HECKE CHARACTERS CLASSICALLY AND IDELICALLY

Hecke’s original definition of a Grossencharakter, which we will call a Hecke
character from now on, is set in the classical algebraic number theory environment.
The definition is as it must be to establish the analytic continuation and functional
equation for a general number field L-function

L(s,x) =Y x(@)Na~* = JJ(1 = x(p)Np~*)~"

p

analogous to Dirichlet L-functions. But the classical generalization of a Dirich-
let character to a Hecke character is complicated because it must take units and
nonprincipal ideals into account, and it is difficult to motivate other than the fact
that it is what works. By contrast, the definition of a Hecke character in the idelic
context is simple and natural. This writeup explains the compatibility of the two
definitions. Most of the ideas here were made clear to me by a talk that David
Rohrlich gave at PCMI in 2009. Others were explained to me by Paul Garrett.

The following notation is in effect throughout:

e k denotes a number field and O is its ring of integers.
e J denotes the idele group of k.
e v denotes a place of k, nonarchimedean or archimedean.

1. A MULTIPLICATIVE GROUP REVISITED

This initial section is a warmup whose terminology and result will fit into what
follows.
By analogy to Dirichlet characters, we might think of groups of the form

(O/§)*, {anideal of O

as the natural domains of characters associated to the number field k. This idea is
naive, since O needn’t have unique factorization, but as a starting point we define
a group that is naturally isomorphic to the group in the previous display.

The group that we will define is arguably an improvement over (O/f)*. It will
take the form of a quotient of multiplicative subgroups of k*,

k(f)/k; (notation to be explained soon),

rather than being the unit group of a quotient ring of O. Whereas in (O/f)* the
inverse of a coset x + f is generally not the coset =% + f of the inverse, because
27! needn’t lie in O at all, inverses in k(f)/k; will be natural because k(f) is to be
a multiplicative group.

The notion of two integral ideals of O being coprime generalizes easily to frac-
tional ideals of k. For any fractional ideal,

a= Hpe", each e, € Z, e, = 0 for almost all p,
p
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2 HECKE CHARACTERS CLASSICALLY AND IDELICALLY

we say that the maximal ideal p appears in a if e, # 0. If b is a second fractional
ideal then we say that a and b are coprime if no p appears in both a and b. The
condition that a and b are coprime is written (a,b) = 1.

Let § be a nontrivial ideal of O; that is, f is neither the zero ideal nor O. The
elements of £ that generate fractional ideals coprime to f form a subgroup,

k(f) ={a € k*: ((a),f) =1},
To define a suitable quotient of k(f), first note that the set
E(H)f={0 € k: 1,((9)) > vp(f) for all p that appear in f}.

has the following properties:

o k(f)f contains 0 (even though k(f) does not, because § does).

e k(f)f is closed under multiplication by k(f); in particular, it is closed under
negation.

e Ek(f)f is closed under addition. (To see so, take any 6,0" € k(f)f, and fix
any maximal ideal p of O that appears in f. Then 1v,((d)) > v,(f) and
Up((6')) = (), s0 that vy (6 + &) > vy (f) as well. Thus 6+ o' € k(])F.)

These three properties of k(f)f show that the following definition gives an equiva-
lence relation.

Definition 1.1 (Multiplicative Congruence). For a pair of nonzero field elements
a, B € k(f), the condition

a = mod” f
means

B — a € k(f)f.

The nomenclature multiplicative congruence will be explained soon.

Beyond the three equivalence relation properties, two more properties of multi-
plicative congruence follow from the fact that k(f)f is closed under multiplication
by k(f): For any o, 8,7,6 € k(f),

if « = 8 mod™ § and v = mod™ § then ary = 36 mod™ f,
and as a special case, for any «, 8,7 € k(f),
if @« = 8 mod”™ § then ay = By mod™ §.
With the properties of multiplicative congruence established, we can define the
subgroup k; of k(f) that will give the desired quotient group k(f)/ks,
ks =1+k(f)f={a €k :a=1mod™ §f} Ck(f).
To see that kj is a subgroup note that if a, 3 =1 mod™ § then a = 8 mod™ §, and
we may multiply through by 37! to get a8~ =1 mod™ f.
Given « and 8 in k(f), the equivalences
B—-—ack(f)f <= Beca+kf)f=a+ak(f)f < B/acl+k(f)f=k

show that alternatively we could have defined the multiplicative congruence relation
a = B mod™ §to mean
ﬁ/Oé S kf.

This interpretation explains why we view the relation as multiplicative congruence.

Now we show that multiplicative congruence in some sense subsumes ordinary
congruence.
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Proposition 1.2. Let § be a nontrivial integral ideal of the integer ring O. There
is a natural isomorphism

O/ = k(\)/ks,  a+fr— aky.

Proof. If a+§= B +fin (O/f)* then ((a),f) = ((8),f) =1 and 8 — « € . Thus
a, B € k(f) and o = 8 mod™ f, so the map in the display is well defined.
The kernel of the map is
{a+Fe(O/N)" 1 a €k}
={a+fe (0/f)* :a=1mod™ §}
={a+fe(O/)" :a €1 +k(fi}
But a € O, so in fact the kernel is
{a+§f€(O/f)  tael+f}=1+1

That is, the map is injective.
To see that the map is surjective, consider any element ak; of k(f)/k;. Let the
negative part of the principal ideal («) be

(a)neg = Hpe", each €p < 0.
p

By the Sun-Ze theorem there exists § € O satisfying the conditions
8 =1 mod f, £ =0 mod Hp_e”.
p

Then in fact 8 = 1 mod™ f, so that afSk; = ak;. Also, of lies in O and is prime
to f, so the element a3 +§ € (O/f)* maps to ak; € k(f)/k;. O

We end this discussion with two remarks.

First, the previous proposition extends to the ideal f = O by defining k; as
(1 + k()f) Nk in all cases. But this spurious clutter is not worthwhile because
the case f = O is degenerate, giving k(f) = ks = k*, so that the quotient k(f)/k;
is trivial. In classical terms, (O/O)* is indeed the trivial group rather than an
empty construct if one allows the one-element ring (0 + O is invertible modulo O
since 0 = 1 mod O), but the one-element quotient ring makes this case conceptually
anomalous.

Second, the proposition also applies if we replace the number field k by one of
its nonarchimedean completions k,. In this case the isomorphism works out to
(exercise)

(Ou/pe?) =0 /(1 4p5), e>0.

2. HECKE CHARACTERS CLASSICALLY
Again let f be an integral ideal, i.e., an ideal of O. Define

I(f) = {fractional ideals of k coprime to f},
P(f) = {principal fractional ideals («) of k coprime to f},
P; = {principal fractional ideals (a) of k where a =1 mod™ f}.
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Thus we have a diagram in which the vertical segments are containments and the
horizontal maps take elements « to their ideals («),

I(F)

k(f) — P(f)

kf ——— B
Also we have a map
B — (R*)™ x (C)™, ar—1®a,
where we identify R ® k (tensoring over Q) with R™ x C" in the usual way. [For
example, R® k = R® Q[X]/{f(X)) = R[X]/{f(X)), and f(X) factors over R as a
product of linears and quadratics.] We invoke the fact that
1 ® kj is dense in (R*)™ x (C*)".
Definition 2.1 (Classical Hecke Character, first definition). Let f be a (nonzero)
ideal of O, and let
Xoo @ (R*)™ x (C*)2 — C*
be a continuous character. Then the character

x:I(f) — C*

is a Hecke character with conductor f and infinity-type xoo if X0 determines
X on P; by the rule

X(( ))—XOQ (1®a) forall a € kj.

That is, the following diagram must commute:

y\
M%

(RX 1"1 X )72

In the Hecke character context, characters need not be unitary. That is, their
outputs need not lie in the complex unit circle group T. Some authors use the
words character for the unitary case and quasicharacter for the general case, but
we do not.

Naturally, a classical Hecke character is primitive if it is not induced from an-
other classical Hecke character with conductor § | f. Every classical Hecke character
is induced from a unique primitive classical Hecke character. We will see that the
issue of primitivity disappears in the idelic environment.
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Next we show that because a classical Hecke character x has an associated
infinity-type xo that determines x on principal ideals () € P, i.e., a € kj, also x
has an associated character of a finite group,

e: (O/f)*

such that x., and € together determine x on the larger collection of principal ideals
(a) € P(f), ie.,, @ € k(f). The domain (O/f)* of ¢ was mentioned above as a
naive possibility for the domain of a Hecke character y. Now we see that since
X incorporates X, one missing ingredient was the infinity-type, and since the
domain of x is all of I(f) rather than only P(f), the other missing ingredient was
the possibility of nonprincipal ideals.

To prove the assertion in the previous paragraph, let n = |k(f)/k;|, a finite
number because k(f)/k;s is isomorphic to (O/f)*. Then for any o € k*,

ack(f) = a" €k
= x((@)" = x((@") = xz (@") = x5 (@)"
= x((@) = e(e@)xx (@) where e(a)" =1,
now letting y!(-) abbreviate y3!(1®-). Since e(a) = x((@))xoo () it follows that
¢ : k(f) — T is a character. Furthermore, ¢ is trivial on ks because x is a classical
Hecke character, so we may view ¢ as a character of k(f)/k;. As discussed at the

beginning of this writeup, ¢ is therefore a character of (O/f)*. With this discussion
in mind, we can rephrase the definition of a classical Hecke character:

Definition 2.2 (Classical Hecke Character, second definition). Let f be a (nonzero)
ideal of O, and let

e: (O/f)"

be a character, and let
Xoo @ (R*)™ x (C*)2 — C*
be a continuous character. Then the character
x:I(f) — C*

is a Hecke character with conductor § and (O/f)*-type ¢ and infinity-
type X« if € (viewed as a character of k(f)/ks) and xoo determine x on P(f) by
the rule

x((a) = e(aks)xsd (1@ a)  for all a € k(§).
That is, the following diagram must commute:

/\

(F)/ ks x (R*)™ x (C*)"

We have already argued that a classical Hecke character in the sense of Def-
inition 2.1 is also a classical Hecke character in the sense of Definition 2.2. The
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converse holds as well because the diagram in Definition 2.2 restricts to the diagram
in Definition 2.1.

3. DIRICHLET CHARACTERS AS CLASSICAL HECKE CHARACTERS

Especially, if £ = Q and we are given a Dirichlet character with some period N,
XDir - (Z/NZ)X — T,
then set f = NZ and note that P(f) is all of I(f). Note also that every fractional
ideal of Q has a unique positive generator «, but the condition () € P; does not
imply o € Q5 without the side condition o > 0. Define a Hecke character of ideals
to be the Dirichlet character on positive generators,
XHecke : P(f) — T, XHecke((O‘)) = Xpir(a@sgn(a)).

To verify that Xmecke 18 indeed a Hecke character with conductor §, we need to
determine its (Z/NZ)*-type and its infinity-type.
View xpir as a character of Q(f)/Q;. For any a € Qj, going across the top of

the diagram
P(f)
/ Yk
Qp —2= e

@ > XHecke ((@)) = xDir(asgn(a)) = xpir(@) XDir (sgn()).
Thus the diagram commutes if we choose
e(a) = xpir(@),
{ X (@) = xpir(sgn(a))
Unsurprisingly, € is simply the original Dirichlet character. To look more closely
at Xoo,

gives

} o € Q).

for o € Q.

_ 1 if xpi 1S even,
X (@) = xpir(sgn(a)) = {

sgn(a) if xpir is odd,

That is, the infinity-type is the trivial character y.(z) = 1 for x € R* if xp;, is
even, and the infinity-type is the sign character xo(z) = sgn(z) for z € R* if xpj,
is odd. The equality xpir(@) = x((@))Xoo() for a € Q(f) shows how the Hecke
ideal-character cannot see the sign of a but its infinity-type suitably reproduces
any sign-sensitive behavior that the original Dirichlet character may have.

4. A NON-DIRICHLET CLASSICAL RATIONAL HECKE CHARACTER

Let I denote the multiplicative group of fractional ideals of Q. For any complex
number s € C, the character

Xs : I —C*, xn((®) =laf*

is well defined. In fact, s is a Hecke character with trivial conductor f = Z, with
trivial e-type (the only possible e-type since Q(Z)/Qz = Q*/Q* is trivial), and
with infinity-type

Xoos : R — C*,  Xoo.s(a) = |a] 7.
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Indeed, we have P(f) = I and (r1,72) = (1,0), and so we need only to check that
the following diagram commutes:

I

ou—)V \

QX (CX

aHl& /mls

RX
Since both paths across the diamond take « to |a|®, the diagram commutes as

desired. Later in this writeup we will see a sense in which this Hecke character and
many others like it are not particularly interesting.

5. A FAMILY OF NON-DIRICHLET CLASSICAL HECKE CHARACTERS

Let k = Q(¢), and let I denote the multiplicative group of fractional ideals of k.
For any integer n, the character

wil —C* (@) = (af|a))™
is well defined. In fact, x, is a Hecke character with trivial conductor f = O,
with trivial e-type (the only possible e-type since k(f)/k; = k> /k* is trivial when
f = ), and with infinity-type
Xoom 1 € — CX, Xoon(@) = (af]al)™*"
Indeed, we have P(f) = I and (r1,72) = (0,1), and so we need only to check that
the following diagram commutes:

“H/ N
\ /

Since both paths across the diamond take « to (a/|a|)*", the diagram commutes as
desired. Unlike the Hecke character in the previous section, the Hecke characters
Xn are interesting: they help to establish a density result for Gaussian primes in a
sector, the Gaussian integer counterpart to Dirichlet’s theorem on rational primes
in an arithmetic progression.

6. HECKE CHARACTERS IDELICALLY

The idele topology is a colimit topology. For each finite set S of places of k that
contains all the infinite places, form the topological product

JSZHIQTXHC’);(.

veS vgS
Then the definition of the ideles as a topological space is

J = colimgJg.
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(Alternatively, the adele ring is a colimit as well,

A =colimghs,  Ag= [[k x [] Q.
vES vgS
and the adelic unit group topology is inevitably the idele topology.) By the nature
of the idele topology, the kernel of any continuous group homomorphism from J
to C* contains almost all the local unit groups O.
The idelic definition of a Hecke character is decisively simpler and more natural
than the classical definition:

Definition 6.1 (Idelic Hecke Character). A Hecke character of k is a continuous
character of the idéle group of k that is trivial on k>,

x:J—C*, x(k*)=1

The continuity in the definition really should be understood without being men-
tioned, because we view J and C* as topological groups. From now on we freely
omit reference to topology and continuity.

A Hecke character x : J — C* has a conductor intrinsically built in, a product
of local conductors at the finite places, even though its definition makes no direct
reference to a conductor. We discuss this next.

At any nonarchimedean place v the local character x, : kS — C* is determined
by its values on the local units O; and by its value on a uniformizer w,. By the
observation at the end of the first paragraph of this section, x, therefore takes the
unramified form x,(x) = |z|3 (where s € C) for almost all nonarchimedean v.

If x, is unramified then the local conductor of x is O,. If x, is ramified then
the local conductor of x is p¢v for the smallest e, > 0 such that x, is defined
on OF /(1 +p&) = (O, /psr)* (this isomorphism was discussed at the beginning
of the writeup). The reason that any such e, exists is that although there is a
neighborhood of 1 in C* that contains no nontrivial subgroup, its inverse image
under X, in the profinite unit group

OF =m0 /(14 py),
€y
must contain a nontrivial subgroup 1 + pSv. Since the subgroup is mapped by X,
to a subgroup, it lies in the kernel.

Fujisaki’s Lemma states that the diagonal embedding of k* in J is discrete, and
the quotient of the unit ideles J' by k* is compact. Thus an idelic Hecke character
is a periodic function with discrete period. As such, it is amenable to Fourier
analysis. In classical terms, the discreteness and compactness encode the structure
theorem of the integer unit group O* and the finiteness of the class number of k.

Given an idelic Hecke character, we show how to produce a corresponding clas-
sical Hecke character. Let the idelic Hecke character be

X:®Xv
f=1]vs

Define a character of fractional ideals coprime to f,
X:I(f) — C*,

and let its conductor be
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by the conditions
X(py) = xv (O w@,), nonarchimedean v 1 f.

The conditions are sensible because the local characters are unramified away from
the conductor. In order that ¥ be a classical Hecke character, the composition

ks —— () —C*

needs to take the form a +— Y (1 ® a) for some character Yo, on (RX)™ x (C*)"2.
Compute that for any a € ks, with (a) = [[p3v, the composite is in fact (using the
fact that x is trivial on k* at the last step)

ar— [[x(mo)* = [[xo(Of @)™ = x(asn) = X" (ains)-

The natural identification of Jo, and (R*)™ x (C*)"2 takes ainr to 1 ® a. Thus,
given an idelic Hecke character y, the corresponding character Y of I(f) is a classical
Hecke character whose infinite type matches that of the idélic character,

5(100 = Xoo-
The formula in the classical definition uses 3! rather than Y to produce this
compatibility.

Conversely, given a classical Hecke character Y of k having conductor § and
(O/f)*-type € and infinity-type Xoo, we want a corresponding idelic Hecke charac-
ter x.

e Since 1®k; is dense in R®k, the infinite part xo, of x is determined by Y.
e For v 1§, define x, by the condition
Xo(OF @) = X(po)-
e Anyx € HU‘ ; X is closely approximated by some a € k*, and so the desired
value x(z) is closely approximated by [[,; xo () (including infinite v).
Here we are using the requirement that y =1 on k*.

If the classical Hecke character is imprimitive then the conductor of the result-
ing idelic Hecke character is the conductor of the corresponding primitive classical
Hecke character. Thus, as mentioned earlier, there is no such thing as an imprimi-
tive idelic Hecke character.
7. DIRICHLET CHARACTERS AS IDELIC HECKE CHARACTERS
In idelic terms, a Hecke character of Q is a continuous character
x :Jo — C*,  x factors through Jo/Q*.
The rational ideles decompose as
Jo=0Q% ke -RY.
Indeed, given any rational idele,
xr = ((uppq) )p prime 5 T)»

where each u;, € Z, each e, € Z, e, = 0 for almost all p, and r € R*, there exists
a unique nonzero rational number

a:j:Hp_eP € Q*
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such that

ax = (u,) x ', each w, € Z) and r € RY.

A Dirichlet character
Xpir : (Z/NZ)* — T
can also be viewed as a continuous character
XDir : 7% —T
because (Z/NZ)* is a quotient of Z*, and because the topology of Z = limy Z/NZ

makes the pulled-back xp;. continuous. Thus the Dirichlet character gives rise to
a Hecke character of the rational ideles,

XHecke(QUt) :XDir(u)7 ae@xv ’U,EZX, tGRi
More specifically, if N = [][p® then the Dirichlet character decomposes corre-
spondingly via the Sun-Ze theorem as
XDir = ®XDir,p7 each XDir,p - (Z/pepZ)X — CX7

and since each (Z/p°rZ)* is a quotient of Z) we may view the character instead as
XDir = ® XDir,p> each XDir,p * Z; — (Cxa

8. DISCRETELY PARAMETRIZED HECKE CHARACTERS

The Hecke characters form the dual group of the quotient of the idele group by
the multiplicative group of the field,

{Hecke characters} = (J/k*)",

a topological group under the compact-open topology. (For any compact K C J/k*
and any open V. C C*, let

Orgyv ={x:x(K)CV}L
The compact-open topology of (J/k*)* is the topology generated by all such sets.)
Let J* denote the group of norm-1 ideéles. The short exact sequence

1 — Ik — Jk% LR 51,

has dual sequence
1— RY) — J/E*) — (I /K) — 1,
showing that (J/k*)* is the product of a discrete group (J'/k*)* of unitary char-
acters (the group is discrete and the characters unitary because J'/k* is compact)
and the group (R™)*, isomorphic to C (because its elements are z — x* for s € C).
To describe the decomposition specifically, split the sequences in a fairly (but
not completely) natural way. Let r = r; 4+ 2ro where 71 is the number of real

archimedean places and r5 the number of complex ones, and use r to map Rt to J
by a suitably-normalized infinite diagonal embedding,

L Rt — J, L(JZ) = (gquj/r)vk)o

Since |¢(x)| = z, indeed ¢ (with its outputs viewed as cosets) splits the first sequence.
Now, given an idele «, the decomposition

a=a-a]), a1 =a/la]) el
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descends to cosets. Correspondingly there is a unique decomposition of any Hecke
character, suppressing cosets from the formula,

x(@) = xi(a)lal®, x1 € (I'/k*)", s€C.
The C-parametrized part o — |a|® of the character is not particularly interesting,
and so sometimes it is the discretely parametrized unitary characters
x1: JH kX — CX
that are referred to as Hecke characters.

If & = Q then the discretely parametrized unitary characters are simply the
Dirichlet characters.
To argue this, we first show that any continuous character

X : 7% — C*
is a Dirichlet character. The point here, as discussed earlier in the context of the
conductor, is that there is a neighborhood of 1 in C* that contains no nontrivial

subgroup, but its inverse image is a neighborhood of 1 in ZX, which necessarily
contains a subgroup

K = H(l + p*Zy) H Z), S afinite set of primes.
peES pES
The subgroup must map to 1¢, and so x factors through the corresponding quotient,
29K = [[ 2y /(0 +p) = [[Zp/p )" ~ [ [ (2/p2)".
peS peS peS

That is, x can be viewed as a character of (Z/NZ)* where N =[] .qp®.
Now, any discretely parametrized unitary character of the rational ideles takes
the form

x(aut) = x1(ou - t/|aut]) = x1(u-1/|u]), acQX, ueZ*, te RZ.

(The calculation can eliminate ¢ because there is only one infinite place, i.e., it is
particular to k = Q.) That is, if we define

Xp:Z* — C*, xp(u)=x1(u-1/lul),
then any discretely parametrized unitary character takes the form
x(out) = xp(u), a€Q”, uelX, te R,

By the previous paragraph, xp is a Dirichlet character.
The Z-indexed family of Hecke characters that we saw earlier,

Xn : {fractional ideals of Q(i)} — C*, xn((@)) = (a/|a])*",

are the simplest non-Dirichlet unitary Hecke characters.



