SOME RESULTS ON GAUSS SUMS

For any positive integer n, let (Z/nZ)* denote the multiplicative group of inte-
gers modulo n, having order ¢(n) where ¢ is the Euler totient function.

1. DIRICHLET CHARACTERS

Definition 1.1. A Dirichlet character modulo n is a homomorphism of mul-
tiplicative groups,
x:(Z/nZ)* — C*.

For any two Dirichlet characters x and  modulo n, the product character defined

by the rule
(xn)(@) = x(@)n(x)

is again a Dirichlet character modulo n. In fact, the set of Dirichlet characters
modulo n is again a multiplicative group, called the dual group of (Z/nZ)* and

i

denoted (Z/nZ)*. The identity element of the dual group, mapping every element
of (Z/nZ)* to 1, is the trivial character modulo n, denoted 1,, or just 1 when
n is clear,

Since (Z/nZ)* is a finite group the values taken by any Dirichlet character are
complex roots of unity, specifically ¢(n)th roots of unity. One consequence of this
is that there exist only finitely many Dirichlet characters modulo any given positive
integer n. Another consequences is that the inverse of a Dirichlet character is its
complex conjugate, defined by the rule

X(x) = x(z).
A bit surprisingly, for n = 1 we find that (Z/nZ)* = {0}, because 0 is in fact invert-

ible modulo 1. So there is one Dirichlet character modulo 1, the trivial character
1, : 0— 1.

For any prime p the group (Z/pZ)* is cyclic of order p — 1. Let g be a generator
and let (,—1 be a primitive (p — 1)st complex root of unity. Then the group of
Dirichlet characters modulo p is again cyclic of order p — 1, generated by the char-
acter taking g to (,—1. In general (see, for example, A Course in Arithmetic by
Serre),

—

Proposition 1.2. Let n be a positive integer. The dual group (Z/nZ)* is iso-
morphic to the group (Z/nZ)*. In particular, the number of Dirichlet characters
modulo n is ¢(n).

The group (Z/nZ)* and its dual group are noncanonically isomorphic, mean-
ing that constructing an actual isomorphism from (Z/nZ)* to (Z/nZ)* involves
arbitrary choices of which elements map to which characters.

The groups (Z/nZ)* and (Z%;E)X satisfy the orthogonality relations (exer-

cise),
n) if x=1,
2 X(x):{(q)s() ifx#l
z€(Z/nZ)* X ’
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and
n) ifr=1,
S = {0
= 0 ifz#l
XE(Z/nZ)*

Let n be a positive integer and let d be a positive divisor of n. Every Dirichlet
character x modulo d lifts to a Dirichlet character x,, modulo n, defined by the rule

Xn(z +nZ) = x(z+dZ) for all z € Z relatively prime to n.

That is,
Xn = X O Tn.d,
where
Tn,d: (Z/nZ)* — (Z/dZ)*
is natural projection. For example, the Dirichlet character modulo 4 that takes 1
to 1 and 3 to —1 lifts to the Dirichlet character modulo 12 that takes 1 and 5 to 1
and 7 and 11 to —1.

Going in the other direction, from modulus n to modulus d where d | n, isn’t
always possible. Every Dirichlet character x modulo n has a conductor, the
smallest positive divisor d of n such that x = x, o m, 4 for some character yx,
modulo d, or, equivalently, the smallest positive divisor d of n such that x is trivial
on the normal subgroup

K, 4 =ker(m,q) ={n € (Z/nZ)* : n =1 (mod d)}.

For example, the Dirichlet character modulo 12 taking 1 and 7 to 1 and 5 and 11
to —1 has conductor 3. The only character modulo n with conductor 1 is the trivial
character 1,,,

Definition 1.3. A Dirichlet character modulo n is primitive if its conductor is n.
For example, the trivial character 1,, modulo n is primitive only for n = 1.
When x = x, 074, where d is the conductor of , so that x, is primitive, we say

that x is induced by x,. Thus every Dirichlet character is induced by a unique

primitive Dirichlet character. If x is induced by x, then
Xo(z +dZ) = x(x +nZ) if ged(z,n) =1,

but if ged(z,d) = 1 while ged(x,n) > 1 then x,(x + dZ) is defined and nonzero

even though x(x 4+ nZ) is undefined.

Associate to any Dirichlet character y modulo n a corresponding multiplicative
function from Z to C, also called x, by lifting its primitive inducing character,

Xo(x +dZ) if ged(z,d) =1,
0 if ged(x,d) > 1.

The following relation, with the new y on the left and the original y on the right,

X:Zt —C, x(w)z{

x(z) = x(x +nZ) if ged(z,n) =1,
justifies the multiple use of the symbol x. (For example, the orthogonality relations
are undisturbed if we apply the new x to coset representatives rather than applying
the original x to cosets.) For ged(z,n) > 1, x(«) is defined and possibly nonzero,
while x(z + nZ) is undefined. Often we tacitly pass Dirichlet characters through
the process described here, suppressing further reference to the primitive inducing
character x, from the notation.
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In particular, if n > 1 then the trivial character modulo n does not extend
directly to the constant function 1 on the positive integers. However, 1,, has con-
ductor d = 1, and the primitive trivial character 1, modulo 1 is identically 1

on (Z/1Z)* = {0}. The primitive trivial character lifts to the constant func-
tion 1(z) =1 for all z € Z.

2. PRIMITIVE GAUSS SUMS

Definition 2.1. The Gauss sum of a Dirichlet character x modulo n is

() =Y _x()¢h, G =€

Tm(X) = Z X(t) tha Cn = 627ri/n.

Proposition 2.2. If x is primitive modulo n then for any integer m,
Tm(x) = X(M)7(X)-

Proof. First assume that ged(m,n) = 1. The fact that x(m)x(m) = 1 quickly
proves the formula,

n—1 n—1

Tm(X) = D X(OG = x(m) Y x(mt)¢
t=0 t=0
n—1

=x(m) }_ x(t)G, = x(m)7(x).
t=0

Now assume that ged(m,n) > 1. Let g = ged(m,n), so that m = m’g for some
integer m’ and n = n’g for some positive integer n’. Then

’

W S =S| T x|
t=0 s=0 t=0

t=s(n')
Recall the m, ,,--kernel subgroup of (Z/nZ)*,
K=K, ={ke€(Z/nZ)* : k=1 (mod n')}.

Because x is primitive,

> x(k) =o.

keK

Since (Z/nZ)* = |J, sK where the coset representatives s taken modulo n’ run
through (Z/n'Z)*, the inner sum in (1) is >, x(t), and this is 0. The result
follows. g
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Let x be a primitive Dirichlet character modulo n. Then the square of the
absolute value of its Gauss sum is

n—1 n—1n—1
)00 = D> X(m)T)6G™ =Y > x(H)¢¢,™ by the proposition
m=0 m=0 t=0
n—1 n—1
= > x(t) > ¢ =,
t=0 m=0

the last equality holding because the inner sum is n when ¢ = 1 and 0 otherwise.
In particular, the Gauss sum is nonzero.

Proposition 2.3. Letn be a positive integer. If n = 1 orn = 2 then every Dirichlet
character x modulo n satisfies x(—1) = 1. If n > 2 then the number of Dirichlet
characters modulo n is even, half of them satisfying x(—1) = 1 and the other half
satisfying x(—1) = —1.

Proof. The result for n = 1 and n = 2 is clear. If n > 2 then 4 | n or p | n for
some odd prime p. The nontrivial character modulo 4 takes —1 (mod 4) to —1,
and for every odd prime p the character modulo p taking a generator g of (Z/pZ)*
to a primitive (p — 1)st complex root of unity takes —1 (mod p) to —1 since —1 =
g®~1/2 (mod p). In either case the character lifts to a character modulo n taking
—1 (mod n) to —1.

Let (2775)X denote the group of Dirichlet characters modulo n. The map
(Z%E)X — {%1} taking each character x to x(—1) is a homomorphism. We
have just seen that the homomorphism surjects if n > 2, and so the result follows
from the First Isomorphism Theorem of group theory. (]

3. DECOMPOSITION OF PRIMITIVE GAUSS SUMS

n=1[r"
P
and consider the Gauss sum of a primitive Dirichlet character modulo n,

)= Y. x(®)h

tEZ/nZ

Consider a positive integer

Recall that the Sun-Ze Theorem gives a ring isomorphism
[Mz/vz = z/nz, &) — >
P p

where each u, = 0p, 4 (mod ¢°¢) for all ¢. Thus we may identity the primitive Dirich-
let character modulo n with a product of primitive Dirichlet characters modulo the
prime-power divisors of n,

X ®Xp7 X(Z uplty) = HXp(tp)-

Proposition 3.1. Let n be a positive integer and let x be a primitive Dirichlet
character modulo n. Then the Gauss sum factors over the prime divisors of n,

7(0) = [ [ xo (/)7 (x)-
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Proof. For each t =3 upt, € Z/nZ we have

Crtz = chptp = HC;Telitp where m,, = (n/pep)—l (mod p°).
p P

Thus the Gauss sum is in fact a product of variant Gauss sums of characters modulo
the prime-power divisors of n,

t t
T(x) = Z HXp(tp)ngﬁ "= H Z Xp(tp)C;ZL’ "= HTmp(Xp)'
(tp)€ll, Z/pPZ P P t,€Z/p°PZ p
For each p we have by Proposition 2.2 since Y, is primitive modulo p°,
Tmy, (Xp) = Xp(mp)T(Xp) = Xp(n/pep)T(Xp)-
The previous two displays combine to give the result. O



