THE SEVENTEENTH ROOT OF UNITY VIA QUADRATICS

1. THE ENVIRONMENT

Let p =17, and let
C — C17 — 6271'1'/17-
The field Z/17Z has multiplicative group
G = (Z/172)* = (3) = {1,3,9,10,13,5,15, 11,16, 14,8,7, 4,12, 2, 6}..

Consequently the automorphism

o :Q(Ci7) — Q7), ¢(—¢°
has order 16. The subgroups of the cyclic group (o) are
(0:¢C— %,  of order 16,
(0% : ¢+ (%), of order 8,
(o*: ¢ — ("), of order 4,

(0% : ¢ — ('), of order 2,

(016 =1), of order 1.
Corresponding to the chain of subgroups there is a tower of fields
Q) 1
k‘g <O'8>
]{12 <(T4>
kl <U2>
Q (o)

Following Gauss, this writeup shows how to compute ( by a succession of square
roots, by successively constructing the fields on the left side of the diagram.

2. CONSTRUCTING THE FIRST EXTENSION FIELD

Let
¢ o2 ol 56 o8 o10 o12 o4
r=¢+¢ +¢ +¢7 +¢ +¢7 +¢7 +¢7 .

-invariant but not o-invariant, so that the quadratic polynomial

[i(X) = (X =r)(X —r])

Then 7 is 02

is o-invariant. That is,

[X)=X2 4+ b0, X + ¢ € Q[X],
1
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where
16 ) 16
o 0-.7 s
51:*7“1*7”1:*24 :*ECJZL
j=1 j=1
and
(on
C1 =TTy .

Although ¢; can be computed directly by hand, proceed instead by defining a
quadratic character of G, a homomorphism of G whose square is the trivial homo-
morphism,

x:G— {£1}, x(3%) =(-1)°.

The Gauss sum associated to ¢ and x is

=Y x()¢,

jea
or,
0_2 0_4 0_6 0_8 0_10 0,12 0_14
T=C0+¢" +¢7 +¢7 +¢7 +¢7 +(7 +(¢
o 03 0_5 07 0_9 0,11 0_13 0,15
—C¢7=¢ =¢7 = =¢ = = —¢
Thus
r—r] =T, r+r] =—1,
so that
T—1 - T+1
T = 2 ) 741 - - 2 9
and consequently
o 21
Tl'f‘l - — 4

The Gauss sum is symmetrized so that its square is easy to compute,

= > XUk

jEG keG

= Z Z X(fk)gf’“““) replacing k by jk
JEG keq

= Z x (k) Z ¢+R)I by the properties of x
keG jea

= 16x(—1) — Z x(k) evaluating the geometric inner sum
kA—1
=17 since x(—1) =1 and Z x(k) =0.
keG
It follows that
L 17—1
nry = -—— = —4.

In sum, the polynomial

AX)=X?+ X —4€Q[X]
has roots

14 VIT . —1=V17

n 2 " 2
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(Since
7,1:<+<9+<13+<15+<16+C8+<4+<2
,ri':C?)_i_é-lo_i_<-5_’_<-11_’_4-14_,_é—'?_’_c-IQ_’_CG7

comparing which powers of ¢ occur in r and in 77 shows that r lies farther to the
right.) Thus we have climbed the first step up the tower of fields corresponding to
the subgroup of the Galois group,

Q) 1
ks (e®)
ko ¢ (o%)

Q(r1) ¢ (0?)
Q (o)

Since 11 + r{ = —1, the field Q(r1) is in fact Q(r1, 7).

3. CONSTRUCTING THE SECOND EXTENSION FIELD

Let
0_4 0_8 0_12
ro=C+¢7 +¢7 +¢7 .

-invariant but not o?-invariant, so that the quadratic polynomial

F2(X) = (X —r2)(X —75)

Then ry is o*

2

is o“-invariant. That is,
fg(X) = X2 —+ bQX +co € Q(Tl)[XL
where
2
b2 = —T9 — ’I’g = —T,
and
2
Co =Targ .

Compute that
P =+ ¢t 4 ¢ 4 1% = 2(cos(21/17) + cos(87/17)),
ng =2+ B4+ ¢ = 2(cos(41/17) 4 cos(167/17)).
Thus
irgrgz = cos(2m/17) cos(4dm /17) + cos(2m/17) cos(167/17)
+ cos(8m/17) cos(4m/17) + cos(8m/17) cos(167/17),
and so the trigonometry identity 2 cos acosb = cos(a + b) + cos(a — b) gives
%TgrgZ = cos(67/17) + cos(27/17) + cos(16m/17) + cos(14w/17)
+ cos(127/17) + cos(4mw/17) 4 cos(107/17) + cos(87/17)
=—1/2.



4 THE SEVENTEENTH ROOT OF UNITY VIA QUADRATICS

In sum, the polynomial
fo(X)=X%2—rX —1e€Q(r)[X]
has roots
r 4 /ri+4 o2 T1—\/ri+4
2 ’ ’

Ty =

(Again it is easy to see which is larger.)
Since 2 +r§ = r1, our choice for the second field can be written in abbreviated
form, naturally containing the other polynomial roots as well,

ky = Q(r1, ) = Q(ry,r9,r2,75").

We have not yet considered another pair of o*-invariants that are exchanged
by o2,

g = (34 (5121

7“33 =64 T 404 1,
They satisfy the quadratic polynomial

J5(X) = X2 —r{X ~ 1.

2 . . 2
However, r§ and r§ can be expressed in terms of r; and ry. Since 7§ +7§ =1 =
—1—r1, it suffices to consider r§. To see this, compute (skipping many steps) that

r1r2:2—r2+r§—r§3=3—r2+27“§+ﬁ,
so that
2r =rirg — 11+ 12 — 3.

(Of course we also have the formulas

o _ T HV(r)? 14 ot _ T =72 44
Ty = 2 ’ Ty = 9 ’

but besides costing us another square root computationally, the formulas don’t
show that r§ and r‘2’3 lie in the field generated by r1 and r.)
Now we have climbed the second step up the tower of fields,

Q) 1
ks (@®)
Q(ri,m2) ¢ (o)
Q(r1) ¢ (0?)
Q (o)

And here the new field is in fact Q(rq1, 7§, r2, 79, 7"52, rgs).
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4. CONSTRUCTING THE THIRD EXTENSION FIELD

Let .
r3=C¢+¢7 .
-invariant but not o*-invariant, so that the quadratic polynomial

f3(X) = (X —r3)(X 1§ )

Then r3 is o2

is o*-invariant. That is,
fg(X) = X2 +b3X +c3 € Q(’l"l,rg)[X],
where )
b3 = —T3 — Tg = —To,
and

4
es =rarf = (C+ N+ =C O+ =g
In sum, the polynomial
f3(X) = X2 —r9X +7’g S Q(’l”l,rg)[X}

has roots
. _ro+ /13 —4rg TU4_r2—\/T§—4rg
3= %5 3 = &5
2 2
(again it is easy to see which is larger). We have climbed the third step,

Q(¢) 1
Q(Tlv T2, T3) <08>
Q(r1,72) (o%)
Q(r1) (0?)
Q (o)
5. THE ENDGAME
Finally, ¢ and ¢°° = ¢~ satisfy the polynomial

fa(X) = X% —r3X +1.
Specifically,

Only at this last step do we take an imaginary square root. In sum, we consecutively
compute

-1+ V17

T = 9
. o+ /ri+4
=0,
2
. Ty + /T3 — 4r§
3= —F,
2
7‘3+\/T§—4
C”:f'



