THE UNIT GROUP OF A REAL QUADRATIC FIELD

While the unit group of an imaginary quadratic field is very simple, the unit
group of a real quadratic field has nontrivial structure. Its study involves some
geometry and analysis, but also it relates to Pell’s equation and continued fractions,
topics from elementary number theory.

1. REVIEW

Let F = Q(y/n) be a real quadratic field. Thus n > 1 is not a square, and we
take n squarefree. Recall various facts about F'.

e The nontrivial automorphism of F' is the conjugation function,
T F —F, a+b/n=a->byn.
e The trace function of F' is the abelian group homomorphism
tr: F—Q, tr(x)=x+T.
Specifically,
tr(a + byv/n) = (a + by/n) + (a — by/n) = 2a.
The norm function of F' is the homomorphism
N:F* —Q*, N(z)==z=.
Specifically,
N(a 4 by/n) = (a+ by/n)(a+ by/n) = a* — b*n.
Sometimes we also define N(0) = 0.
e The unit group O of F* consists precisely of the elements of F* such
that N(z) = £1.
e The discriminant of F' is
n ifn=1 (mod 4),
Dp =
dn if n =2,3 (mod 4),

and the integer ring of F is

@F:Z[Dﬁ—\/D_F]

2

e An ideal of Op is a subset a C Op that forms an abelian group and is
closed under multiplication by Op. The norm of a nonzero ideal a of Op,
denoted N(a), is characterized by the conditions

ad = N(a)Op, N(a) € Z™.

We quickly show that for any positive integer m, only finitely many ideals a
of O have norm m. Indeed, for any such ideal,

Or DaDaa=m0F.
1
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Thus O /mOp D a/mOr. But |Op/mOr| = m? is finite, so there are
only finitely many possibilities for a/mOp and hence only finitely many
possibilities for a = a/mOp ® mOp (isomorphism of abelian groups).
e In consequence of the previous bullet, we have:
Let {xn}nez+ be a sequence in O all of whose elements satisfy
IN(z1,)| < a for some constant a. Then for some pair of distinct
positive integers h and I/,

xp =uxy, u€ Of.

The proof is that there are only finitely many ideals (xp).

2. GEOMETRIC RESULTS

Lemma 2.1. Let A be a lattice in R?, and let E be a measurable subset of R?
such that p(E) > pu(R2?/A). Then there erist distinct points x,z' € E such that
¥ —x el

Proof. Let (e, f) be a Z-basis of A, so that corresponding fundamental parallelo-
gram of R%/A is

II={e+nf:£{nel0,1]}.
Thus
area(Il) < u(F) = Z pw(EN(A+10)) = Z (A + E)nII).
AEA AEA
Consequently, the intersection (A + E) N (X 4+ E) N II must be nonempty for some
distinct A, X" € A. In particular,
A+x=XN+2 forsomez,z' €E.

Thus 2’ —x = A — X € A — {0} as desired. O

Proposition 2.2. Let A be a lattice in R?, and let E be a compact measurable
subset of R? that is symmetric about 0 and convex and such that p(E) > 4u(R?/A).
Then E contains a nonzero point of A.

Proof. The lemma says that for any € > 0, the set
_1
B =g,

contains distinct points x and z’ such that 2/ — z € A. But also, using symme-
try about 0, the nonzero difference o’ — & = (22’ + 2(—x))/2 is a convex linear
combination of points of (1 +¢)E. That is, letting A’ = A — {0},

ANNn(l+e)E#0.

Note that A'N(1+¢)E is compact (finite, for that matter) since it is the intersection
of a discrete set and a compact set. Thus the nested intersection over all £ remains
nonempty,

(A N(1+e)E) #0.
e>0

(The finite intersection property of compact sets rephrases the definition of com-
pactness. If (), Ko = 0 then |J, K = K, gives an open cover of K,, hence
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K¢ = K, for some « by the nestedness, hence K, = (), contradiction.) But the
nonempty intersection is (again using the compactness of E at the last step)

(A N(1+eE)=NNn[1+e)E=ANNE=ANE.
e>0 e>0
This completes the argument. (I

The lemma and the proposition are special cases of results due to Minkowski
about the geometry of numbers.
3. THE CANONICAL EMBEDDING
Definition 3.1. The canonical embedding of F' is the ring homomorphism
1:F—R? 2+ (z2,7).

Recall that our real quadratic field is F = Q(y/n), and that the discriminant
of Fis

dn if n =2,3 (mod 4),
The abelian group structure of the integer ring of F' is a direct sum,
D ++Dp
2

DF:{ n if n=1 (mod 4),

Op = Z0Z.

The images of the basis elements under the fundamental embedding are
(1) = (1, 1)7

, (DF +2\/D—F) _ <DF -4-2\/D_F7 Dp _2\/D—F>.

Thus ¢(OF) is a lattice in R? whose fundamental parallelogram has area

1 1
| et [DFWD—F m—m} | =V Dp.
2 2

That is, u(R?/1(Or)) = v/Dp. Consequently, Proposition 2.2 says that any com-
pact box B that is symmetric about the origin and such that area(B) > 4\/Dp
contains a nonzero point of «(Op). We will quote this fact later.
4. THE LOGARITHMIC EMBEDDING
Definition 4.1. The logarithmic embedding of O;; is the group homomorphism
(: 05 — R?,  z+— (log|z|,log|T|).
Thus the logarithmic embedding takes the form
{=ho L| ox

where h is the continuous group homomorphism

h:(R*)? — R? (u,v) — (log|u|,log|v]).
Note that L| 0% is also a homomorphism of multiplicative groups. Because zx =
N(z) for € OF, the image ¢(O}) lies in the “hyperbola”

H = {(u,v) € (R*)?:uv = +1}.
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Also note that the calculation
w = +1 = log |u| + log |v| = log |uv| =logl =0
shows that h restricts to a continuous homomorphism from the hyperbola H to the
line of slope —1,
L={(w,z2)€R*:w+z=0}
That is,
((OF) C H, ((OF) C L.
Also, direct inspection shows that
ker(¢) = {%1},
and thus
Op = {£1} x L(OF).

5. UNIT GROUP STRUCTURE

Lemma 5.1. For any nonnegative number r € Rxq, £~ ([—r,7]?) C OF is finite.

(Setting » = 0 in the lemma shows that ker(¢) is finite. Since ker(¢) = {£1}
in the real quadratic field case, we obtain nothing new here, but for number fields
other than real quadratic fields, with the lemma modified accordingly, the result is
of interest.)

Proof. Let r > 0 and suppose that some element z € O satisfies
0(x) N [—r,r]?.
That is, (log|z|,log|z|) € [-7,7]?, so that
|z|, [Z] € [e7", €"].

Consequently
|z + 7| < 2" and |2T| < ¥
But the characteristic relation of x over Z is
2wt b—0, {aztr(ax)zm—kxéZ,
b=N(z) =27 € Z.

Thus there are only finitely many possibilities for the characteristic polynomial,
and hence there are only finitely many possibilities for x. O

Recall that O = {£1} x £(O}). The lemma shows that
(OF) is a discrete subgroup of L.
Since L = R, the question now is whether ¢(O) = {0} or £(O}) = Z.
Proposition 5.2. ((Of) = Z.
Proof. We will show that for any given nonzero linear functional
f:L—R,

there is a unit u € OF such that f(¢(u)) # 0.
Since L = {(w,z) € R? : w + 2z = 0}, we have

f(w, z) = cw for some nonzero ¢ € R.
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Introduce notation to make the proof run smoothly later by fixing a real number
az DF;
and fixing a real number
B > |c|log a.
For any positive real number A, let = a/A so that Au = . The compact box
B ==\ x [—p, 4]

thus is symmetric about the origin, and its area is area(B) = 4a > 4y/Dp. As
explained in section 3, the geometry of numbers shows that there exists a nonzero
integer )\ € O such that ((z)) € B. The fact that ¢(z)) € B says that

IN(zy)| < a.
Also, the condition |[N(zy)| > 1 holds because ) € OF, so
lzal = [N(zA)I/[ZX] =2 1/ = Ao
Thus 1 < A/]zy| < «, and so
0 <log A —log|zy| < loga.
Returning to the linear form f(w, z) = cw, we now have an estimate of f(¢(zy)),
F(E@2)) — clog A| = [clog 2] — clog | < [¢]loga < 6.

The procedure of the previous paragraph works for any positive real number .
For each positive integer h choose a corresponding A, such that

clog A\, = 20h.

Thus A\, = exp(26h/c), so that our boxes grow horizontally and shrink vertically
at a rate exponential in h. Consequently the logarithm of the absolute value of the
first coordinate of a typical point in the box grows linearly in h. Quantitatively we
have, by the previous two displays,

|f(l(xany)) —2Bh] < B for h=1,2,3,---,
and opening up the absolute value gives
(2h = 1)B < f(l(wrn))) < 2R +1)B for h=1,2,3, -,
showing that the values f({(xy(p))) are all distinct. On the other hand, recall that
IN(zAn)| <a for h=1,2,3,---,
so that (as explained at the end of the review section), for some pair of distinct
positive integers h and h’ we have
Ta) = Uxpy, u€ Of.

And so finally, since the logarithmic embedding ¢ is a multiplicative-to-additive
homomorphism, and since the functional f is linear, and since the values f(£(zx)))
and f(€(xx)) are distinct,

Fl(u) = fl(zxny/TAn)))
= f(lzxn)) — Uzam))
= f(l(zrn))) — Flzrn))) # 0.
Thus ¢(Of) # {0} and consequently ¢(Of) = Z as desired. O
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6. THE FUNDAMENTAL UNIT
Definition 6.1. The unique element u; € O such that
OF = {1} x (wy) = {+1} x {ud i € Z}, u; > 1.
is the fundamental unit of F'.

The fundamental unit u; is one of four generators of the infinite part of O, the
other three being —u; and :l:ul_l. If the fundamental unit is

ur=a+b/n, abeQ
then since N(g) = %1, the four generators are altogether
+a £ by/n.

Since the fundamental unit is the largest of the four generators, in fact

ur=a+b/n, abeQr,
and u; is the smallest such element a + by/n of Op. The units v > 1 are overall

up = uk = (a+byn)*, k=1,2,3,---.
We now proceed by cases.
If n = 2,3 (mod 4) then

Or ={a+byn:abeZ},

and so the fundamental unit takes the form
up =a; +bivn, ap,by €ZT, a2 —nb? = +£1.
Its positive powers are
uf = ag + bpv/n = (a1 + bpv/n)k.

Since br11 = axby + brai, the sequence {by} is strictly increasing. Thus, an algo-
rithm to find the fundamental unit for n = 2,3 (mod 4) is:

Test by = 1,2,3,--- until either of nb? £ 1 is a perfect square. Let
ay be the positive integer such that a3 — nb3 = +1. Then u; =

ay + bi/n.
If n =1 (mod 4) then
Or={3(a+byn):a,b€Z, a=b (mod2)},

and so the fundamental unit takes the form

i %(al +biv/n), a1,by €ZY, ay = by (mod 2), a? —nb} = +4.
Its positive powers are

uf = J(ak + beyv/n) = 3¢ (a1 + bev/n)".

Since b1 = arby + bray, the sequence {by} is strictly increasing. Thus, an algo-
rithm to find the fundamental unit for n =1 (mod 4) is:

Test by = 1,2,3,--- until either of nb? &4 is a perfect square. Let
ay be the positive integer such that a? — nb? = +4. Then u; =

%(al + bl\/ﬁ)
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n (5%

2 14+v2
3 243
51 L1+V5)
6 5+ 26
7 8+ 37
10| 3++10
11| 1043V11
13 | 1(3+V13)
14| 15+4y14
15| 44415
17| 44+V17
19 | 170 + 39/19
21 | 1(5+V21)

FIGURE 1. Table of fundamental units

Some fundamental units are shown in table 1.

A more efficient method for finding the fundamental unit uses continued frac-
tions.

7. THE CONTINUED FRACTION OF A RATIONAL NUMBER

Let ¢ and d be integers, with d > 0. The Euclidean algorithm gives

C To
- =qo+ —, €z, 0<rg<d
d qo0 d q0 0 »
d T
_ZQ1+_17 CI1>07 0<'f’1<7"0,
To To
r T
L=+ 2, >0, 0<ry <y,
1 1
Trn—
mo2 = Qqm, qm>1(n0te)'
Tm—1
Thus
c + 1
- =40 il :
=

+ am

Working productively with the notation of the previous display is hopeless. The
standard remedy is to write instead

c 1 1 1

AT et
Note that also (using the fact that g, > 1)
c 1 1 1 1
e RS )
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The expression in the previous three displays is the continued fraction expression
of ¢/d.

Symbolically, the first few continued fractions are

_ D
q0 1’

1 g +1
Go+—=—",
q1 q1

1 1 2 Qg2+ 9 + ¢
Go+——=0q+ =
Gt ¢ q1q2 + 1 q1g2 +1
11 1 n Goqs +1 _ 90919293 + 9091 + qogs + g2g3 + 1

Go+———=q
Q1+ g2+ g3 Q19293 + @1 + g3 Q19293 + 1 + g3

The numerator of the continued fraction has a standard symbol,

g1+ g2+ Gm d

qo +

Thus, for example,

[90]

[90, 1]

(90, q1, 2]
(90,41, 92, 93]

q0,
qoq1 +1,

09192 + qo + g2,

0919293 + gog1 + 9og3 + g2qs3 + 1.

=4q
=4q
The denominator requires no symbol of its own because, as the small examples have
shown, it is simply [g1,- - , ¢m]. To show this in general, note that the equality

1 1 1 1

777:q0+ 1 I I
a1+ g2+ m Nt orar o

qo +

rewrites as
[q07Q1a"' 7qm] o d/ _ QO[Q17"' aQW] +d/
S g+ = :
d [qlv"' J]m] [(hv"' 7qm]

showing that indeed

1 1 1 _ [QO7q17"' 7Qm}
Qo+ —— — =
a1+ g2t m (91, 5 qm]

This calculation also shows the recurrence

[QO7QI7q2a o 7q’m] = qo[qla e 7Q’m] + [QQ7 e aqm]a
which makes computation with these symbols quick.
Euler gave the explicit formula
QO"'Qm+ qo - Gm

(90, s qm] = qo "+ Gm +
qiqi4+1 g 9iqi+1959;5+1

That is,

e multiply all the ¢’s together,

e then multiply them together omitting consecutive pairs,

e then multiply them together omitting pairs of consecutive pairs,
e and so on.
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Euler’s formula demands extending the numerator-symbol to include the case

=1

A consequence of Euler’s formula is symmetry,

[q07qla"' 7Qm] = [qua 7qlaQO]a

so that the recurrence is also
[q07 q1,92," - aq’m] = [q07 e 7Qm71]Q’m + [QO7 o 7Qm72]-
For any k > 0, let

Ak:[q()aq17"' an] and Bk:[q17"' 7qk]
Then the kth convergent is Ay /Bj. Since

Al A1 Ap_2
) =[5 5]

the convergents are easy to compute. Also,

A Ap—| _ Ak Ap
B B Br1 Bgo
. lao,a1)  [ao)
A1 A q0,q1] |q0
= = (o +1)-1 - qoqr = 1,
B, By ‘ [ql} H (QOQI ) qoq1
so that
Appr Ag k
= (1%, k>0
’Bk+1 By, (=1) -

In particular, ged(Ayg, Bg) = 1 for all k£ > 0, showing that the kth convergent is in
lowest terms.
Since
A Ap (D"
Biy1  Br  BpBiii’
it follows that the sequence {Ay/By} is Leibniz.

8. THE CONTINUED FRACTION OF AN IRRATIONAL NUMBER

Let a be an irrational number. Similarly to before, we have

OéZQO‘Fl/Olla (JOGZ, a1>17
ar =q +1/a, q1 >0, az > 1,
QZZQQ"i—l/a?)a QQ>0; 043>1,

Qm = qm + l/am+1a Gm > 0, Q1 > 1

(specifically, each ¢; = |«;| where ap = ), but now the process doesn’t terminate.

Still, as before,
1 1 1 1
o = qo _|_ T p—— .
a1+ g2+ dm+ Qmt1

Also as before,
[q[)a s Gm, am+1]

o= ,
[qla e anyam—&-l}
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and we have the recurrence

(905 s @m> Omy1] = (g0, 5 Gm]Cmi1 + g5 5 Gm—1] = Vg1 Am + A1,
Similarly
[QIa 5 Gmy, am+1] = am+1Bm + Bm-1,
and so

o CVm—&—lAAm + Am—l

am+le + Bmfl ’

A little algebra gives
A'H'L 1
o — = ,
Bm Bm(aerle + Bm+1)

and since qyn41 > ¢y it follows that

A 1
“ E’ = BmBm—‘rl.
Thus
azlimAm :q0+ii N
m Bp g1+ g2+ qm~+

When the continued fraction context is clear, we write more concisely

@ =4qo,91,492, """ sqm, """ -

Definition 8.1. A quadratic irrational number is a real number of the form
a=a+by/n, abecQ, ncZ' squarefree.
The conjugate of such a number is

o =a—byn.
A quadratic irrational number is normalized if « > 1 and —1 < o’ < 0.

Proposition 8.2. Let o be an irrational number. Then « is quadratic and nor-
malized if and only if its continued fraction is periodic.

Proof of the easy direction. Suppose that

@ =4qo, " ,qm>90," " yqm>,90," " yqm;>" " =40, " ,qm-

Since g repeats as the term of the continued fraction, it is a positive integer, giving
a > 1. Next, the characteristic relation of «,

_ Ama + Amfl

B+ Bpq’
rewrites as the characteristic equation
BmOl2 + (Bm,1 — Am)a - Am,1 = O,

showing that a is quadratic. Now consider the reverse-order periodic continued
fraction,

QZva »40-
Note that 8 > 1 since ¢, is a positive integer, and note that the characteristic
relation of [ is almost the same as that of «,

ﬁ o Amﬂ + Bm
B Amflﬁ + Bmfl .
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Consequently, the characteristic relation of —1/8 is

~1(—=1/8) — A1

so that the characteristic equation of —1/8 is
Bm<_1/ﬁ)2 + (Bmfl - Am)(_l/ﬁ) - Amfl =0.

That is, a and —1/f satisfy the same quadratic equation, so —1/8 is one of «,
. Since @ > 1 and —1 < —1/8 < 0, we see that —1/8 = o’ and consequently
—1 < o’ <0. That is, « is normalized.

The proof of the other direction isn’t much more difficult, but it is a bit more

painstaking. (Il

1/p=

Now consider a positive integer n that is not a perfect square. Let

QOZL\/EJ, a2(]0+\/ﬁ.

Then o' = qo — v/n € (—1,0), showing that « is normalized. Note also that

o = —a+2q.
By the (unproved direction of the) previous proposition,
a=2q0,q1, ", qm
so that
o = T 7

Also, by the proof of the proposition,
_1/0/ =qm, " ,q1,2q0.

But since o/ = gg — /n, the left sides of the two previous displays are equal, hence
so are the right sides, and thus

q1, ' s Qm is palindromic.

Thus /n = a — go has continued fraction

‘\/E: qo,4q1,92," - 7QQa9172QO-

For example,
V2=1,2,
V3=1T72,
V13 =3,1,1,1,1,6,
V31=5,1,1,3,5,3,1, 1, 10.

Rewrite the continued fraction representation of y/n in a fashion that forgets its
palindromic aspect,

VR=40,41,492,  dm—1,dm> 240-

Then
am+1Am + Am—l

n =
\/_ am+1Bm + Bmfl

where
Amiy1 = 26]0#]17 T >qmaQQO = \/ﬁ+ qo-
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The previous two displays give
+qo)Am + Am—
Jn (v + qo) 1

(\/ﬁ + qO)Bm + Bmfl ’

or
V(v + qo) B + Bim-1) = (Vi + qo) Am + Am-1,
or, after equating rational and irrational components,
Ap—1=—qAmn +nBp,
Bpno1=Am — qoBm.-

Recall that
‘Am Am—l

The previous two displays give
‘Am 7(]0Am + TLBm' _ (_1)m71
Bm Am — qOBm ’
or
A2 pB2 = (1)
That is,

‘Am + B/ is a unit of Q(v/n). ‘




