SUMS OF TWO SQUARES VIA L-FUNCTIONS

Consider a quadratic number field and its ring of algebraic integers,
F=Q@), D=1
Thus D now denotes the ring of Gaussian integers rather than the ring of Eisenstein
integers. The two rings are very similar in their structures. Specifically,

e D is a Euclidean ring with norm function
N:D — N, Nz =2z, N(a+bi)=a®+0b

(This shows why the algebraic structure of D should help us to study sums
of two squares.) Consequently, D is a PID and thus a UFD.
e The unit group of D is cyclic of order 4,
D* = {41, +i} = (i) = (—i).
e Rational primes decompose in D as follows:
— p=1 (mod 4) = psplits: p=a7, Now =p, D/nD = Z/pZ.
— p=3 (mod 4) = p is inert: p is prime in D, Np = p?, D/pD =
(Z/pZ)*.
— 2 ramifies: 2 = —i(1 +4)%, N(1+14) =2, D/(1+i)D = Z/2Z.

The quadratic character modulo 4 is the homomorphism

. . . x(1+42) = 1,
X : (Z/4Z) {#}cC, {X(3+4Z) = -1

The character extends to the multiplicative function

1 if n =1 mod 4,
X :Z — {0,%+1}, x(n)=4¢ -1 if n =3 mod 4,
0 if n =0 mod 2.

The Euler—Riemann zeta function is
()= > nr=][a-p)"
nezZ+ peEP

The sum and the product are formally equal by the Fundamental Theorem of
Arithmetic. Both sides converge absolutely for all s € C such that Re(s) > 1, but
we don’t need this fact. The quadratic L-function associated to x is

Lix,s)= Y x(mn=* =[]0 - x@p) "
nezZ+ peEP

Equality between the sum and the product is no harder to prove than before because
X is multiplicative. The zeta function of the number field F = Q(i) is

p(s)= Y. Nvo= J] A-Nz)™h
ve(D—{0})/~ mEPpD /[~
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Here the equivalence relation on D is x ~ y if y = uz for some u € D*, i.e., two
elements are similar if they are associate. Again, equality between the sum and the
product is proved in the same way.

Let r(n,2) be the representation number of n as the sum of two squares,
= #{(a,b) € 22 @ + B =},

The additive expression for (r(s) regroups as a generating function for these rep-
resentation numbers,

Cr(s) :i Z Z n-° :i Z r(n,2)n"*°

neZ+ v:Nv=n nezZ+
On the other hand, the arithmetic of D and then the definition of the function x
show that the multiplicative form of (g(s) is

e =1-27 I 0 [T a2

p=1(4) p=3(4)
—¢o) [T - I a+p5
p=1(4) p=3(4)
= () L(x; 9)-
And the additive form of this last product is

(LG8 = D> ni® Y xma)ng®= > | > x(d)|n*

ni1€Z+ no€Z+ neZt | din

Equate the coefficients of the two additive forms of (r(s) to obtain an expression
for the representation number,

r(n,2) =4 x(d).
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