
CONTINUATIONS AND FUNCTIONAL EQUATIONS

The Riemann zeta function is initially defined as a sum,

ζ(s) =
∑
n≥1

n−s, Re(s) > 1.

This writeup gives Riemann’s argument that the completion of zeta,

Z(s) = π−s/2Γ(s/2)ζ(s), Re(s) > 1

has a meromorphic continuation to the full s-plane, analytic except for simple poles
at s = 0 and s = 1, and the continuation satisfies the functional equation

Z(1− s) = Z(s), s ∈ C.

The continuation is no longer defined by the sum. Instead, it is defined by a well-
behaved integral-with-parameter.

Essentially the same ideas apply to Dirichlet L-functions,

L(χ, s) =
∑
n≥1

χ(n)n−s, Re(s) > 1.

This writeup also gives their completion, continuation and functional equation.
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2 CONTINUATIONS AND FUNCTIONAL EQUATIONS

Part 1. RIEMANN ZETA FUNCTION: MEROMORPHIC
CONTINUATION AND FUNCTIONAL EQUATION

1. Fourier transform

The space of measurable and absolutely integrable functions on R is

L1(R) = {measurable f : R −→ C :

∫
x∈R

|f(x)|dx <∞}.

Any f ∈ L1(R) has a Fourier transform Ff : R −→ C given by

(Ff)(ξ) =
∫
x∈R

f(x)e−2πiξx dx.

Although the Fourier transform is continuous, it needn’t belong to L1(R). But if
also

∫
x∈R |f(x)|2 dx <∞ then

∫
x∈R |(Ff)(x)|2 dx <∞; that is, if f ∈ L1(R)∩L2(R)

then Ff ∈ L2(R).
Conceptually the Fourier transform value (Ff)(ξ) ∈ C is a sort of inner product

of f(x) and the frequency-ξ oscillation ψξ(x) = e2πiξx. Thus we might hope for a
Fourier inversion principle that a function f is synthesized by the continuum of
oscillations weighted suitably by the inner products,

f(x) =

∫
ξ∈R

(Ff)(ξ)e2πiξx dξ, x ∈ R.

However, the question of which functions f satisfy the previous display, and the
analysis of showing that they do, are nontrivial.

2. Fourier transform of the Gaussian and its dilations

Let g ∈ L1(R) be the Gaussian function,

g(x) = e−πx2

.

The Fourier transform of the Gaussian is again the Gaussian,

Fg = g.

This is readily shown by complex contour integration or by differentiation under
the integral sign, as follows.

For the contour integration argument, compute that

(Fg)(η) =
∫ ∞

x=−∞
e−πx2

e−2πiηx dx

=

∫ ∞

x=−∞
e−π(x2+2ixη−η2)e−πη2

dx

= e−πη2

∫ ∞

x=−∞
e−π(x+iη)2 dx.

That is, (Fg)(η) is g(η) scaled by an integral. The scaling integral is an integral
of the extension of g to the complex plane, taken over a horizontal line translated
vertically from R. A small exercise with Cauchy’s Theorem and limits shows that

consequently the integral is just the Gaussian integral
∫∞
−∞ e−πx2

dx, which is 1.
Thus Fg = g as claimed.

For the differentiation argument, note that g′(x) = −2πx g(x) and g(0) = 1.
Let ψξ(x) = e2πiξx so that the Fourier transform of the Gaussian is (Fg)(ξ) =
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x=−∞ g(x)ψξ(x) dx, and compute, differentiating under the integral sign, recog-

nizing −2πxg(x) as g′(x), and integrating by parts,

(Fg)′(ξ) =
∫ ∞

x=−∞
g(x)

∂

∂ξ
ψξ(x) dx =

∫ ∞

x=−∞
(−2πix)g(x)ψξ(x) dx

= i

∫ ∞

x=−∞

d

dx
g(x)ψξ(x) dx = −i

∫ ∞

x=−∞
g(x)

∂

∂x
ψξ(x) dx

= −2πξ

∫ ∞

x=−∞
g(x)ψξ(x) dx = −2πξ (Fg)(ξ).

Also (Fg)(0) =
∫∞
x=−∞ g(x) dx = 1. Thus Fg satisfies the same differential equation

and initial condition as g, and again we have Fg = g as claimed.

For any function f ∈ L1(R) and any positive number r, the r-dilation of f ,

fr(x) = f(xr),

has Fourier transform F(fr)(ξ) =
∫
R fr(x)e

−2πiξx dx =
∫
R f(xr)e

−2πiξ/r·xr d(xr)/r,

and this is (1/r)
∫
R f(x)e

−2πiξ/r·x dx = (1/r)(Ff)(ξ/r), which is to say,

F(fr) = r−1(Ff)r−1 .

So in particular, returning to the Gaussian function g,

the Fourier transform of gt−1/2 is t1/2gt1/2 , t > 0.

For large t the dilated Gaussian gt−1/2(x) = e−πx2/t is wide, tending upward to
the constant function 1 as t grows, but still decaying rapidly for any fixed t as
its input x grows large in absolute value; and for large t its Fourier transform

F(gt−1/2)(x) = t1/2gt1/2(x) = t1/2e−πx2t is a high narrow pulse concentrated at
inputs x near 0, tending upward to the Dirac delta function, which is not a classical
function. These ideas lead to a proof of Fourier inversion.

3. Theta function

Let H denote the complex upper half plane. The theta function on H is

ϑ : H −→ C, ϑ(τ) =
∑
n∈Z

eπin
2τ .

The sum converges rapidly away from the real axis, i.e., its tails decay exponentially
in Im(τ), ∣∣∣∣∣∣

∑
|n|≥no

eπin
2(σ+it)

∣∣∣∣∣∣ ≤
∑

|n|≥no

e−π|n|t < 2e−πnot/(1− e−πt),

making absolute and uniform convergence on compact subsets of H easy to show,
and thus defining a holomorphic function. Specialize to τ = it with t > 0, and
write θ(t) for ϑ(it). Again let g be the Gaussian. The theta function along the
positive imaginary axis is a sum of dilated Gaussians whose graphs narrow as n
grows absolutely,

θ(t)
def
=

∑
n∈Z

e−πn2t, t > 0.
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The sum converges rapidly to 1 as t grows. Equivalently,

θ(t)
def
=

∑
n∈Z

gt1/2(n), t > 0.

The first boxed expression of θ is also θ(t) = 1 + 2
∑

n≥1 e
−πn2t for t > 0, so that

1

2
(θ(t)− 1) =

∑
n≥1

e−πn2t, t > 0,

and now the sum converges rapidly to 0 as t grows.

4. Poisson summation; transformation law of the theta function

For any function f ∈ L1(R) such that the sum
∑

n∈Z f(x + n) converges abso-
lutely and uniformly on compact sets and is infinitely differentiable as a function
of x, the Poisson summation formula is∑

n∈Z
f(x+ n) =

∑
n∈Z

(Ff)(n)e2πinx.

The idea here is that the left side is the periodicization of f , and then the right
side is the Fourier series of the left side, because the nth Fourier coefficient of the
periodicized f is the nth Fourier transform of f itself.

More specifically, the Z-periodicization of f ,

F : R −→ C, F (x) =
∑
n∈Z

f(x+ n),

is reproduced by its Fourier series,

F (x) =
∑
n∈Z

F̂ (n)e2πinx.

But as mentioned, the nth Fourier coefficient of F is the nth Fourier transform of f ,

F̂ (n) =

∫ 1

t=0

F (t)e−2πint dt =

∫ 1

t=0

∑
k∈Z

f(t+ k)e−2πin(t+k) dt

=

∫ ∞

t=−∞
f(t)e−2πint dt = (Ff)(n),

and so the identity F (x) =
∑

n∈Z F̂ (n)e
2πinx gives the Poisson summation formula

as claimed, ∑
n∈Z

f(x+ n) =
∑
n∈Z

(Ff)(n)e2πinx.

When x = 0 the Poisson summation formula specializes to∑
n∈Z

f(n) =
∑
n∈Z

(Ff)(n).

And especially, if f is the dilated Gaussian gt−1/2 then Poisson summation with
x = 0 shows that ∑

n∈Z
gt−1/2(n) = t1/2

∑
n∈Z

gt1/2(n),

which is to say,

θ(1/t) = t1/2 θ(t), t > 0.
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The previous display says that the theta function is a modular form. In particular,
because θ(1/t) → 1 as t→ 0+, the display says that

θ(t) ∼ t−1/2 as t→ 0+.

As we will see in the second part of this writeup, Poisson summation without
specializing to x = 0 similarly shows that a more general theta function satisfies a
more complicated transformation law.

5. Riemann zeta as the Mellin transform of theta

With these preliminaries in hand, the properties of the Riemann zeta function are
established by examining the Mellin transform of (essentially) the theta function.
In general, the Mellin transform of a function f : R+ −→ C is the integral

g(s) =

∫ ∞

t=0

f(t)ts
dt

t

for s-values such that the integral converges absolutely. Here g no longer denotes
the Gaussian. The Mellin transform is merely the Fourier transform in different
coordinates, as is explained in another writeup. Some features to note about the
Mellin transform-

• Really the integral is taken over the multiplicative group R×
+ of positive

real numbers, a topological group. The lower endpoint 0 of integration is
just as improper as the upper endpoint ∞. A significant part of the work
to follow will address fragile convergence of such integrals at this improper
lower limit, whereas the integrals will converge robustly at the improper
upper limit.

• Just as the measure dx on the additive group R satisfies

d(x+ c) = dx and d(ax) = a dx,

so the measure dt/t on R× satisfies

d(ct)

ct
=

dt

t
and

dta

ta
= a

dt

t
.

Especially, we will use the fact that the substitution t 7→ t−1 takes (0, 1]
to [1,∞), reversing orientation, while dt−1/t−1 equals −dt/t, also with a
minus sign, so that integration from 0 to 1 naturally becomes integration
from 1 to ∞. The measure dt/t is the Haar measure of R×. The integral∫ 1

0
ts dt/t converges for Re(s) > 0 and the integral

∫∞
1
ts dt/t converges for

Re(s) < 0.
• The function t 7→ ts is a character from R×

+ to C×.

For example, the Mellin transform of e−t is Γ(s). Also, the Mellin transform
at s/2 of the function

1

2
(θ(t)− 1) =

∑
n≥1

e−πn2t, t > 0

is

g(s/2) =
1

2

∫ ∞

t=0

(θ(t)− 1)ts/2
dt

t
.
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Recall that θ(t) ∼ t−1/2 as t→ 0+. This makes the integrand roughly t(s−1)/2 dt/t
as t→ 0+, and therefore the integral converges at its left end for Re(s) > 1. Replace
1
2 (θ(t)− 1) by its expression as a sum to get

g(s/2) =

∫ ∞

t=0

∑
n≥1

e−πn2tts/2
dt

t
.

The estimate
∑

n≥1 e
−πn2t ≤

∑
n≥1 e

−πnt ≤ e−πt/(1 − e−πt) shows that the sum
converges rapidly to 0 as t → ∞, and so the integral converges at its right end for
all values of s. Also, the rapid convergence of the sum for all t in any interval [r,R]
where 0 < r < R lets the sum pass through the integral in the previous display to
yield, after a change of variable,

g(s/2) =
∑
n≥1

(πn2)−s/2

∫ ∞

t=0

e−tts/2
dt

t
= π−s/2Γ(s/2)ζ(s), Re(s) > 1.

Thus, when Re(s) > 1, the integral g(s/2) is the completed zeta function Z(s)
introduced at the beginning of this writeup. So this paragraph has in fact shown
that the completed zeta function

Z(s)
def
= π−s/2Γ(s/2)ζ(s), Re(s) > 1

has an integral representation as the Mellin transform of (essentially) the theta
function,

Z(s) =
1

2

∫ ∞

t=0

(θ(t)− 1)ts/2
dt

t
, Re(s) > 1.

Thinking in these terms, the factor π−s/2Γ(s/2) is naturally associated to ζ(s),
making Z(s) the correct function to consider. Section 8 below will sketch how this
factor is even more natural as a completion of the zeta function as an Euler product
over the primes, ζ(s) =

∏
p(1− p−s)−1, at one more prime.

6. Meromorphic continuation and functional equation

The facts that Z is essentially the Mellin transform of θ and that θ is a modular
form quickly give rise to the meromorphic continuation and functional equation
of Z. Specifically, compute part of the integral representation of Z by replacing t
by 1/t and then using the modular transformation law θ(1/t) = t1/2 θ(t), and then
using the little identity

∫∞
1
tα dt/t = −1/α for Re(α) < 0 twice, with α = −s/2

and with α = (1− s)/2, both having negative real part because Re(s) > 1,

1

2

∫ 1

t=0

(θ(t)− 1)ts/2
dt

t
=

1

2

∫ ∞

t=1

(θ(1/t)− 1)t−s/2 dt

t

=
1

2

∫ ∞

t=1

(
(θ(t)− 1)t(1−s)/2 − t−s/2 + t(1−s)/2

)
dt

t

=
1

2

∫ ∞

t=1

(θ(t)− 1)t(1−s)/2 dt

t
− 1

s
− 1

1− s
.

Combine this with the remainder of the integral representation of Z(s) to get

Z(s) =
1

2

∫ ∞

t=1

(θ(t)− 1)(ts/2 + t(1−s)/2)
dt

t
− 1

s
− 1

1− s
, Re(s) > 1.
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And now, because the integral in the last display has left endpoint t = 1 rather
than t = 0, it is entire in s, making the right side meromorphic everywhere in the
s-plane with its only poles being simple poles at s = 0 and s = 1. That is, the new
description of Z is no longer constrained to the right half plane Re(s) > 1,

Z(s) =
1

2

∫ ∞

t=1

(θ(t)− 1)(ts/2 + t(1−s)/2)
dt

t
− 1

s
− 1

1− s
, s ∈ C.

This new description extends Z to a meromorphic function on all of C. The defini-
tion of the extended function no longer makes reference to ζ(s) as a sum.

The right side of the previous display is clearly invariant under the substitution
s 7→ 1−s. That is, the meromorphic continuation of Z(s) to the full s-plane satisfies
the functional equation

Z(1− s) = Z(s), s ∈ C.

7. Some extended zeta values

The computation that for Re(s) > 0,

Γ(s) =

∫ 1

0

e−tts
dt

t
+

∫ ∞

1

e−tts
dt

t

=
∑
n≥0

(−1)n

n!

∫ 1

0

ts+n−1 dt+

∫ ∞

1

e−tts
dt

t

=
∑
n≥0

(−1)n

n!(s+ n)
+

∫ ∞

1

e−tts
dt

t

expresses Γ(s) as the sum of two terms, the first of which extends meromorphi-
cally from Re(s) > 0 to C and the second of which extends analytically to C. So
overall, Γ extends meromorphically to C with a simple pole of residue (−1)n/n! at
each nonpositive integer −n ≤ 0. The functional equation for the completed zeta
function, featuring the completed gamma function,

π−(1−s)/2Γ( 1−s
2 )ζ(1− s) = π−s/2Γ( s2 )ζ(s), s ∈ C,

after being multiplied through by Γ( s+1
2 ) combines with the gamma function iden-

tities

Γ
(
s
2

)
Γ
(
s+1
2

)
= π

1
2 21−sΓ(s) (Legendre duplication formula)

and

Γ(s)Γ(1− s) =
π

sin(πs)
(symmetry)

to give (exercise)

ζ(1− s) = 2(2π)−sΓ(s) cos(πs2 )ζ(s).

For Re(s) > 1 the right side vanishes only for s = 3, 5, 7 . . . , and so the only zeros
of the extended ζ(s) in the left half plane are simple zeros at s = −2,−4,−6, . . . .
Also, the pole of ζ(s) at s = 1 shows that that the extended ζ(s) doesn’t vanish
at s = 0; indeed, because ζ(s) ∼ 1/(s − 1) and cos(πs2 ) ∼ −π

2 (s − 1) as s goes
to 1, the functional equation says that ζ(0) = −1/2. Another famous result is that
because ζ(2) = π2/6, the functional equation says that ζ(−1) = −1/12. These
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results do not attribute values to the sums 1+1+1+ · · · and 1+2+3+ · · · . More
generally, a result that we have established earlier,

ζ(k) = − (2πi)k

2 k!
Bk, k ≥ 2 even,

with Bk the kth Bernoulli number, combines with the functional equation to give

ζ(1− k) = −Bk

k
, k ≥ 2 even.

This is tidier than the value of ζ(k), with no power of π and no factorial. For
elaborate computations with the zeta function and its variants that have simi-
lar functional equations, it is an indispensable gain of ease—and of likely-correct
results—to move to the tidy divergent region of the functional equation, work there,
and then take the answer back to the region of convergence if so desired.

8. Completed ζ as a product of local integrals

On the real field unit group R×, the Gaussian function g(t) = e−πt2 is smooth
of rapid decay, and the function t 7→ |t|s is a character. With µ the Haar measure
of R×, compute an integral that incorporates this function and this character,∫

R×
g(t)|t|s dµ(t) = 2

∫ ∞

0

e−πt2ts
dt

t

= π−s/2

∫ ∞

0

e−πt2(πt2)s/2
d(πt2)

πt2

= π−s/2Γ(s/2).

We recognize this as the factor that completes ζ(s) to Z(s).
For any prime p, each element of Q× uniquely takes the form pem/n where e ∈ Z

and m ∈ Z − {0} and n ∈ Z≥1 and p ∤ mn and gcd(m,n) = 1, and the absolute
value of the p-adic field unit group Q×

p completes the p-adic absolute value on Q×,

| · |p : Q× −→ R+, |pem/n|p = p−e.

Thus Q×
p consists of concentric p-adic circles whose set of radii pZ is discrete. The

punctured p-adic integer ring Zp − {0} is, as a set, the punctured closed unit disk
in Q×

p , i.e., the set of nonzero p-adic numbers t such that |t|p ≤ 1, and the p-adic

integer unit group Z×
p is the unit circle, |t|p = 1. Thus Zp −{0} =

⊔
e≥0 p

eZ×
p . Let

g be the characteristic function of Zp on Q×
p ,

g(t) =

{
1 if t ∈ Zp

0 else.

Despite its casewise formula, g is p-adically smooth because the p-adic absolute
value has discrete range pZ, and certainly g decays rapidly. With | · | now denoting
the p-adic absolute value, and with µ the Haar measure of Q×

p scaled so that

µ(Z×
p ) = 1 and therefore µ(peZ×

p ) = 1 for all e, compute a p-adic integral similar
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to the real integral above,∫
Q×

p

g(t)|t|s dµ(t) =
∑
e≥0

∫
peZ×

p

(p−e)s dµ(t)

=
∑
e≥0

(p−s)e

= (1− p−s)−1.

We recognize this as the pth Euler product factor of ζ(s).
Altogether the completion Z of ζ is the product of these local integrals over the

multiplicative groups of the completions R and Qp of Q. Ostrowski’s theorem says
that these are all the completions.

9. Why do this?

We have seen that methods much easier than this writeup continue ζ(s) leftward
from Re(s) > 1 to Re(s) > 0, and we have seen that on Re(s) < 0 the completed
zeta function only mirrors its behavior on Re(s) > 1. So why have we carried out
the full continuation?

One answer is that the full continuation has a Hadamard product factorization
(in which the symbol ρ denotes zeros of ζ(s) in 0 < Re(s) < 1),

ζ(s) =
ea+bs

s− 1

∏
n≥1

(
1 +

s

2n

)
e−s/2n

∏
ρ

(
1− s

ρ

)
es/ρ, s ∈ C,

and for Re(s) > 1 the Euler product factorization of ζ(s) matches this,∏
p

(1− p−s)−1 =
ea+bs

(s− 1)

∏
n≥1

(
1 +

s

2n

)
e−s/2n

∏
ρ

(
1− s

ρ

)
es/ρ, Re(s) > 1.

From this relation, complex analytic methods give the amazing Riemann-von Man-
goldt exact formula about all primes up to a given bound b. This is explained in
another writeup for our course.

Part 2. DIRICHLET L-FUNCTIONS: ANALYTIC CONTINUATION
AND FUNCTIONAL EQUATION

The theta function θ(χ, t) of a nontrivial Dirichlet character χ having conduc-
tor N is, with δ either 0 or 1,

θ(χ, t) =
∑
n∈Z

nδχ(n)e−πn2t/N , t > 0.

To study this, we first address the new phenomenon that the nth summand contains
the character value χ(n). Fourier analysis on the finite group Z/NZmoves χ outside
the infinite sum over n, replacing it with a finite sum over m from 0 to N −1 whose
mth term includes χ(m). The mth term also includes a Gauss sum associated to χ
but independent of m, and an exponential term that involves m and n. Although
separating χ out from the infinite sum over n this way adds more exponential terms
to the sum instead, still this sum is amenable to Poisson summation. From here
the transformation of θ(χ, t) is easy to establish. We study the relevant Gauss
sums and the Fourier analysis of χ first so that the consequent analysis of the theta
function can proceed uninterrupted.
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10. Gauss sums of a primitive Dirichlet character

A primitive Dirichlet character

χ : (Z/NZ)× −→ C×,

understood to be extended by zero to Z/NZ and then lifted to Z, has associated
Gauss sums

τn(χ) =

N−1∑
m=0

χ(m)e2πinm/N , n ∈ Z.

Here we think of n as the frequency of the character m 7→ e2πinm/N of Z/NZ, this
frequency depending only on n + NZ, and of τn as the Fourier transform of χ.
evaluated as frequency −n. (Unfortunately it is −n rather than n, because really
e2πinm/N is the complex conjugate of e−2πinm/N , and Fourier transform formulas
generally have such a conjugate built in; cf. section 1 of this writeup.) Especially
the basic Gauss sum of χ has frequency −1,

τ(χ) = τ1(χ) = (Fχ)(−1) =

N−1∑
m=0

χ(m)e2πim/N .

The sum τn(χ) could be taken only over m ∈ (Z/NZ)×, and the next proposition
will show that we could consider τn(χ) only for n ∈ (Z/NZ)× because otherwise
τn(χ) = 0. However, the proof of the main result of this section,

τ(χ)τ(χ) = χ(−1)N,

to be established after the proposition, is transparent when we sum over Z/NZ
rather than summing only over (Z/NZ)×. Summing over Z/NZ lets us use the fact
that exponentiation is an additive character along with χ being a multiplicative
character.

Proposition 10.1. If χ is primitive modulo N then

χ(n)τ(χ) = τn(χ), n ∈ Z.

Proof. First assume that gcd(n,N) = 1. The relation χ(n)χ(n) = 1 quickly proves
the formula,

χ(n)τ(χ) = χ(n)

N−1∑
m=0

χ(m)e2πim/N

= χ(n)

N−1∑
m=0

χ(nm)e2πinm/N

=

N−1∑
m=0

χ(m)e2πinm/N = τn(χ).

Now assume that gcd(n,N) > 1. We need to show that τn(χ) = 0. For this
argument it is more convenient to rewrite the Gauss sum as

τn(χ) =
∑

m∈(Z/NZ)×
χ(m)e2πinm/N .
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The degenerate case N = 1 is excluded because gcd(n,N) > 1. Let g = gcd(n,N),
so that n = n′g and N = N ′g for some integer n′ and positive integer N ′. The
surjection

(Z/NZ)× −→ (Z/N ′Z)×

has nontrivial kernel

K = {k ∈ (Z/NZ)× : k = 1modN ′},

and thus (Z/NZ)× has a coset decomposition

(Z/NZ)× =
⊔
r

rK,

where the representatives r ∈ (Z/NZ)× take distinct values modulo N ′. For any
such r and any k ∈ K,

e2πinrk/N = e2πin
′rk/N ′

= e2πin
′r/N ′

,

and this value is independent of k. Thus altogether we have

τn(χ) =
∑
r,k

χ(rk)e2πinrk/N =
∑
r

χ(r)e2πin
′r/N ′ ∑

k

χ(k).

Now we use the fact that χ is primitive. Because χ doesn’t factor through the
quotient (Z/N ′Z)× ≈ (Z/NZ)×/K of (Z/NZ)×, it isn’t identically 1 on K. So the
inner sum at the end of the previous display is 0, making τn(χ) = 0 as desired. □

Now compute, using the proposition’s result χ(n)τ(χ) = τn(χ) for the second
equality,

τ(χ)τ(χ) =

N−1∑
n=0

χ(n)τ(χ)e2πin/N =

N−1∑
n=0

τn(χ)e
2πin/N

=

N−1∑
n=0

N−1∑
m=0

χ(m)e2πinm/Ne2πin/N

=

N−1∑
m=0

χ(m)

N−1∑
n=0

e2πi(m+1)n/N = χ(−1)N,

the last equality holding because the inner sum is N when m = −1 and 0 otherwise.
Because τ(χ) = χ(−1)τ(χ), as is readily verified, the previous display shows that
|τ(χ)| = N1/2.

Our proof that τ(χ)τ(χ) = χ(−1)N in an earlier writeup was simpler because
it could use its circumstance that N is prime, giving Z/NZ = (Z/NZ)× ∪ {0} and
making every nontrivial character modulo N primitive. But now N needn’t be
prime.

A Dirichlet character χ is called even if χ(−1) = 1 and odd if χ(−1) = −1.
Introduce an associated integer δ = δ(χ),

δ =

{
0 if χ is even,

1 if χ is odd.
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Thus χ(−1) = (−1)δ in both cases. Introduce the root number of a primitive
Dirichlet character, a complex number of absolute value 1,

W (χ) =
τ(χ)

iδN1/2
.

The root number is chosen so that regardless of the parity of χ, the relation
τ(χ)τ(χ) = χ(−1)N becomes W (χ)W (χ) = 1, or

W (χ) =W (χ)−1.

11. Primitive Dirichlet character Fourier analysis

Because the Gauss sum τn(χ) is the frequency −n Fourier transform of the
multiplicative character χ, Fourier analysis on the finite additive abelian group
Z/NZ expresses χ in terms of its Gauss sums and the additive characters of various
frequencies. Specifically, the Fourier synthesis of χ(n) for any integer n is

χ(n) =
1

N

N−1∑
m=0

(Fχ)(m)e2πinm/N

where the mth Fourier coefficient of χ is the Gauss sum of χ having frequency −m,

(Fχ)(m) =

N−1∑
k=0

χ(k)e−2πikm/N = τ−m(χ).

Thus

χ(n) =
1

N

N−1∑
m=0

τ−m(χ)e2πinm/N .

Further we now know by Proposition 10.1 that τ−m(χ) = χ(−1)τ(χ)χ(m), so this
is

χ(n) =
χ(−1)τ(χ)

N

N−1∑
m=0

χ(m)e2πinm/N .

12. Theta function of a primitive Dirichlet character

A primitive even Dirichlet character modulo N has an associated theta function

θ+(χ, t)
def
=

∑
n∈Z

χ(n)e−πn2t/N , t > 0.

The sum θ+(χ, t) is zero for odd χ. A primitive odd Dirichlet character modulo N
has an associated theta function

θ−(χ, t)
def
=

∑
n∈Z

nχ(n)e−πn2t/N , t > 0.

The sum θ−(χ, t) is zero for even χ. To gather the two cases, recall the integer
δ = δ(χ) that is 0 if χ is even and 1 if χ is odd. The definition

θ(χ, t)
def
=

∑
n∈Z

nδχ(n)e−πn2t/N , t > 0

captures both definitions above. The sum converges rapidly to 0 as t grows, because
for t ≥ 1 its nth term is at most n−2e−t for all |n| > no for some no independent
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of t, making its noth tail O(e−t), and its noth truncation is O(e−t) as well. We will
derive a modular transformation law for this theta function.

13. Dirichlet theta function transformation law

As anticipated at the beginning of section 10, the Fourier synthesis of χ(n)
in section 11 shows that the theta function of χ can be written with the character
values outside the infinite sum, and we evaluate it at 1/t rather than t in anticipation
of its transformation law,

(1) θ(χ, 1/t) =
χ(−1)τ(χ)

N

N−1∑
m=0

χ(m)
∑
n∈Z

nδe2πinm/N−πn2/(tN), t > 0.

Repeating, our manipulation of θ(χ, 1/t) using finite group Fourier analysis and
Gauss sum properties has decomposed the theta function, initially an infinite sum

of polynomials times character values times exponentials nδχ(n)e−πn2/(tN), into a
constant times a finite outer sum of conjugate character values χ(m) times inner

infinite sums of polynomials times exponentials nδe2πinm/N−πn2/(tN) without the
character though with the outer sum variable m. In the process, the conjugate
character χ has appeared organically.

Poisson summation gives the character-independent inner sum of formula (1)
for θ(χ, 1/t) as one of two expressions that are equal, as follows. Recall that the
Poisson summation formula says that for suitable functions f : R −→ C,∑

n∈Z
f(x+ n) =

∑
n∈Z

(Ff)(n)e2πinx, x ∈ R.

Recall also that the Fourier transform of a dilation fr(x) = f(xr) of a suitable
function f is

F(fr) = r−1(Ff)r−1 , r > 0.

And recall that the Gaussian function,

g : R −→ R, g(x) = e−πx2

,

is its own Fourier transform, i.e., Fg = g. Using the results just mentioned,
compute that for x ∈ R and r > 0,∑
n∈Z

e−π(x+n)2r =
∑
n∈Z

gr1/2(x+ n)

=
∑
n∈Z

F(gr1/2)(n)e
2πinx by Poisson summation

= r−1/2
∑
n∈Z

(Fg)r−1/2(n)e2πinx by the dilation formula

= r−1/2
∑
n∈Z

gr−1/2(n)e2πinx by the property of the Gaussian

= r−1/2
∑
n∈Z

e2πinx−πn2/r.

A slight rearrangement gives∑
n∈Z

e2πinx−πn2/r = r1/2
∑
n∈Z

e−π(x+n)2r, x ∈ R, r > 0.
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(For x = 0 and r = t this is θ(1/t) = t1/2θ(t) as in section 4, but we are working
toward something more general now.) Differentiate with respect to x to get∑

n∈Z
ne2πinx−πn2/r = ir3/2

∑
n∈Z

(x+ n)e−π(x+n)2r, x ∈ R, r > 0.

Recall the integer δ that is 0 for an even Dirichlet character and 1 for an odd one,
and use it to gather the previous two displays,∑

n∈Z
nδe2πinx−πn2/r = iδr1/2+δ

∑
n∈Z

(x+ n)δe−π(x+n)2r, x ∈ R, r > 0.

In particular, for x = m/N and r = tN where t > 0 this is

(2)
∑
n∈Z

nδe2πinm/N−πn2/(tN) = iδ(tN)1/2+δ
∑
n∈Z

(m/N + n)δe−π(m/N+n)2tN .

As anticipated, the left side of (2) is the inner sum of (1).
From here, the Dirichlet theta function transformation law follows quickly. With

t > 0 through this paragraph, multiply the left side of (2) by χ(−1)τ(χ)/N · χ(m)
and sum over m = 0, . . . , N − 1 to get the full formula (1),

χ(−1)τ(χ)

N

N−1∑
m=0

χ(m)
∑
n∈Z

nδe2πinm/N−πn2/(tN) = θ(χ, 1/t).

It follows that also θ(χ, 1/t) arises from the same process on the right side of (2),
i.e., multiplying by χ(−1)τ(χ)/N · χ(m) and summing over m,

θ(χ, 1/t) =
iδχ(−1)τ(χ)

N
(tN)1/2+δ

N−1∑
m=0

χ(m)
∑
n∈Z

(m/N + n)δe−π(m/N+n)2tN

=
iδχ(−1)τ(χ)

N1/2
t1/2+δ

N−1∑
m=0

χ(m)
∑
n∈Z

(m+ nN)δe−π(m+nN)2t/N .

The definition of δ = δ(χ) is such that iδχ(−1) = 1/iδ, and τ(χ)/(iδN1/2) is the
root number W (χ), so this is

θ(χ, 1/t) =W (χ)t1/2+δ
N−1∑
m=0

χ(m)
∑
n∈Z

(m+ nN)δe−π(m+nN)2t/N .

Let m+ nN be a new variable that runs through Z, also denoted n, to get

θ(χ, 1/t) =W (χ)t1/2+δ
∑
n∈Z

nδχ(n)e−πn2t/N .

Thus the modular transformation law of the Dirichlet theta function is

θ(χ, 1/t) =W (χ) t1/2+δ θ(χ, t), t > 0.

Because θ(χ, t) decreases rapidly as t → ∞, the boxed identity shows that also
θ(χ, t) decreases rapidly as t → 0+. (A separate matter, not to be conflated with
this, is the numerical phenomenon that for fixed large t the theta function series
converges quickly as a series indexed by n but for fixed t near 0+ it converges
slowly.)
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14. Analytic continuation and functional equation

Let χ be a nontrivial primitive Dirichlet character. Recall that its Dirichlet
L-function is

L(χ, s) =
∑
n≥1

χ(n)n−s, Re(s) > 1.

Let N be the conductor of χ. Recall that the integer δ is 0 or 1 depending whether
χ is even or odd. Because χ is nontrivial, its conductor N is greater than 1, and so
χ(0) = 0. Therefore, for s ∈ C with Re(s) > 0,

1

2

∫ ∞

t=0

θ(χ, t)t(s+δ)/2 dt

t
=

∑
n≥1

nδχ(n)

∫ ∞

t=0

e−πn2t/N t(s+δ)/2 dt

t

=
∑
n≥1

nδχ(n)(πn2/N)−(s+δ)/2Γ( s+δ
2 )

= (π/N)−(s+δ)/2Γ( s+δ
2 )L(χ, s).

That is, the completed Dirichlet L-function

Λ(χ, s)
def
= (π/N)−(s+δ)/2Γ( s+δ

2 )L(χ, s), Re(s) > 1

has an integral representation as the Mellin transform of the theta function,

Λ(χ, s) =
1

2

∫ ∞

t=0

θ(χ, t)t(s+δ)/2 dt

t
, Re(s) > 1.

Unlike section 5 earlier, now the integral converges at both endpoints for all com-
plex s because θ(χ, t) converges rapidly to 0 as t goes to 0. Thus the completed
L-function Λ(χ, s) already has an analytic continuation to the full s-plane,

Λ(χ, s) =
1

2

∫ ∞

t=0

θ(χ, t)t(s+δ)/2 dt

t
, s ∈ C,

and consequently so does L(χ, s).
To obtain the functional equation of Λ(χ, s) as well, compute, using the modular

transformation law θ(χ, 1/t) = W (χ) t1/2+δ θ(χ, t) for the third equality to follow,
that the integral in the previous display is∫ ∞

t=0

θ(χ, t)t(s+δ)/2 dt

t
=

∫ ∞

t=1

θ(χ, t)t(s+δ)/2 dt

t
+

∫ 1

t=0

θ(χ, t)t(s+δ)/2 dt

t

=

∫ ∞

t=1

(
θ(χ, t)t(s+δ)/2 + θ(χ, 1/t)t−(s+δ)/2

) dt
t

=

∫ ∞

t=1

(
θ(χ, t)t(s+δ)/2 +W (χ) θ(χ, t)t(1−s+δ)/2

) dt
t
.

This last integral remains entire in s. Now the continuation of Λ(χ, s) is defined as
a more symmetric integral than it was a moment ago,

Λ(χ, s) =
1

2

∫ ∞

t=1

(
θ(χ, t)ts/2 +W (χ) θ(χ, t)t(1−s)/2

)
tδ/2

dt

t
, s ∈ C.
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Because W (χ) = W (χ)−1, replacing s by 1 − s and χ by χ in this last integral
multiplies it by W (χ)−1,

Λ(χ, 1− s) =
1

2

∫ ∞

t=1

(
θ(χ, t)t(1−s)/2 +W (χ) θ(χ, t)ts/2

)
tδ/2

dt

t

=W (χ)−1 1

2

∫ ∞

t=1

(
W (χ) θ(χ, t)t(1−s)/2 + θ(χ, t)ts/2

)
tδ/2

dt

t
.

Therefore, because the last integral is the boxed integral just above, we have the
functional equation

W (χ) Λ(χ, 1− s) = Λ(χ, s), s ∈ C.

Similarly to section 7, the functional equation is also (now exchanging the roles of
χ and χ)

L(χ, 1− s) =
2iδ

τ(χ)

(
2π

N

)−s

Γ(s) cos

(
π(s− δ)

2

)
L(χ, s).

When χ is even, for Re(s) > 1 the right side vanishes only for s = 3, 5, 7, . . . , and
so the only zeros of the extended L(χ, s) in the left half plane are simple zeros
at s = −2,−4,−6, . . . . Still with χ even, the functional equation also shows that
L(χ, s) has a zero at s = 0, and the nontrivial fact that Dirichlet L-functions
don’t vanish at s = 1 shows that the zero at s = 0 is simple. When χ is odd,
for Re(s) > 1 the right side with χ in place of χ vanishes only for s = 2, 4, 6, . . . ,
and so the only zeros of the extended L(χ, s) in the left half plane are simple zeros
at s = −1,−3,−5, . . . , and the fact that Dirichlet L-functions don’t vanish at s = 1
shows that L(χ, 0) is nonzero.

15. Quadratic root numbers

Let F be a quadratic number field. Its Dedekind zeta function,

ζF (s) =
∑
a

Na−s, Re(s) > 1,

has a completion ZF (s) that extends meromorphically to C with simple poles at s =
0, 1 and satisfies the functional equation ZF (s) = ZF (1−s). The quadratic number
field F has an associated quadratic character χ = χF whose conductor is the
absolute discriminant of F . The arithmetic of the quadratic field encodes as the
identity ZF (s) = ZQ(s)Λ(χ, s) where ZQ is the completed Euler–Riemann zeta
function. Noting that χ = χ because χ is quadratic, compute that

ZF (1− s) = ZF (s) by the functional eqn for ZF

= ZQ(s)Λ(χ, s) factoring ZF

= ZQ(1− s)W (χ)Λ(χ, 1− s) by the functional eqns for ZQ and Λ

=W (χ)ZF (1− s) regathering ZF .

Thus W (χ) = 1 for the quadratic character χ = χF .
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16. Completed L(χ) as a product of local integrals

On the real field unit group R×, with the Gaussian function g(t) = e−πt2 and
the character t 7→ |t|s as before, consider also a character that indicates the parity
of our Dirichlet character χ, recalling the constant δ that is 0 or 1 if χ is even or
odd,

χ∞(t) = |t|δ.
Again with µ the Haar measure of R×, compute an integral similar to before but
now also incorporating the conductor N of χ and its parity character χ∞,∫

R×
gN−1/2(t)χ∞(t)|t|s dµ(t) = 2

∫ ∞

0

e−πt2/N ts+δ dt

t
= (π/N)−(s+δ)/2Γ

(
s+δ
2

)
.

We recognize this as the factor that completes L(χ, s) to Λ(χ, s).
For any prime p, define a character of Q×

p that describes our Dirichlet character
at p,

χp(p
eZ×

p ) = χ(p)e, e ∈ Z.
With g = 1Zp−{0} and | · | and µ again the p-adic smooth function of rapid decay
and absolute value and multiplicative Haar measure, now compute∫

Q×
p

g(t)χp(t)|t|s dµ(t) =
∑
e≥0

(χ(p)p−s)e = (1− χ(p)p−s)−1.

We recognize this as the pth Euler product factor of L(χ, s).
Again the completion Λ(χ) of L(χ) is the product of the local integrals, which

now incorporate local aspects of χ. In describing χ by its local factors we are
expressing it as the simplest nontrivial example of a Hecke character.

17. Cyclotomic conductor-discriminant formula

Consider an integer N > 1, N ̸= 2 mod 4. As discussed in another writeup for
this course, the associated cyclotomic field, Q(ζN ) where ζN = e2πi/N , has a zeta
function, a sum over integral ideals and a product over nonzero prime ideals,

ζN (s) =
∑
a

Na−s =
∏
p

(1−Np−s)−1, Re(s) > 1,

that continues meromorphically to all s ∈ C with only a simple pole at s = 1. The
continued cyclotomic zeta function satisfies a functional equation (in which r2 =
ϕ(N)/2 and dN = (−1)r2Nϕ(N)/

∏
p|N pϕ(N)/(p−1) is the discriminant of Q(ζN ),

computed in another writeup for this course),

(3) (2π)−r2s|dN |
s
2Γ(s)r2ζN (s) = (2π)−r2(1−s)|dN |

1−s
2 Γ(1− s)r2ζN (1− s).

The continued cyclotomic zeta function is the product of the continued Dirichlet
L-functions of all characters modulo N ,

ζN (s) =
∏
χ

L(χ, s).

Each χ has conductor Nχ | N and satisfies a functional equation, in which δ = 0 if
χ is even and δ = 1 if χ is odd,

(π/Nχ)
− s+δ

2 Γ( s+δ
2 )L(χ, s) =Wχ(π/Nχ)

− 1−s+δ
2 Γ( 1−s+δ

2 )L(χ, 1− s).
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Multiply over all the 2r2 characters χ modulo N , half of them odd and half even,π−r2s−
r2
2 (

∏
χNχ)

s
2 (
∏

χ oddNχ)
1
2

(Γ( s2 )Γ(
s+1
2 ))r2

 ζN (s)

=

∏
χWχ · π−r2(1−s)− r2

2 (
∏

χNχ)
1−s
2 (

∏
χ oddNχ)

1
2

(Γ( 1−s
2 )Γ( 1−s+1

2 ))r2

 ζN (1− s).

Some terms cancel and Legendre’s duplication formula Γ( z2 )Γ(
z+1
2 ) = π1/221−zΓ(z)

applies,

(4)
π−r2s(

∏
χNχ)

s
2 2r2(1−s)Γ(s)r2ζN (s)

=
∏

χWχ · π−r2(1−s)(
∏

χNχ)
1−s
2 2r2sΓ(1− s)r2ζN (1− s).

After cross multiplying (3) and (4) and then much cancellation,

|dN |
s
2
∏

χWχ · (
∏

χNχ)
1−s
2 = |dN |

1−s
2 (

∏
χNχ)

s
2 2r2(1−s).

That is,
(
(
∏

χNχ)/|dN |
) 1
2−s ∏

χWχ = 1. This proves the conductor-discriminant
formula and the root number product identity,∏

χ

Nχ = |dN | and
∏
χ

Wχ = 1.

For example, this course’s writeup on the cyclotomic integer ring shows that

|d8| = 28, |d12| = 122,

while the Dirichlet characters modulo 8 have conductors 1, 4, 8, 8, which multiply
to 28, and the Dirichlet characters modulo 12 have conductors 1, 3, 4, 12, which
multiply to 122.


