tree is independent of the nodes’ layout in memory
and that B tree nodes fit in a cache block. In a recur-
sive implementation of preorder traversal, we examine
the root node’s key, recursively perform a traversal of
the left subtree, then recursively traverse the right sub-
tree. If the access to all of these data fields were truly a
random permutation, we would model it as a permuta-
tion traversal with access rate K = 3B. Instead, since
the references to the left and child pointers tend to be
hits we assume an access rate K = B.

If T is the number of tree nodes and C is the cache
size in blocks, Theorem 3.1 gives the total number of
misses to be T/B when T < CB and T − (B − 1)C
otherwise. The curve in Figure 1 graphs these misses
per tree node for B = 2 and C = 214 = 16, 384 and
varying tree sizes T . We measured the performance of
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Figure 2: Two traversals of an array where B = 4 array elements fit in a block. Top: Array layout in memory.
Left: an array traversal that results in a scan traversal. Right: an array traversal that results in a permutation
traversal. In both sequences, the accesses that are hits are highlighted.

an implementation of this case using the methodology
described in Section 2.2. The implementation’s perfor-
mance is shown in the plotted points of Figure 1. In
the implementation, a tree node used 32 bytes, and we
simulated D-way set-associative caches of one megabyte
in size with 64 byte blocks with D = 1, 2, 4, 8. As can
be seen in the figure, our model accurately matches the
actual performance.

4 Modeling Tree Accesses

To model non-traversal access to data structures, say,
insertions, searches, and deletions, we define systems
of random access [19]. In a system of random access
each block of memory is accessed stochastically with
some probability. In most algorithms the block accessed
depends on the history of past accesses. However, it is
often possible to assume independent reference, where
each access is independent of the previous ones. This
model of random access was first used to determine the
cache performance of algorithms and data structures
in LaMarca’s thesis [21], and the analysis used was
described as collective analysis. It is an adaptation of
the independent reference model (IRM) of Coffman [11]
originally used to model workloads on systems.

Here, as in most applications of the IRM, we
consider the cache performance of a system of random
accesses as the number of accesses grows large. For each
block of memory x, let px be the probability that block
x is accessed. Similarly, if s is a cache block, let ps

be the probability that some memory block that maps
to s is accessed, thus ps =

∑
x→s px. Analysis of the

IRM with fully associative caches can be found in King
[18] and its subsequent adaptation to set-associative
caches appears in Rao [24] which we summarize with
the following propositions:

Proposition 4.1. (King [18]) If s is a set in a D-way
set-associative cache and p1, p2, . . . , pn are the access
probabilities to memory blocks 1, 2, . . . , n, the probability
that an access to s is a hit for n > D is

ηs =
∑

distinct
i1, . . . , iD→ s

(∏D
k=1 pik

)
/pD

s∏D
k=1

(
1−

∑k−1
j=1 pik

/ps

) D∑
k=1

pik
/ps.

(4.2)

Proposition 4.2. (Rao [24]) In a set-associative
cache with sets S, the probability that an access is a hit
is

η =
∑
s∈S

psηs,(4.3)

where ps is the probability of an access to set s and ηs

is given by (4.2).

For the remainder of this paper, we will consider
only direct-mapped and 2-way set-associative caches,
thus we derive Proposition 4.1 for D = 1 and D = 2.
For a direct-mapped case, conditioned on the fact that
an access is made to set s, the probability that a block
i → s was accessed is pi/ps. It is a hit if the previous
access to s was to i and so

ηs =
1

ps
2

∑
i→s

pi
2.(4.4)

For the two-way set-associative case, the access to i → s
is a hit if the previous access to s was to i or if there was
one intervening access to some j → s. The probability
that an access to s is a hit is then:

ηs =
1

ps
2

∑
i→s

pi
2

1 +
∑

j 6=i;j→s

pj/ps

1− pj/ps

 .(4.5)
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Figure 3: A static binary search tree and its layout in an array (left), its layout in memory and its mapping to a
direct-mapped cache and a two-way set-associative cache (right).

Both of these are equivalent to (4.2) for their respective
values of D.

4.1 Search Tree Access as Independent Refer-
ence To illustrate the above analysis, we use the IRM
to predict the cache performance of accessing a full,
static binary search tree. We implement the tree us-
ing the implicit pointer technique used for a binary
heap [12]. The values in the tree are laid out in a one-
dimensional array as shown in Figure 3. Skipping the
zero-th element of the array, the value at the root of the
tree is the first element in the array, its children are the
next two elements in the array, their children are the
next four elements, and so on.

The experiment we consider is the following: we
build a full static binary search tree with h levels
containing 2h − 1 keys. We perform 105 random key
searches in the tree where each search goes to a leaf
element, and each search path is equally likely. In our
measurements we assume a cache with C = 218 blocks
and B = 1. Figure 4 gives the number of hits made in
these experiments for caches with set-associativity from
one to eight, and for tree heights from h = 12 to h = 19.

The right side of Figure 3 shows a layout of the
search tree in memory and its mapping into a direct-
mapped cache of C = 2c blocks. For cache block
1 ≤ i ≤ 2c − 1, the tree values mapped to it are the
following: one at level blog2 ic, one at level c, two at level
c+1, four at level c+2 and so on until the last level of the
tree. The right side of Figure 3 also shows the mapping
that occurs if we have a two-way set-associative cache
of the same size. The blocks that map to locations i
and i + 2c−1 in the direct-mapped cache are mapped to

the same cache set in the two-way set-associative cache.
One such pair is highlighted in the figure.

We model the accesses to the tree as random access.
The root will always be accessed with each key search,
thus accessed every h tree accesses. We model this
by assigning a probability of access 1/h to the root.
Continuing this way, a value stored at level i is accessed
with probability 1/(2ih).

Using these probabilities as the block access prob-
abilities for the IRM, we can calculate the expected hit
ratios. We omit the calculations here. Figure 4 plots
these hit rates for different binary tree sizes assuming
direct-mapped and two-way set-associative caches. The
model matches very closely the hit rates that we mea-
sured with Atom as shown in the graph.

5 Set Mappings

In the two motivating examples we have analyzed, set-
associativity had minimal impact on cache performance.
To gain an intuition for why, we consider the conditions
necessary for set-associativity to be of use, in particular,
we consider the mapping of memory blocks to cache sets.

Consider, for example, the mapping of the static
search tree shown in Figure 3. The memory mapped to
the two cache blocks highlighted in the direct-mapped
cache are mapped to the same set in the 2-way set-
associative cache. Note that the distribution of accesses
to those memory blocks are the same. The cache blocks
share the same “access load” in the direct-mapped
cache. Our hypothesis, then, is that the set mapping
S is good enough in the direct-mapped case, and that
there is little gain in having a LRU policy manage each
set of two cache blocks in the 2-way set-associative
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Figure 4: A comparison of actual and predicted cache
hits for a sequence of binary search tree lookups.

cache.
This is clearly not the case with all random access

sequences. Suppose we have a memory of four blocks,
named W through Z, and a direct-mapped cache of two
blocks s and t. Let block W → s and X, Y, Z → t.
Assume a system of random accesses where pW = p and
pX = pY = pZ = (1− p)/3 for some probability p.

In the left of Figure 5, we graph the expected hits
per access of such a system as a function of p for the
direct-mapped cache, and also a 2-way set-associative
cache of two blocks. When p < 1/4, block W is not
accessed as frequently as the other blocks, and so cache
block s is underutilized. As a result, the set-associative
cache performs best for these values of p, as it tends
to keep the most recently accessed blocks, and thus
likely the most frequently accessed blocks, in the cache.
For 1/4 < p < 1, however, the other blocks compete
with block W in the set-associative cache. Since block
W is most likely to be accessed and does not compete
for s, the direct-mapped cache gives superior hit rates
when 1/4 < p < 1. In this case, it turns out that
the direct-mapped cache has an optimal mapping of
memory blocks to cache blocks [18, 15]. In [13] we give
a generalization of this example where a direct-mapped
cache yields arbitrarily better performance.

Consider a similar second example of a system of
random accesses with two additional blocks U, V → s.
Let the probabilities of access be pU = 4p/7, pV =
2p/7, pW = p/7, pX = 4(1− p)/7, pY = 2(1− p)/7, and
pZ = (1 − p)/7, respectively, so that each cache block
has the same distribution of accesses. We call this a
load balanced system of random accesses with respect
to the direct-mapped cache mapping. The expected
cache performance for this system is given in the right
of Figure 5. When p is close to 0 block s is not well-
utilized and most of the accesses are to blocks mapped
to t. The hit rate of the two-way set-associative cache

is nearly double that of the direct-mapped cache in this
case. However, as p approaches 1/2, the accesses to
each set of blocks is more balanced and there is little
difference between the two caches’ performance. In fact,
for p = 1/2 the direct-mapped cache yields slightly more
expected hits per access.

We now investigate the performance of systems of
random access like this example.

5.1 Load Balanced Mappings Consider two cache
configurations: a direct-mapped cache with two blocks s
and t, and a 2-way set-associative cache with two blocks.
In addition, suppose we have a system of random
accesses accessing 2n memory blocks. Blocks 1, 2, . . . , n
are accessed with probabilities p1, p2, . . . , pn, and blocks
n + 1, n + 2, . . . , 2n are accessed with probabilities
q1, q2, . . . , qn. In the direct-mapped cache configuration,
let memory blocks 1, 2, . . . n be mapped to cache block
s and the remaining memory blocks be mapped to
cache block t. As before, let ps =

∑
i→ s pi and

pt =
∑

i→ t qi. We say that the system of random
accesses is load balanced in the direct-mapped cache
configuration whenever pi = qi for all i. This additional
condition makes it such that each cache block in the
direct-mapped cache configuration witnesses the same
access behavior. In this case, then, ps = pt = 1/2.

From (4.4) the direct-mapped cache configuration’s
steady state hit rate is

ηD = 4
n∑

i=1

pi
2

From (4.5) the two-way set-associative cache configura-
tion’s steady state hit rate is

ηA = 2
∑

i

pi
2

1 + 2
∑
j 6=i

pj

1− pj


In a load balanced system of random accesses there is
no advantage gained by a two-way set-associative cache
over a direct-mapped cache as given by the following
theorem:

Theorem 5.1. If a system of random accesses is load
balanced then ηD ≥ ηA.

The proof, left for the full paper, uses the method of La-
grange multipliers to find the minimum of ηD − ηA and
to show that it is non-negative [13]. Although direct-
mapped caches are better for load balanced distribu-
tions the difference appears to be slight: the largest
absolute difference we observed was less than 0.043 hits
per access, an improvement of less than 6.5%.
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Figure 5: Hits per access for systems of random access illustrating the effect of optimal memory layout (left) and
load balance (right) on cache performance.

6 Conclusions

Random access models like permutation traversal and
the IRM have been found useful for accurately predict-
ing the direct-mapped cache performance of access to
common algorithms and data structures [19, 20, 22].
Here, we expand the analysis for set-associative caches.
The experimental studies show that set-associativity has
little impact on performance, and these models explain
why.

We focused on set-associative caches for precise
cache performance analysis rather than fully associative
caches (D = C) because they are the caches used in
practice. Assuming full associativity can be reasonable
for algorithm design, however, especially when constant
factors are ignored. In [14] it is shown that a fully
associative cache can be simulated in a direct-mapped
cache with only a constant factor hit in performance.
Also, a design that works well in a fully associative cache
can turn out to have good performance in practice.

Clearly, our goal here is not to discourage set-
associative cache design as practice, especially with
more realistic workloads, suggests that set-associativity
is an effective design. Rather, we feel that our results
suggest when set-associativity matters— for example,
when the direct-mapping of blocks is sub-optimal [13].
Our models might also suggest that cache-conscious
data layout tools designed for direct-mapped caches
[23, 10, 6, 8] might have limited impact in set-associative
caches.
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