THE BERNOULLI NUMBERS AND POWER SUMS

The Bernoulli numbers, which we encountered in the homework, arise naturally
in the context of computing the power sums

104204 ... 400 =n,

1
11+21+-~-+n1=§(n2+n),
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12+22+-~-+n2:6(2713+?m2+n)7

etc.

To study these, let n be a positive integer and let the kth power sum up ton — 1
be

n—1
Sk(n) = Z mF, keN.
m=0

Thus So(n) = n while for k£ > 0 the term 0 is 0. (Having the sum start at 0 and
stop at n — 1 neatens the ensuing calculation.) The power series having these sums
as its coeflicients is their generating function,

S(n,t) = ZSk(n)m.
k=0

A little work shows that rearranging the double sum gives

et —1 ¢
t  et—1"

The second term is independent of n. As in the homework, its coefficients are by
definition the Bernoulli numbers, constants that can be computed once and for all,
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Now a little more work shows that the generating function rearranges to

S(n,t) =
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Thus, if we define the kth Bernoulli polynomial as

Bi(X) = f: (’;) B Xk,
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which again can be computed once and for all, then comparing the first and last
expressions for S(n,t) shows that the kth power sum is

S4(n) = ——(Bipa(n) — Brg).

k+1
From the homework, the first few Bernoulli numbers are By = 1, By = —1/2,
By =1/6, and B3 = 0, and so the first few Bernoulli polynomials are
By(X) =1,
1
By (X> =X - 57
9 1
By(X)=X —X+6,
3 3.0 1
B3y(X)=X"— §X + §X.
For example,
Bg (n + 1) - Bg

P42+ 4n?=Sn+1)= 3

works out to (2n3 + 3n? +n)/6 as it should.



