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Preface

These are course notes for Mathematics 111 at Reed College. They are writ-
ten for serious liberal arts students who want to understand calculus beyond
memorizing formulas and procedures. The prerequisite is three years of high
school mathematics, including algebra, euclidean geometry, analytic geome-
try, and (ideally) trigonometry. To profit from these notes, the student needn’t
be a math genius or possess large doses of the computational facilities that
calculus courses often select for. But the student does need sufficient algebra
skills, study habits, energy, and genuine interest to concentrate an investment
in the material.

I have tried to put enough verbal exposition in these notes to make at
least portions of them readable outside of class. And I have tried to keep the
calculations short, tidy, and lightly notated, in the hope of rendering them
comprehensible stories that incur belief, rather than rituals to endure. To the
extent that the notes are readable, I hope to use classtime discussing their
contents rather than conform to the model of the instructor transcribing a
lecture onto the blackboard from which the students transcribe it into their
notebooks in turn. The goal is that the students leave the course not having
taken my word about the results, but feeling truly viscerally that the results
are inevitable.

Exigencies dictate that Math 111 simultaneously serve students who have
taken a calculus course already and students who haven't. These notes at-
tempt to do so in two ways,

e Dby rebalancing the weight of explanation between mathematical symbols
and natural language,

e and by presenting the computations of calculus as little more than end-
products of algebra that one could imagine naturally working out for one-
self with some nudges in the right direction.
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The presentation is meant to defamzliarize calculus for those who have seen it
already, by undoing any impression of the subject as technology to use without
understanding, while making calculus fam:liar to a wide range of readers, by
which I mean comprehensible in its underlying mechanisms. Thus the notes
will pose different challenges to students with prior calculus experience and to
students without it. For students in the first group, the task is to consider the
subject anew rather than fall back on invoking rote techniques. For students
with no prior calculus, the task is to gain facility with the techniques as well
as the ideas.
These notes address three subjects:

o Integration. What is the area under a curve? More precisely, what is a
procedure to calculate the area under a curve?

e Differentiation. What is the tangent line to a curve? And again, whatever
it is, how do we calculate it?

o Approzimation. What is a good polynomial approximation of a function,
how do we calculate it, and what can we say about the accuracy of the
approximation?

Part of the complication here is that area under a curve and tangent line to
a curve are geometric notions, but we want to calculate them using analytic
methods. Thus the interface between geometry and analysis needs discussion.

The basic pedagogy is to let ideas emerge from calculations. In succession,
these notes define, integrate, and differentiate

e the rational power function, f(x) = x* where « is a rational number,
meaning a ratio of whole numbers,

e the logarithm function, f(x) = In(x),

e the exponential function, f(x) = exp(x) = e*,

e the cosine and sine functions, f(x) = cos(x) and f(x) = sin(x).

The integrals are computed without using the Fundamental Theorem of Cal-
culus. Integrating the power function leads to the idea that an integral is not
only an area, but more specifically an area that is well approximated from
below and from above by suitable sums of box-areas. Although the geomet-
rically natural idea is to integrate nonnegative-valued functions from a left
endpoint to a right endpoint, the logarithm leads to the idea of integrating a
function that could be negative between endpoints that need not be in order.
The logarithm also illustrates the idea of defining a function as an integral
and then studying its properties as such. Similarly, the exponential function
illustrates the idea of defining and then studying a function as the inverse of
another, and it suggests the idea of characterizing a function by a differential
equation.
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With the power function, the logarithm, the exponential, and the cosine
and sine integrated and differentiated, we then find approximating polynomi-
als for these functions and estimate the accuracy of the approximations.

Essentially all of the program just sketched can be carried out convinc-
ingly (if not “fully rigorously”) based on only one small-but-versatile piece of
technology, the finite geometric sum formula. This formula reduces many area
calculations, limits of sums of many terms, to limits of quotients of two terms.
In fancier language, the formula reduces integration to differentiation. This
phenomenon is perhaps unsurprising since the Fundamental Theorem of Cal-
culus says that integration and differentiation are closely related. But whereas
the Fundamental Theorem is often taught as a procedure that circumvents
computing integrals directly, a goal of these notes is to see differentiation
emerge repeatedly from actual integration. Students who learn to integrate
only by using the Fundamental Theorem risk gaining no real appreciation for
what integration really is, an appreciation worth having if only because the
Fundamental Theorem is irrelevant to so much integration in the real world.

Calculus does at some point require the technical machinery of limits.
These will be treated lightly after they are used informally. Cauchy’s mag-
nificent grammar deserves its due, but first working informally with specific
examples is meant to help the reader tangibly appreciate its economy and
finesse.

The last two chapters of these notes, on applications of the derivative and
on the Fundamental Theorem of Calculus, are traditional. In the footsteps
of so many before us, we will move ladders around corners, drain conical
swimming pools, and generate blizzards of antiderivatives.

These notes are based on a set of notes by Ray Mayer. The motivation for
creating a new set of notes was that when this project began, the other set of
notes was not available in electronic form. That situation has now changed,
and the reader of these notes is encouraged to look at Ray Mayer’s notes as
well.

August 2007 Jerry Shurman
Reed College
Portland, OR






1

The Parabola

This chapter uses the parabola to illustrate ideas from calculus quickly and
informally. Section 1.1 characterizes the parabola geometrically and alge-
braically. Section 1.2 computes the area of the region between a parabola
and a chord joining two of its points. The computation proceeds by system-
atically filling the region with triangles, adding ever smaller triangles at each
step. The individual triangle-areas are calculable, and the sum of the areas
after each step takes a form that lets us determine the value to which it tends
the more steps we carry out. This value is the desired area. The parabolic
area-calculation is our first example of integration, a fundamental process of
calculus. Section 1.3 computes the slope of a tangent line to the parabola,
first by algebra and then again by geometry. Here the idea is that although
the tangent line passes through only one point of the parabola, we can ap-
proximate it by secant lines that pass through two parabola points, and the
secant slopes are easy to understand. As the second parabola point nears
the first, the value tended to by the secant slopes is the tangent slope. The
parabolic tangent slope calculation is our first example of differentiation,
another fundamental process of calculus. Section 1.4 explains how tangent
slopes of parabolas can be used to solve cubic equations (polynomial equa-
tions of third degree). It turns out that the solutions can be constructed by a
paper-folding process, i.e., by origami.

1.1 The Parabola in Euclidean Geometry and in Algebra

1.1.1 The Geometric Defining Property

Working in the euclidean plane and using cartesian coordinates, consider a
horizontal line called the directrix, set one-quarter unit down from the x-
axis,
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F=(0,1/4) o

Y
x

D:y=-1/4

Figure 1.1. Directrix and focus

D = the points (x, —1/4) for all values of x.
We abbreviate the description of the directrix by writing

D:y=-1/4,
Consider also a point called the focus, set one-quarter unit up the y-axis,
F=1(0,1/4).

(See figure 1.1.) The parabola is defined geometrically as the locus of all
points P that are equidistant from the directrix and from the focus,

PD = PF.

(See figure 1.2.)

D

Figure 1.2. Point equidistant from the directrix and the focus
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1.1.2 The Algebraic Defining Equation

To translate the geometric condition defining the parabola into an algebraic
condition, note that for any point P = (x,y), the square of the distance from P
to the directrix D is the square of the difference of the y-coordinates,

PD? = (y + 1/4)>. (1.1)

Also, the Pythagorean Theorem (exercise 1.1.1) says that the square of the
distance from P to the focus F is

PF2 = [y — 1/4) 4%

(See figure 1.3.) In the general algebraic identity A2 — B2 = (A + B)(A — B),
let A=y—1/4and B=y+1/4, sothat (A+B)(A—B)=2y-(—1/2) = —y,
to get (y — 1/4)? = (y + 1/4)2 —y. So the previous display rewrites as

PF? = (y +1/4)% +x* —y. (1.2)

The left sides of (1.1) and (1.2) are equal by the geometric definition PD = PF
of the parabola. Therefore the right sides are equal, and so the geometric
condition defining the parabola is exactly the algebraic equation

y =x%. (1.3)

That is, the parabola is the graph of the squaring function f(x) = x2. The
parabola is shown in figure 1.4.

X
L (x,y)
y—1/ ;PF

(0,1/4)

- X

Figure 1.3. Point-to-focus distance by the Pythagorean Theorem

The algebraic equation y = x? of the parabola is normalized by the choice
to place the focus and the directrix one-quarter of a unit away from the x-axis.
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= X

D

Figure 1.4. The parabola

For any positive number r, suppose that instead the focus and the directrix
are

1 1
F: = — D:y=——.
(%) (0,4r), y=—7
Make the change of variables

Xx=rx, {§=rmy.

In the (X, {J)-coordinate system, the focus is

F:(%,7)

(rorg) =1/4)

. 1
D:jg=r- (_E) =—1/4.

That is, in the (X, {j)-coordinate system, the focus and the directrix are back
in their normalized positions where we have already studied them, and so the
equation of the parabola is

and the directrix is

g =%
Returning to the (x,y)-coordinate system, since ] = ry and X = rx, the
parabola with focus F = (0,1/(4r)) and directrix D : y = —1/(4r) therefore
has equation Ty = (rx)?, or

y =1x°.

We can turn this reasoning around as well. And so an equation y = rx?

(where v is positive) describes a parabola with focus F = (0,1/(4r)) and
directrix D : y = —1/(4r). If instead r is negative then the parabola opens
down instead of up. Similarly, exchanging the roles of x and y to obtain an
equation
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x = 1y?

describes a parabola that opens to the right if r is positive, or to the left if r

is negative. More generally, the equations
y—c=1(x—b)? x—b=1(y—c)?

describe parabolas that are shifted a horizontal distance b and a vertical
distance c. For the first of these, the focus and directrix are

1 1
Fz(b,c—l—ﬂ), D.y:c—a,

and for the second they are

1 1
F:<b+a,c>, D.X:bfﬂ.

We will use such parabolas in section 1.4.

Exercises

1.1.1. Consider a right triangle with sides a and b and hypotenuse c. The
Pythagorean Theorem states that

a? 4+ b2 =c?,

i.e., the square of the hypotenuse is the sum of the squares of the other
two sides. Explain why the shaded region in the right side of figure 1.5 is
a square. Then explain why the figure proves the theorem. (Your argument
should involve labeling some lengths and angles in the figure.)

1.1.2. What is the equation of the parabola with focus F = (1, 2) and directrix
D:x =37
1.1.3. Consider the parabola with equation
y=Ax>+Bx+C, A#O0.
Where are its focus and its directrix?
1.1.4. Explain why the equation
y? + 2xy —l—xz—\/zy +vV2x=0

describes a parabola. What are its focus and its directrix? It may help to
consider the change of variables

Xx+y §= —x+Yy

v2' V2

X =

(See figure 1.6.)
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Figure 1.5. Proof of the Pythagorean Theorem

Figure 1.6. Rotated coordinate system

1.2 Quadrature of the Parabola

The earliest example of integration goes back not to Newton or Leibniz or
Barrow or Descartes, but to Archimedes.

1.2.1 The Problem

Let a and b be numbers with a < b. Find the area between the parabola
y =x? and its chord from (a,a?) to (b,b?). (See figure 1.7.) Note that the
word area informally has two different meanings that can easily blur together
in this context. First, area means the shaded portion in figure 1.7, i.e., a
region. But second, area means a number that somehow measures the planar
size of the region on a linear scale, despite the fact that the region itself lies
in the plane rather than on the line. For the parabola problem, we are tacitly
assuming that indeed some number is the measure of the shaded region.



1.2 Quadrature of the Parabola 7

a b

Figure 1.7. Region between a parabola and its chord

Y

- .
- -

a b a b a b

Figure 1.8. Triangle as the difference of trapezoids

1.2.2 The First Inscribed Triangle and Its Key Property

The first approximation to the region is a triangle with its left and right
vertices above a and b and its middle vertex above the midpoint (a + b)/2.
This triangle can be viewed as a large trapezoid with two smaller trapezoids
removed. (See figure 1.8.) In general, the area of a trapezoid of base B and
heights H; and H; is the base times the average of the heights,

H; +Hy

Atrap =B 2
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The trapezoid that contains the triangle has base b—a and heights a? and b?.
(These are the heights because the points have x-coordinates a and b, and
they lie on the parabola y = x?.) The left trapezoid underneath the triangle
has base (b—a)/2 and heights a? and (a+b)?/4. (Recall that the x-coordinate
of the third vertex is the average (a + b)/2.) The right trapezoid underneath
the triangle has the same base (b — a)/2 as the left trapezoid, but heights
(a +b)?/4 and b?. It follows that the area of the triangle is

a’+b> b—aa®+2(a+b)?/4+b?
2 2 2 '

Awi = (b—a) (1.4)

and by some algebra (exercise 1.2.1) this works out to

1
Angw—m? (1.5)
So the area of the triangle in the left part of figure 1.8 is one-eighth of its

width cubed. Now (1.5) allows us to make a crucial observation:

‘ The area of the triangle depends only on the width of the triangle.

That is, (1.5) shows that the area depends on the difference b — a but not on
a and b individually, so long as the x-coordinate of the third vertex is their
average (a +b)/2.

Exercise

1.2.1. Carry out the algebra that leads from (1.4) to (1.5).

1.2.3 Adding More Triangles

This observation that the area of a triangle inscribed in the parabola depends
only on the triangle’s width, provided that the x-coordinate of its middle
vertex is the average of the x-coordinates of the left and right vertices, says
that very different-looking triangles inscribed in the parabola will have the
same area.

In particular, if we add two more triangles to fill in some of the missing
space in the left part of figure 1.9, as shown in the right part of the figure,
then even though the two new triangles are not congruent, they have the same
area, one-eighth of their width cubed. Since their width is one-half the width
of the first triangle, their areas are one-eighth the area of the first triangle,

1/b—a\® 1 1
A{ri:_< a) Zg(b*OP'

1
g —Atti'g-

8 2
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Adding the two new triangles, each having one-eighth the area of the original
triangle, adds to the original area a new factor of one-quarter the original
area, making the total area of the three triangles

1
S2 = Atri +2A{,; = Atri [1 + 4_1] .

We are calling this quantity S, since it is the triangle-area sum after the
second generation of adding triangles. Naturally, S; is just Ay itself.

y
/

Figure 1.9. Filling in with two more triangles

Next add four more triangles, each half as wide as the two just added.
(See figure 1.10. In the figure it is not at all visually suggestive to the author
of these notes that the four new triangles all have the same area, and it is
hard to tell the difference between three of the four new triangles and the
parabolic region that they partially fill.) Thus we add twice as many triangles
as at the previous step, each with one-eighth the area of the ones added at
the previous step, so that the new contribution to the area is one-fourth the
contribution of the previous step, which in turn was one-fourth the area of
the original triangle. So after three generations of adding triangles, the area

of the seven triangles is
1+ L + 1y’
4 4 '

By the same sort of reasoning (exercise 1.2.2), adding eight more triangles
gives fourth-generation area

S3 = Atri + 2A1§ri + 4A1{;-1 = A1:1'i
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Figure 1.10. Four more triangles

1+ % + G)z + (1—1)3] ., (1.6)

and so on. After n generations of adding triangles, each step has added twice
as many triangles as the previous step, each triangle having one-eighth the
area of those added at the previous step, contributing in total a quarter of
the previous contribution. That is, after n generations the area is

1+ % + (%)2 et (%)T”] : (1.7)

The next task is to evaluate the sum in (1.7).

Sa = Agri + 2A¢; + 4AL + 8AL = Agri

Sn = Atri
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Exercise

1.2.2. Explain carefully why equation (1.6) is correct.

1.2.4 Archimedes’s Evaluation of a Sum

As mentioned, the calculation being shown here is due to Archimedes, but
his mathematical environment was purely geometric whereas we have made
heavy use of cartesian coordinates and algebra. In particular, Archimedes
used a geometric argument to evaluate the sum in (1.7). For the argument
when n = 4, consider the unit square shown in figure 1.11. The largest,
lightest L-shaped region has area three-quarters. Each successive, darker L-
shaped region has linear dimensions half as big as its predecessor’s, and hence
area one-fourth of its predecessor’s. That is, the total area of the four L-shaped

pieces is
(Y Y
4 4 4 '

Also, the small, dark square in the upper left corner has sides (1/2)* and
hence area (1/4)*. And the total area of the square is 1. Thus

L (Y S O (1Y =
4 4 4 4) 7

and the geometric argument has given a tidy form to the sum of the first four

3
4

3
4

powers of one-fourth,

@)

The argument generalizes immediately to the sum of the first n powers of

one-fourth,
1 /1\ n“' 4 "
1*1*(1) *"'*@ ‘5(“(1))' -

1.2.5 Solution of the Problem

Formulas (1.7) and (1.8) combine to show that after n generations of adding
triangles, the total area is

4 n"
Sn:Atri'§(1_(Z) )
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Figure 1.11. Subdivided unit square

As n grows very large, the triangles fill up the region whose area we want,
and so the limiting value of S, is the region’s area. But also, as n grows very
large, (1/4)™ gets very close to 0, and so the limiting value of the area is

4

Slim = Atri : g .

That is, the area between the parabola and the chord is four-thirds times the
area of the first inscribed triangle. This is how Archimedes formulated the

solution. Since Aty = %(b — a)3, another formulation is

Stim = %(b — (1)3 . (1.9)

The reasoning just given to obtain the boxed formulas for Sy, calls for
scrutiny. To discuss what happens as n grows very large is not to say that any
finite number of triangles fill up the parabolic region whose area we want, nor
is it to say that the areas of any finite number of triangles sum to 4A4/3.
And we should be deeply skeptical about treating “infinity” as a number. A
more sophisticated formulation of what is being said is that by our choice of
configuration,

the parabolic region is exactly the region that the triangles tend
toward filling,
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and that by our calculation,

the number 4A4:;/3 is exactly the number that the sums of the
triangle-areas tend toward reaching,

and that

as the triangles tend toward filling the parabolic region, the sums
of the triangle-areas must tend toward reaching the area of the
parabolic region,

and therefore
the area of the parabolic region must be 4A4ri/3.

This discussion is not at all satisfactory. It will be refined over the course of
these notes.

Exercises

1.2.3. As in the section, let a and b be numbers with a < b. Find the area
under the parabola and above the x-axis from a to b by using formula (1.9)
and the formula for the area of a trapezoid.

1.2.4. Let n denote a positive integer. The larger n is, the closer the quantity
14 1/n is to 0. Does this mean that the quantity tends to 07 Explain.

1.2.5. Raise some criticisms of the “more sophisticated formulation” given at
the end of the section.

1.3 Tangent Slopes of the Parabola

1.3.1 Difference-Quotient and Secant Slope

The squaring function is
f(x) =x2.

This is the function whose graph is the parabola. For any fixed x, the quantity

s2 —x?

, S#X

s—Xx 7

is a difference-quotient and a secant slope. Difference-quotient means
quotient of differences, i.e., the numerator of the previous display is the
difference f(s) — f(x) of output-values of f, while the denominator s —x is the
difference of the corresponding input-values. Meanwhile, a secant line of the
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parabola is a line through two parabola points, and a secant slope is the slope
of a secant line. For the interpretation of the difference-quotient as a secant
slope, see figure 1.12. The problem is: To what value does the difference-
quotient (secant slope) tend as s tends to x? The limiting value is called, for
reasons to be explained soon, the tangent slope of the parabola at (x,x?).

Figure 1.12. Secant lines through (1,1)

What makes the problem subtle is that the numerator s> — x? and the
denominator s — x of the difference-quotient both tend to 0 individually as s
tends to x. If instead they both tended to nonzero values then naturally we
would guess that the limiting value of the quotient exists, since it should be
the quotient of the limiting values. But the fact that the numerator and the
denominator both tend to 0, and the fact that the quotient 0/0 is undefined
(this point will be discussed in chapter 2) doesn’t preclude the possibility
that the difference-quotient tends to some well defined value. The issue is
that determining the value will require a little analysis.

1.3.2 The Calculation Algebraically and Geometrically

For any real number x, compute

s2 —x?

= f .
p— s+x fors#x

As s tends to x, s + x tends to 2x. It's that simple. And so:

s2 _x2
tends to 2x as s tends to x.

S—X
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Geometrically, the result is:

2) is 2x.

The tangent slope of the parabola y = x? at the point (x,x

This is understood to mean that as s tends to x, the secant line of the parabola
through (x,x?) and (s, s?) tends to the tangent line to the parabola at (x,x?),
and therefore the number 2x tended to by the secant slopes must be the
tangent slope. Like the argument about quadrature, this argument is open
to many criticisms—for example, the phrase tends to apparently now applies
to lines in addition to applying already to regions and to numbers—but we
make do with it for the time being.

We can also obtain the tangent slope of the parabola from a direct geo-
metric argument. Let x be fixed, and consider the tangent line to the parabola
at (x,x2). For any value s, moving along the parabola from (x,x?) to (s,s?)
changes the vertical coordinate by

sT —X".

(This distance is the gray portion of the y-axis in figure 1.13.) On the other
hand, moving from (x,x?) along the tangent line to the point with first coor-
dinate s changes the vertical coordinate by

m(s —x), where m is the slope of the tangent line.

(This is the other gray distance in figure 1.13.) We want to find m in terms
of x. Since the parabola is convex (i.e., it bends up everywhere), the tangent
line lies below the parabola everywhere except at the point of tangency. The
vertical distance formulas in the previous two displays show that:

Given x, we want m such that s — x? > m(s —x) for all s.
Equivalently:
Given x, we want m such that (s —x)(s +x —m) > 0 for all s.
Guided either by hindsight or insight, we see that the correct choice is
m = 2x,
since then (s —x)(s + x —m) = (s — m)?, and indeed
(s—x)?>>0 for alls.

That is, the tangent slope to the parabola y = x? at the point (x,x?) is 2x,
as we already computed above.
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[
-

m(s —x)

Figure 1.13. Height differences along the parabola and along a tangent line

Note the differences between the two ways of computing the tangent slope
of the parabola. The calculus argument is very quick, and it tells us the
answer, but it relies on the nebulous notion of tends to. By contrast, the
geometric argument stands on firmer footing, but it requires us to know the
answer somehow and then verify it.

Exercise

1.3.1. (a) Make a rough sketch of the cubic curve y = x3. Your sketch should
show that the curve is convex (bends up) for x > 0, is concave (bends down)
for x < 0, and inflects at x = 0.

(b) Here is a geometric argument similar to the one just given for the
parabolic curve y = x?, but for the cubic curve instead. Let x be fized, and
consider the tangent line to the cubic curve at (x,x3). For any value s,
moving along the curve to (s,s) changes the vertical coordinate by s3—x3,
and moving along the tangent line to the point with first coordinate s
changes the vertical coordinate by m(s—x), where m is the tangent slope.
We want to find m in terms of x. By a little algebra, the difference
between the two height-changes is

S —ms—x)=(s—x)(s>+sx+x>—m).
Divine inspiration tells us to consider

m = 3x2.

Doing so makes the difference between the two height-changes
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(s —x)(s% + sx + x2 — 3x%) = (s — x)?(s + 2x). (1.10)

By the geometry of the cubic curve, as described in part (a). ..

Complete the argument that m = 3x? is the correct choice by explaining
why the height difference on the right side of (1.10) is behaving appropriately.
Be clear about the respective roles and behaviors of x and s. The solution is
not a simple mimicry of what’s in the text—the cubic curve requires a more
careful analysis than the parabola.

(c) What does the height difference on the right side of (1.10) tell us about
where the cubic curve and its tangent line at (x,x3) meet?

(d) Proceed similarly to parts (a) through (c) but with the quartic curve

y=x*

1.3.3 The Inscribed Triangle Again

Recall that the quadrature of the parabola began with an inscribed triangle,
its left vertex at (x,y) = (a, a?) and its right vertex at (x,y) = (b, b?). (The
triangle is shown in the left parts of figure 1.8 and figure 1.9, and it is the
large triangle in figure 1.10—see pages 7, 9, and 10.) The slope of the parabolic
secant chord between these two vertices is

bZ 2

slope between the left and right vertices = =a+b.

Recall also that the triangle’s third vertex has x-coordinate (a +b)/2. By our
formula that the tangent slope to the parabola at any point (x,x?) is 2x, we
have in particular (since 2- (a+b)/2=a+Db),

tangent slope to the parabola at the third vertex = a + b.

That is, the inscribed triangle now has a geometric characterization: The
maddle vertez is the point where the tangent line to the parabola is parallel
to the line through the left and right vertices. (See figure 1.14.) And in fact
this characterization applies to all of the triangles in the quadrature of the
parabola.

Exercise

1.3.2. Let a and b be real numbers with a < b. Consider two points on the
parabola, P = (a,a?) and Q = (b, b?). For any number c between a and b,
consider also a third point on the parabola, R = (c,c?). Thus the inscribed
triangle used by Archimedes for the quadrature of the parabola occurs when
in particular c is the average (a + b)/2. Give a geometric argument that of
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Figure 1.14. Tangent line parallel to secant chord

all triangles PQR where P and Q are the fixed points just mentioned, and R
is some third point between them on the parabola, Archimedes chose the
triangle of greatest area, i.e., the triangle that fills as much as possible of the
region between the parabola and the chord PQ. (Hint: Triangle-area is one-
half of base times height. View PQ is the common base of all the triangles
in question. The tangent line to the parabola at Archimedes’s choice of R
lies below the parabola except at R, and the section has explained that this
tangent line is parallel to the chord PQ. Your argument should be based on
these ideas and make no reference to the (x,y)-coordinate system.)

1.3.4 The Reflection Property of the Parabola

Let
P = (x,x?)

be a point on the parabola, where x is any number. The geometric definition
of the parabola is PD = PF, and PD is the vertical distance x2 + 1/4 from the
point to the directrix, so that also

PF=x%+1/4.
Consider the point vertically above P, also at distance x% + 1/4 from P,
Q = (x,2x* +1/4)

(see figure 1.15). The slope from F to Q is the y-coordinate difference divided
by the x-coordinate difference,
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Y Q

Y
x

Figure 1.15. Equal angles

22 41/4—1/4
mo X H1/A—1/A

2x.
x—0 x

This is also the tangent slope of the parabola at P. By Euclidean geometry,
the segments QP and PF therefore form the same angle with the tangent line.
(Again see figure 1.15.) This gives the reflection property of the parabola:
every vertical ray reflects in the parabola to a ray through the focus. (See
figure 1.16.) This property of the parabola is used to construct telescopes,
and it is often demonstrated in science museum exhibits.

Figure 1.16. Reflected rays meet at the focus

Exercise

1.3.3. Explain why the four angles in figure 1.15 are equal.
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1.4 The Parabola, Origami, and the Cubic Equation

Euclidean constructions are carried out with the geometric tools of antig-
uity: straight-edge and compass. It is known that viewed as algebraic methods,
Buclidean constructions solve linear and quadratic equations but fail at cu-
bics. By contrast, origam: (paper-folding) has the capacity to solve cubic
equations. The key idea is to use the common tangents to two parabolas. In
fact, origami constructs common tangents to parabolas using only the parabo-
las’s foci and directrices, not the parabolas themselves. Thus origami use only
points and lines, not the curved parabolas. This section discusses these ideas
very briefly.

1.4.1 Origami Folds

Folding a given point F onto any point Q of a line D constructs a tangent
to the parabola P having F and D for its focus and directrix (exercise 1.4.1).
(See Figure 1.17.)

Figure 1.17. Folding a tangent to a parabola

Suppose that two parabolas Py, P2, with foci Fq, F, and directrices D+, D3,
have common tangents. A continuum of foldings takes F; to points of Dy,
constructing all tangents to P;. In particular, sliding F; along D¢ until F,
also lies on D, constructs the common tangents to 7y and P,. Thus we have
the axiom that the common tangents to two parabolas, each specified by its
focus and directrix, are constructible by origami when they exist. (But they
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needn’t exist at all: consider the case when one parabola lies entirely inside
the other.)

Exercises

1.4.1. Explain why folding a given point F onto any point Q of a line D
constructs a tangent to the parabola P having F and D as its focus and
directrix.

1.4.2. (a) Mark a piece of paper with a focus-point F and a directrix-line D.
Fold F onto various points Q of D. How many folds does it take before you
can see the parabola PD = PF clearly?

(b) Mark a piece of paper with two focus-points F; and F,, and with
two directrix-lines D1 and D5,. Fold F; onto D7 enough times that you see
the parabola PD; = PF; clearly, and then do the same for the parabola
PD2 = PF,. If possible, fold F; onto Dy and F, onto D, simultaneously to see
a common tangent of the two parabolas.

(c) Mark a piece of paper with focus-points F; and F, and directrix-
lines Dy and D, so that the parabolas PD; = PF; and PD; = PF; have
as many common tangents as you can make them have.

1.4.2 Solving the Cubic Equation

Let b, c, and d be arbitrary numbers except that d is nonzero. Consider two
parabolas, the first one specified by b, c, and d,

P1:(y+¢)? = —4d(x—b),
Py x? = —4y.

The first parabola has equation
Py:7U?> =%, where{y=y+cand % =—4d(x—Db). (1.11)

That is, after a change of variables, P; has the normalized parabola equation
but with the roles of the two variable reversed. Let p7 = (x1,y1) be a point
on Py, and let T; denote the tangent line to Py at py. In (x,y)-coordinates,
the tangent slope of Py at p; is the ratio
Ay .
m; = — along Ty, where A means change in.

Ax

Consequently, according to the change of variables in (1.11),

A(f —c)

™ T AR/(—4d) + b)

along Tj.
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Change in {j — ¢ produces the same change in {j since c is constant. Similarly,
change in X/(—4d) + b is the change in X divided by —4d. (E.g., since feet is
inches/12, also change in (feet+b) is (change in inches)/12.) So the previous
ratio is in fact

__ Ay

- AR/(—4d)

Aj

:—4 —_—
dA)'Z

mg along Ty,

which is A%
m = _4d/A_g along T1.

The ratio in this last display is the slope of T; in ({J,%)-coordinates, the
coordinates in which the equation of the parabola P; is normalized. Hence
we may quote our differentiation result: the slope is 2{j;. That is, in (x,y)-
coordinates the tangent slope of P; at p; is

4d 2d
m) =—sz—=—%.
241 Ui
Returning to the (x,y)-coordinate system, the result is
2d
my =— . 1.12
1 Y1 +c (1.12)

Similarly, let p2 = (x2,y2) be a point on P;. Then the tangent slope to P>
at py is (exercise 1.4.3)
X2

my = -5 (1.13)

Now suppose that a line through the point (x1,y1) on the first parabola
and the point (x2,Y2) on the second parabola is tangent to both parabolas.
Let m denote the slope of this common tangent. Since the points are on the
respective parabolas, and since the line is tangent to both parabolas, we have
the relations

(y1 +¢)* = —4d(x1 — b),

Y1 +c=-2d/m by (1.12),
X3 = —4y2,
X7 = —2m by (1.13).

Substitute the second relation into the first and substitute the fourth relation
into the third to get expressions for x1, y1, x2, and y, in terms of m,

x7 = —d/m?+b,
Y1 =—2d/m—c,
Y2 = -—m?

Xy = —2m.
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But since the line passes through the points (x1,y7) and (xz,yz), and its
slope is m, also
m(x1 —x2) =y1 — 2.

In this last relation, replace the x’s and the y’s by their expressions in terms
of m to get

d 2d
m(——z —|—b—|—2m> =—"——c+m’
m m
After some arithmetic with the fractions, this gives
—d+bm?4+2md =-2d—cm+m3,

or, finally,
m3+bm?+cm+d=0.

This discussion has proved the following result:

Given the cubic equation
X3 4+bX*+cX+d=0, d#0,
the slopes of the common tangents to the two parabolas
Pr:(y+c)> =—4d(x—b) and P;:x*=—4y

are roots of the equation.

(There is no loss in taking d # 0, since if d = 0 then the equation factors
as X(X? + bX +c¢) = 0, which we already know how to solve by the quadratic
formula.) And furthermore:

Since the focus F1 = (b—d, —c) and the directriz D1 :x =b+d of
the first parabola are known, as are the focus F; = (0,—1) and the
directriz D, :y =1 of the second parabola, the common tangents
can be obtained by origama.

Figure 1.18 shows this method applied to the cubic equation
x3—2x2 —x+2=0,

with roots 2, 1, and —1. For more about mathematical origami, see the text
by Thomas Hull, or see his web site.

Exercises

1.4.3. Establish equality (1.13).

1.4.4. Choose a cubic equation and fold its roots.
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slope 2

slope 1

Figure 1.18. Solving a cubic equation by slopes of common tangents

1.5 Summary

Most of the work with the parabola in this chapter was geometric or algebraic.
What gives the material aspects of calculus as well is that we determined
the precise values that approximations tended to as they became ever more
accurate. However, the entities involved in the calculations, and the reasoning
about them, require closer scrutiny. The calculus that we have done so far is

only provisional.
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The Rational Power Function

The rational power function is the function

x

fo(x) =x% for x >0,

where the exponent « is a rational number, meaning a ratio of whole numbers,
eg,x=3orx=—2ora=23/2or x = —17/3. While x* is easy to understand
when « is a positive whole number—it is x - x - - - x (« times)—the meaning
of x* for negative whole «, or fractional «, or negative fractional « is less
clear.

Section 2.1 lays out some ideas preliminary to studying the rational power
function. Basic assumptions about the real number system are stated infor-
mally, and then a ubiquitously useful formula is introduced, the finite geo-
metric sum formula. Section 2.2 defines the rational power function f, and
shows that for positive values of & the function is always climbing, while
for negative values of « the function is always falling. Section 2.3 finds the
area under the graph of the specific rational power function f;,3 from x =1
to x = 8. The process here is integration, and the exposition tries to convey a
conceptual sense of it along with the details as it unfolds. Section 2.4 computes
the derivative of the rational power function, carrying out the calculation in
several steps from a normalized special case to full generality. The derivative
calculation reproduces some of the ending work of the prior integration, sug-
gesting a connection between derivatives and integrals. Section 2.5 exploits
this connection to calculate the integral of the general power function f,
(excepting the case o« = —1) between general endpoints x = a and x = b.
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2.1 Preliminaries

2.1.1 Assumptions About the Number System

Among the many tacit assumptions permeating chapter 1 were assumptions
about numbers. We need to proceed from some consensus about how numbers
behave. Thus:

We assume that there is a system of real numbers.

The assumed real number system has properties that should be familiar.
Specifically:

e The real number system subsumes the rational number system. An
integer is a whole number such as 0, 1, —1, 2, =2, 3, ---. A rational
number is a ratio p/q where p and q are integers and q is not 0. But q
can be 1, so that the rational numbers subsume the integers. All rational
numbers are real, but not all real numbers are rational.

e Real numbers can be added, subtracted, multiplied, and divided, all
subject to the usual rules of algebra. Division by 0 is prohibited.

e Fvery real number is finite. “Infinity” is not a real number.

e Real numbers can be compared. Given any two real numbers, either the
first one given is the lesser, or the two are equal, or the first one given is
the greater. In particular, the positive real numbers are the ones that are
greater than 0, and the negative real numbers are the ones that are less
than 0.

e The real numbers can be interpreted as the points of a line. By con-
vention, greater numbers are located to the right of lesser ones. Under this
interpretation, the rational numbers are only some of the points of a line,
and the rest of the real numbers somehow fill the holes. Any segment of the
line having positive length contains both rational and irrational numbers.

Here are some comments about these assumptions. Each point receiving a
comment is first repeated in italics.

We assume that there is a system of real numbers. This assumption does
not say what a real number is. Nor does the mere act of using the word real
cause anything to exist. In fact, the notion of the real number system has been
understood in different ways at different times, and the current orthodoxy may
well no longer be accepted a generation from now. These matters are beyond
the scope of this course.

A rational number is a ratio p/q where p and q are integers and q 1s
not 0. But 3/2, 15/10, (—60)/(—40), and so on are all the same rational
number, so really each p/q is only a name of a rational number, and each
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rational number has infinitely many names. The usual choice of name for a
rational number is the one where p and g are in lowest terms (i.e., they have
no common factor greater than 1) and q is positive—for example, —5/3 rather
than 15/(—9).

Not all real numbers are rational. The standard example of an irrational
number is the square root of 2. The argument is that if the square root of 2
takes the form p/q then p?/q? = 2, and so p? = 2q%. But p and q each
take the form of a power of 2 times an odd number (i.e., p = 2°p where P
is odd, and q = 27§ where § is odd), so p? and q? each take the form of an
even power of 2 times an odd number (i.e., p? = 2%2¢p? and $? is odd, and
q? = 22742 and §? is odd), so p? is divisible by an even number of 2’s while
2q? is divisible by an odd number of 2’s. Therefore p? can’t equal 2q2, and
the assumption that the square root of 2 takes the form p/q is untenable.
However, this argument relies on a tacit assumption that an integer factors
in only one way as a power of 2 times an odd number. The tacit assumption
is true, but its proof takes a nontrivial effort.

Subject to the usual rules of algebra. The reciprocal of a sum is not the sum
of the reciprocals:
In general ! is not + !
&  a+b a b’
For example, trya =b=1:1/(14+1) =1/2isnot 1/14+1/1 = 2. But students
whose algebra is rusty sometimes slip up on this point.

Davision by 0 is prohibited. This prohibition is not arbitrary.

e One explanation is that to divide by a number b is to multiply by its
reciprocal, the number b’ such that bb’ = 1. But 0 has no reciprocal since
Ob’ =0 # 1 for all b’, and so division by 0 makes no sense.

e A second explanation begins by observing that to say that a/b = c is to
say that c is the number such that a = bc. So for b = 0, to say that
a/0 = c is to say that c is the number such that a = Oc. If a # 0 then
no such c exists, while if a = 0 then any c will work, i.e., all values are
equally plausible choices for 0/0, and so no one value can be preferred.
Nonetheless, the particular choices of 0 or 1 as the definition of 0/0 are
often put forward as somehow being natural and not contradicting this
second explanation.

e But a third explanation shows that any definition of 0/0 leads quickly to
nonsense. The general rule for adding fractions is

a c¢ ad + bce

b d  bd '’

so that, if 0/0 is to have meaning, for any number a,
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2+97a-0+1-079

1 0 1-0 S0
Subtract 0/0 from both sides to get a/1 =0, i.e., a = 0. That is, if 0/0 is
defined then all numbers must be 0.

Truly, division by 0 is a bad idea, even when the numerator is 0 as well.

Infinity 1s not a real number. There exist extensions of the real number
system that contain the symbols co and —oo and rules such as a + 00 = o0
and a — 00 = —oo for all finite numbers a. But these extensions compromise
the integrity of the original system’s algebra, requiring vigilance for cases and
leaving new operations undefined, such as co — o0. In this context, note that
the equality a/b + 0/0 = 0/0 from the previous comment suggests that oo
or —oo rather than 0 or 1 might be a plausible definition of 0/0. Predictably,
either of these definitions leads to its own set of problems.

In fact, our assumptions so far about the real number system are inad-
equate for calculus. The process of working through calculus examples will
illustrate the various additional assumptions that the subject requires.

Exercises

2.1.1. Argue similarly to the text that the square root of 3 is irrational. Why
doesn’t the argument apply to the square root of 47 In general, for what
positive integers n is the square root of n rational?

2.1.2. For what numbers a and b is it true that “by accident” 1/(a+ b) does
equal 1/a +1/b?
2.1.2 The Finite Geometric Sum Formula

For any real number v # 1 and any positive integer n, the sum of the first
consecutive n powers of 1 (starting at the Oth power v° = 1) is

™ —1

T+rri4- ! =
r—1

This formula is the finite geometric sum formula. It reduces a sum of many
terms to a quotient of two terms. The quantity whose powers we are summing
is denoted r because it is the ratio of each pair of consecutive terms: 1 and r,
r and 12, and so on. When convenient (especially when —1 < r < 1, i.e., when
1 is larger in magnitude than r and its powers), we make the numerator and
the denominator of the fraction positive by writing instead
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1—7m

THr+r? 4o = :
1T—r

The two ways of writing the finite geometric sum formula have the exact same
content. To prove the formula, we may verify instead that the left side times
the right side denominator equals the right side numerator,

Arr?+- 4™ N1 —r) =11, (2.1)

and this follows (exercise 2.1.3) from multiplying out the left side of (2.1).

Exercises
2.1.3. Verify formula (2.1) by multiplying out its left side.

2.1.4. Use an appropriate choice of r to show that the finite geometric sum
formula reproduces Archimedes’s calculation of the sum in (1.8) on page 11.

2.2 The Rational Power Function

The following notation is convenient to have at hand:

Z = the integers,
Z>1 = the positive integers,
Z>o = the nonnegative integers,

Z<_1 = the negative integers,
Q = the rational numbers,

R~o = the positive real numbers.

All of the symbols just introduced are names of sets. Set means collection of
elements. We take the notion of a set as something that will be comprehen-
sible in our context. In fact set theory leads to slippery issues very quickly
(see exercise 2.2.1), but what matters to us here is that the paradigm and the
notation of set theory are tremendously helpful for organizing one’s thoughts
in the process of doing mathematics.

Also, the following symbol is ubiquitous in mathematics:

“€” means tn or s in or s an element of.
And similarly,

“¢” means not in or ts not in or is not an element of.
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Thus, 1/2 € Q (read one-half is an element of Q) because indeed 1/2 is a
rational number, but 1/2 ¢ Z (read one-half is not in Z) because 1/2 is not
an integer. Note: we do not write “Z € Q”. Every integer is indeed a rational
number, so that Z is a subset of Q, but the symbol “€” denotes element
containment, not set containment. That is, the symbol “€” is understood to
have an individual element to its left and a set containing the element to its
right. The language and notation of set theory will be discussed further in
chapter 3.

2.2.1 Definition of the Rational Power Function

For any rational number o € Q, the ath power function is denoted f,

(o4

‘ fo(x) =x% for positive real numbers x € R~o.

The symbol-string “x*” is easy enough to write down, but it is only notation.
Writing x* does not address the question of what—if anything—raising a
positive real number x to a rational power & actually means. We approach
the question systematically.

For any positive integer «, define for any positive real number x,

(o4

x* =x-x---X (x times) for & € Z>.

Thus for example, exploiting the fact that 1 is multiplicatively neutral,

x3=1-x-x-x,
x2=1-%x-x,

x'=1-x%,
and this pattern extends naturally to the definition
x0 =1,

For a negative integer o (so —x is a positive integer), define for any positive
real number x,
x*=1/x"% foraxe Z< 4.

In general for a nonzero real number t, 1/t denotes the multiplicative inverse
of t, i.e., the number whose product with t equals 1. Thus the display says
that if « is a negative integer, so that —« is a positive integer and we un-
derstand x~* for any positive real number x, then x* is the number whose
product with x~* is 1. For example, for any x € R~o, x > = 1/x3 is the
number that when multiplied by x3 gives 1; here x = —3 and —« = 3.
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Next let « be the reciprocal of a positive integer, so that 1/x is itself a
positive integer. Define for any positive real number x,

x* = the unique positive number y such that y'/* =x for 1/x € Z51.
That is,
x!/™ = the unique positive number y such that y™ =x forn € Z>1.

For the just-displayed definition of x'/™ to make sense, there must be at least
one suitable y, and there must be at most one such y. For now we assume
that these conditions do hold, so that indeed a unique y exists, making the
definition sensible. This y is called the positive nth root of x. For example,
x1/? is the unique positive number y such that y?> = x, i.e., x'/? is the
positive square root of x. Thus 4'/? unambiguously means 2, even though —2
also squares to 4. The definition of x'/™ as the unique positive nth root of x
relies on an assumption about the real number system beyond those that we
have already made:

e Fvery positive real number has a unique positive nth root for any
positive integer n.

To finish defining the rational power function, let « = p/q be any rational
number whatsoever, where p is an integer and q is a positive integer. Define
for any positive real number x,

x* = (x1/9)P fora =p/q€eQ,peZ,qe€ Z>7.

One can show (see exercise 2.2.2 for a partial proof) that if also x = p'/q’
where p’ is an integer and q' is a positive integer then (x'/9")P" = (x1/9)P,
and so the definition of x* is independent of how the rational exponent « is
represented. This completes the definition of the power function.

The relevant body of algebra in this context is the laws of ezponents.
These state that for any positive real numbers x and y, and for any rational
numbers « and {3,

X%y B — Xo(+[3’ (Xoc)ﬁ —x%B — (xﬁ)tx’ x%y* = (xy)*.

One can show that the laws of exponents for rational powers are consequences
of our definition of raising a positive real number to a rational power. How-
ever, since doing so is an exercise in Math 112, we omit it here. It is worth
appreciating that the laws of exponents are uniform, i.e., even though the
definition of the power function proceeded by cases, the laws of exponents
work the same way regardless of whether each of & and f is a nonnegative
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integer, a negative integer, a positive rational number that is not an integer,
or a negative rational number that is not an integer.

If ot is a nonnegative integer then the given definition of x* can be extended
to all real numbers x, not only positive ones (e.g., we understand x3 = x-x-x
for any x, and we considered the squaring function f(x) = x? for any x in
chapter 1). Note that 0" = 0 for n € Z5; but 0% = 1. Similarly, if « is
a negative integer then the given definition of x* can be extended to all
nonzero real numbers x (e.g., we understand x =3 = 1/x3 for any x # 0). And
if ® = 1/n for some positive integer n then the definition of x* = x'/™ can
be extended to 0% = 0 always (since 0™ = 0, i.e., the nth root of 0 is 0)
and also to negative values of x if n is odd (e.g., if y> = 5 then (—y)3 = -5
because 3 is odd, so that the cube root of —5 is the negative of the cube root
of 5). Finally, if « = p/q where p is an integer and ¢ is a positive integer
and the fraction p/q is in lowest terms, then the definition x* = (x!/9)P can
be extended to all x if p is nonnegative and q is odd, to all nonzero x if p is
negative and ¢ is odd, to all nonnegative x if p is nonnegative and q is even,
and to all positive x if p is negative and q is even. The multitude of cases is
bewildering, to say the least. To avoid considering cases in analyzing the «th
power function for general rational , we have simplified our lives by insisting
that its inputs be positive, and we will generally restrict our analysis of the
power function to positive inputs. But the reader should be aware that by
standard convention, the inputs to the ath power function are in fact taken
to be

e all real numbers if « is a nonnegative integer (for example, f3(x) = x> is
defined for all x),

e all nonzero real numbers if « is a negative integer (for example, f_»(x) =
x~2 is defined for all x # 0),

e all nonnegative real numbers if & is a nonnegative rational number that is
not an integer (for example, f3,,(x) = x3/2 is defined for all x > 0),

e all positive real numbers if « is a negative rational number that is not an

integer (for example, f_,/5(x) = x~2/3 is defined for all x > 0).

Later in these notes, we will define the power function for an arbitrary
real exponent «, i.e., the exponent « will no longer be restricted to rational
values.

The last point to be made in this section is that certain particular power
functions will arise frequently through these notes, and so the reader should
learn to recognize them:
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fo is the constant function 1, fo(x) =1 for all x,
fy is the identity function, fi1(x) =x,
f_1 is the reciprocal function, f_1(x) =1/x.

Similarly, the reader should be quickly able to recognize f, as the squaring
function, f;,, as the square root function, and so on.

Exercises

2.2.1. Let S be the set whose elements are the sets that do not contain them-
selves as an element. Does the set S contain itself as an element?

2.2.2. Suppose that a positive rational number « takes the forms & = p/q
and o =p’/q’ where p,p’,q,q' € Z>1. Let x be a positive real number. We
want to show that

(X1/q)v _ (X1/q’)p"

(a) An assumption in the section says that it suffices to show instead that

((X1/q)p)qq, _ ((X1/q')p’)qq’_

Explain.

(b) Without quoting the laws of exponents, explain why the definition of
raising a real number to a positive integer exponent and then the definition
of raising a real number to the reciprocal of a positive integer imply that

((X1/q)p)qq — (x!/aypaa’ ((X1/q)q)pq —xPd’
and similarly
((X1/q’)p’)qq _ (x1/q’)p’qq’ _ (()(1/&4’)q’)p q —xP'a

(c) Explain why the quantities on the right sides of the two displays in
part (b) are equal. This completes the argument.

2.2.3. Let x be a positive real number, and let & and 3 be rational numbers.
The symbol-string

B
x%

has two plausible interpretations. Explain. Show by example that the two
interpretations can give different values. Which interpretation is the preferred
one? Why?
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2.2.2 Increasing/Decreasing Behavior

A function f is called strictly increasing if for any two input-values s and t
with t > s, also f(t) > f(s); that is, larger input-values yield larger output-
values. Equivalently, f is strictly increasing if for any distinct input-values s
and t (distinct means that s # t), the input-difference t — s and the output-
difference f(t) — f(s) have the same sign. Similarly, f is strictly decreasing
if for any distinct input-values s and t, the input-difference t — s and the
output-difference f(t) — f(s) have opposite signs. Visually, the idea is that the
graph of a strictly increasing function is higher in the y-direction over x-values
that are farther to the right, and similarly for strictly decreasing functions.
We now show that

The power function f, for any rational number « s strictly in-
creasing if « is positive and strictly decreasing if & is negative.

Having a computer plot various power functions demonstrates the result visu-
ally, but showing it symbolically is a significant intellectual improvement over
taking computer figures as God-given. To show the fact, we need to compare
the signs of an input-difference t — s and the corresponding output-difference
fa(t) — fuls).

This first step of the argument is to compute for any positive real numbers
s and t, and any positive integer n (using the laws of exponents and the finite
geometric sum formula),

th—sT =s"((t/s)"—1)
=s™((t/s) = D1+ (t/s) + (t/s)* + -+ (t/s)™ ) (2.2)
=(t—s)s™ (14 (t/s) + (t/8)2 + -+ (t/s)™ ).

In the last line of (2.2), s™ ' and the sum are both positive, and so the
computation has shown that

t™ —s™ and t — s have the same sign for s,t € R~o, n € Z>1. (2.3)

Next let n be a negative integer, so that —m is a positive integer. Again
suppose that s and t are positive real numbers. Then 1/s and 1/t are also
positive real numbers. By definition,

th—st = (1/t) " —(1/s) ™.

Also, (2.3) with 1/s in place of s, 1/t in place of t, and —n in place of n says
that
(1/t) ™ = (1/s) ™ and 1/t — 1/s have the same sign.
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To study how the sign of 1/t — 1/s relates to the sign of t — s, suppose
first that 1/t > 1/s. Multiplying the inequality by the positive quantity st
preserves its direction, giving s > t. Similarly, if 1/t < 1/s then s < t. That
is,

1/t —1/s and t — s have the opposite signs.

And so, putting the last three displays together gives
t™ —s™ and t — s have opposite signs for s,t € Roo, n€ Z<_1.  (2.4)

Now let @ = p/q where p is an integer and q is a positive integer. Suppose
that s and t are positive real numbers. Since s* = (s'/9)P and t* = (t1/9)P,
(2.3) and (2.4) with n = p give

the same sign if p > 0,
t* —s% and t'/9 — 5179 have ) .g ] P
opposite signs if p < 0.

Also, since s = (s'/9)9 and t = (t/9)9, (2.3) with n = q gives
t—s and t'/9 — s'/9 have the same sign.
Combine the previous two displays to get

the same sign if @ > 0,
t* —s* and t —s have ] ‘g ]
opposite signs if & < 0.

That is:

. . strictly increasing if o« > 0,
The rational power function f4(x) is ] y . & ]
strictly decreasing if & < 0.

In the remaining case x = 0, the power function fo(x) is the constant func-
tion 1.

Exercise

2.2.4. (a) Continue the calculation (2.2) in the text to establish a slight gen-
eralization of the finite geometric sum formula, the difference of powers
formula: For any positive real numbers s and t, and any positive integer n,

s = (t =)tV M st 32 4 T, (2.5)

(b) Write out the difference of powers formula forn =1, n =2, n = 3,
and n = 4.
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2.3 Integration of a Particular Rational Power Function
2.3.1 The Problem
Find the area under the graph of the function
f(x) = x%/3

from x =1 to x = 8. The situation is shown in figure 2.1. Since f is the power
function f, where o = 2/3 is positive, f is indeed strictly increasing as shown
in the figure.

A

Y

Figure 2.1. Area under a curve

Recall that we believe that raising any real number between 1 and 8 to
the two-thirds power is a meaningful thing to do. Specifically, it is understood
to mean taking the cube root and then squaring. Squaring a number is non-
controversial, since it is a special case of multiplying two numbers, something
that we have assumed we can do. Taking cube roots—and taking nth roots
in general—is not part of basic algebra, but it has been appended to the list
of things that we assume we may take for granted.

As with the quadrature of the parabola, a tacit assumption in our new
problem that can easily pass unnoticed is the assumption that indeed there
is an area-number to be found.

2.3.2 Intuitive Vocabulary

Call a positive real number



2.3 Integration of a Particular Rational Power Function 37

e large if it is very far away from 0,
e small if it is very close to 0,
¢ medium-sized if it is moderately far away from or close to 0.

Yes, these terms are too qualitative to be mathematically precise. So the lan-
guage will need to be understood from context. The point is that being able
to track the qualitative sizes of various quantities facilitates insight into the
computations of calculus. Imprecision is not acceptable mathematical method-
ology, but precision is guided by insight. Furthermore, complete precision is
virtually never attainable, and it is not the goal in and of itself. Precision and
insight complement each other in strengthening our understanding.

2.3.3 The Idea to be Demonstrated

The idea is:

Computing a medium-sized number can require calculations that
use large and small numbers en route. Calculus encodes methods
for doing so.

Indeed, a calculus is a stone or pebble. The pebbles of mathematical calculus
are the intermediate small numbers that generate a final medium-sized one.

The end-results of calculus conceal the intermediate steps in which the
large and the small are manipulated to obtain a medium-sized answer. Oper-
ationally the concealment is a convenience since the calculations are detailed,
but in practice it means that students often learn to apply calculus mechani-
cally, substituting values into its formulas, without appreciating its finesse. A
goal of this set of notes is that students do gain some sense of these matters.

In some situations, rules about numbers are plausibly obvious, but for
other scenarios there are no rules. For the following discussion, recall that our
informal taxonomy of large, small, and medium-sized applies only to positive
numbers.

o (Situations with plausible rules.) The sum of two large numbers is a large
number. Similarly for two medium-sized numbers and for two small num-
bers. The sum of a large number and any other positive number is again
large. The sum of a medium-sized number and a small number is again
medium-sized. The product of a small number and a medium-sized num-
ber is small. The product of a medium-sized number and a large number
is large. And so on.

These rules are plausible only at the level of intuition since (again) the
terms large, small, and medium-sized are imprecise. To illustrate the
imprecision, if the sum of two small numbers is again small, then the sum
of three numbers should be small too, since the sum of the first two small
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numbers is small and then the threefold sum is the sum of the small twofold
sum and the small third number. But by iterating this reasoning, the sum
of a thousand small numbers is small, or a million, and the intuition is
no longer valid. The intuition of calculus is fragile because the actual
calculations can be delicate.

(A situation with no rule.) The sum of many small numbers can be large,
medium-sized, or small. For example,

]071000 + 1071000 TS 1071000 (]02000 times) _ ]01000,
while
1071000 4 10=1000 4 .. 4 191000 (101000 fimes) — 1,
and

]071000 + 1071000 T 1071000 (]0500 times) — 107500'

In fact, numbers such as 10'9%° and 107°°° are unimaginably large and

small in any sort of physical terms. There are some 1077 elementary par-
ticles in the universe, and 77 - 13 = 1001, so 10'°°° elementary particles
would make roughly one-tenth of a universe of universes of universes of
universes of universes of universes of universes of universes of universes of
universes of universes of universes of universes. But this is of no conse-
quence, since we are treating numbers as purely platonic entities, not as
descriptions of physical quantities.

One master concept of calculus that we will study, the integral,

comes—in its simplest form—ifrom sums of ever more, ever-

smaller numbers.
Thus although this bullet says that we do not know in general how such
sums behave, the ones that arise in calculus from reasonable situations
will behave well in the sense of producing medium-sized answers as they
should. We have already seen an example of this in chapter 1, where the
finite geometric sum

O )0

visibly tends to 4/3 when we add more and more terms by letting n grow.
(Another situation with no rule.) The quotient of two small numbers

can be large, or medium-sized, or small. Indeed, the calculations
]07500 _ ]OSOO 1071000 _ 1071000 _ ]0_500
10—1000 — » 1p0—1000 T 10-500

provide examples.
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The other master concept of calculus that we will study, the
derivative, comes from quotients of two ever-smaller numbers.
This bullet says that such quotients can behave wildly, but again the ones
that arise in calculus from reasonable situations will produce medium-sized
answers. We have already seen an example of this in chapter 1, where the

difference-quotient

s2 —x2

, S#X

is a ratio of terms that both grow small as s tends to x, but since the
difference-quotient is also s + x, it is medium-sized, and it visibly tends
to 2x as s tends to x.

e (Not-really-another situation with no rule.) The product of a small num-
ber and a large number could be small, medium-sized, or large. This is
nothing new because the product can be interpreted as a quotient of two
small numbers, or as the quotient of two large numbers. Specifically, if a is
small and b is large then the reciprocals a—' and b~ are large and small,
and ab=a/b~'=b/a"".

S§—X

To repeat, an intuitive understanding of calculus is an understanding of how
to compute medium-sized quantities using very large and very small num-
bers correctly en route. The intermediate steps will require care since their
workings are not immediately transparent to our intuition.

Exercise

2.3.1. Describe more situations with plausible rules.

2.3.4 The Problem Again, and the Pending Calculation
Recall the problem: Find the area under the graph of the function
f(x) = x*/3

from x =1 to x = 8. We are going to approximate the area by calculating
the areas of many boxes, as shown in figure 2.2. Here are some features to
observe about the figure:

e The region in question is roughly a trapezoid, so our eventual answer
should be roughly the corresponding trapezoid-area, the base times the
average of the heights, (8 — 1) - (1 +4)/2 = 17.5. But since the graph is
concave (i.e., it bulges up in the middle, at least according to the computer
that drew the figure), the true answer will be a little larger than this.

e Hach box-height is determined by the value of the function over the left
endpoint of the box-base.
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A
41
f(x) =x2/3
]
11
1 8

Figure 2.2. Box-areas under a curve

The boxes do not all have the same width, but their widths seem to be
regular in some way, and because the graph of the height-determining func-
tion f(x) = x?/3 is also regular, the box-areas appear regular in turn. The
visual regularity of the box-widths and box-areas will soon be explained
symbolically.

Figure 2.2 shows twenty boxes in particular, but the idea is to calculate
for n boxes where n is a general-purpose symbol, and then at the end
of the calculation, let n grow very large. Although right-more boxes are
wider, if n increases enough then plausibly even the rightmost box will
grow narrow, and so the boxes will tend toward filling all of the region
under the graph.

We will obtain a formula for the sum of the box-areas. Initially, the formula

will be a sum of many small numbers, and so its nature will be unclear.
But patient calculation will manipulate the formula into an expression that
involves only medium-sized numbers, making it easy to understand. Only
then will we let the number of boxes grow very large and see to what number
the sum of their areas tends.

2.3.5 Tools To Be Used

The laws of exponents. Again, these state that for any positive real num-
bers x and y, and for any rational numbers « and f3,

x%xB — XOH—B, (ch)ﬁ = x*B — (Xﬁ)oc, x*y* = (xy)*.



2.3 Integration of a Particular Rational Power Function 41

e The finite geometric sum formula. Again, the formula is that for any
real number r # 1 and any positive integer n,

n
Thrr gt =1 )
r—1
or 1 n
THrr? 44 = ]:TT :

o Algebra. As mentioned already, the idea is to calculate for n boxes where
N is a general-purpose symbol. Consequently, various other quantities in
the calculation will have to be represented by symbols as well rather than
numbers, because they depend on n. Only at the end of the calculation,
when we let n grow very large, will the symbols that we are working with
finally yield an actual number as the answer.

Working through the calculation will also require patience, attention-span,
persistence, and study-skills. Since the problem being solved is nontrivial, the
solution is larger than bite-sized, perhaps too much to process in one reading.
Even for several readings, having a pen and scratch paper at hand to keep
track of the main quantities in play may be helpful.

2.3.6 The Geometric Partition

We return to the problem of finding the area under the graph of the function
f(x) = x?/3 from x = 1 to x = 8. Again see figure 2.2. Throughout the
following calculation, one fundamental quantity is driving everything else:

The number of boxes is n.

Thus
n is large.

As already explained, the figure shows twenty boxes but the idea is to calculate
for a generic number of boxes, and then only after the calculation yields its
result, the number of boxes will then grow very large. Make the following
definition:

The first partition point is s = 8'/™.

That is, the first partition point s is a real number—dependent on the number
of boxes—that is greater than 1. In figure 2.2, s is the right endpoint of the
base of the leftmost box. To rephrase the definition:

The first partition point is the positive number s such that s™ = 8.
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Note that 1™ = 1, while 2™ is large when n is large. So s lies between 1 and 2,
and the more boxes there are, the closer s tends to 1 from the right. Thus
(exercise 2.3.2)

s — 1 is small.

Divide the x-axis from x = 1 to x = 8 into n intervals having the partition
points

X2 = Sz,

X3 = 83,
n—1
Xn-1=S§ ’

Xn =8" =8.

That is, using the symbol i to serve as a counter:

The partition points are x; =s* fori=0,---,n. ‘

This partition of the x-axis from x = 1 to x = 8 is a geometric partition (see
figure 2.3, in which n = 10), as compared to a uniform partition, where all
intervals have the same width. The geometric partition will lead nicely to a
geometric sum in our pending area-calculation. It does so for reasons that rely
on the function f(x) = x?/3 of our example being a rational power function.
The choice of a geometric partition rather than a uniform partition to solve
our integration problem is guided by hindsight, an example of the artfulness
of calculus.

[
%y

sls 8171 Si sn71 sm

Figure 2.3. A geometric partition

Exercise

2.3.2. This exercise quantifies the assertion that if s = 8'/™ then s —1 is small
when n is large. More generally, let b be any real number greater than 1, and
let s =b'/™. Here b is fixed but the positive integer n varies.
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(a) Explain why s # 1.

(b) Explain why

B b—1
Cl4s+sZ4eopgn

s—1

(c) Explain why
b—1
s—1<——,
n

and therefore s — 1 is small.

(d) If 0 < b < 1 (instead of b > 1) then what is the nature of s — 1 when
n is large?
2.3.7 The Intervals and Their Widths

The intervals determined by the geometric partition are

I; = the x-axis from xo to x1,
I, = the x-axis from x7 to x»,

I3 = the x-axis from x; to x3,

I,, = the x-axis from xn_1 t0 Xn.
That is:
The intervals are I; = the x-axis from x;_1 tox; fori=1,--- n.
Their widths are

Ax1=%x1 —%x9=8—1,

2

Axy; =%x2 —x1 =8 —s=(s—1)s,

Axz =%x3 — X2 =s°> —s2 = (s —1)s?,
AXpy =Xn —Xn_1 =" —s™ T =(s—1)s" ',

That is:

The interval-widths are Ax; = (s — 1)st™! fori=1,--- n.

Thus the ith interval-width is the product of the small number s — 1 with
a medium-sized number s'~'. This symbolic regularity in the formula for
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the interval widths corresponds to the geometric regularity of the widths in
figure 2.2. Because s is greater than 1, the formula Ax; = (s — 1)s'~! shows
that the intervals are getting wider as i increases, but even the greatest width,
(s — 1)s™ 1, is less than (s — 1)s™ = (8'/™ — 1) . 8, and as n gets large this
becomes a product of a small number and a medium-sized number, i.e., it
becomes small.

2.3.8 The Inner Box-Areas

The base of the ith box is Ax;. The height of the ith box is the value of the
function f(x) = x?/3 at the left endpoint of the ith interval,

2/3

f(Xi,1) =Xiq = (Si_1 )2/3 for i = ], , M.
Thus the area of the ith box is
Axi-flxiog) = (s =Dst 1 (s71)23 fori=1,--- n.

But by the laws of exponents,

Sii] (5‘171 )2/3 _ (Sif'l )5/3 _ (85/3)171‘

And so:

]

The inner box-areas are (s — 1)(s%/3)

fori=1,--- ,n.

Thus the ith box-area is the product of the small number s—1 with a medium-
sized number (s°/3)'~1. As with the interval-widths, the symbolic regularity
in the formula for the inner box-areas corresponds to the geometric regularity
of the areas in figure 2.2.

2.3.9 The Sum of the Inner Box-Areas

Recall that we have n boxes and that s = 8'/™. The sum of the inner box-areas
is
Sa=(s—1)- [(35/3)0 + (35/3)1 + (35/3)2 TR (Ss/s)nq]
= (5= 1) [T4 (83 4 (832 4o (53]

This is a small number, s — 1, times a sum of many medium-sized numbers,
14553 4 (s%/3)2 4 ... 4 (s/3)" 1 So it is a small number times a large
number, and as such, it does not have an obvious size. But, as anticipated,
the happy choice of a geometric partition of the x-axis has reduced the sum
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of inner box-areas to a finite geometric sum. Specifically, the sum in square
brackets is a finite geometric sum with ratio r = s°/3, and so by the finite
geometric sum formula,

(55/3)11_]

Sn:(s—])w

So we have collapsed the sum, with its many terms, to a quotient of only
two terms. But still the factor s — 1 out front is small, as is the denominator
s/3 —1 of the fraction. On the other hand, the numerator is 31, since s™ = 8
and so (s%/3)™ = (s™)%/3 = 85/3 = 32. After rearranging, the sum of the inner

box-areas is
s—1

Sn=31" 55—,

s=8"/m, (2.6)

The 31 is quintessentially medium-sized, but the numerator and the denomi-
nator of the fraction are both small.

We make a substitution to eliminate the fractional exponent 5/3 from our
expression for S,,. Let

§=s'3=2"/m
So § is slightly bigger than 1. That is,

§— 1 is small.

The sum of the inner box-areas is now

§$ -1 ]
_ s 71/
Sn—31-§57], §=2"/"
which rewrites as
(gs_])
S, =31. 251/ o _yim

$ -1\’
§—1
Rewriting S, this way may not seem to help matters, since §3 —1, § — 1, and

§2 — 1 are all small. But it sets up the finite geometric sum formula twice
more (since § # 1), expanding sums now rather than collapsing them:

1+§+%2

§=2"m
11518218 +8 °

The inner box-area sum is S;, = 31 -

And since § is close to 1, the numerator and the denominator of the fraction
are now medium-sized. Our prescient choice to use the geometric partition,
and then our patient effort of

e deriving a long geometric sum,
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e collapsing it to a quotient,

e rearranging the quotient,

e and finally expanding two short geometric sums in the numerator and the
denominator of the quotient

have eliminated all large or small numbers from the formula for the sum of
the box-areas.

2.3.10 The Limiting Value

Finally the calculation can give a meaningful medium-sized answer. As the
number n of boxes grows very large, the auxiliary quantity § = 2'/™ will
tend to 1, and so the sum of inner box-areas will tend to an easily calculable

number,
1+141 23

TH1+14141 5
Since the boxes are filling up the region under this curve, this number must
be the area. And indeed, it is slightly larger than the original underestimate
of 17.5. Summarizing,

=18.6.

S., tends to 31-

The area under the graph of f(x) = x2/3 from x = 1 to x = 8 is 18.6.

Or, introducing some notation,

8
J f=18.6 where f(x) = x*/3.
1

That is, the integral sign “[” is simply shorthand for the area under the
graph.
This is calculus.

Exercises

2.3.3. Show that in a calculation similar to the one in the section but using
outer boxes rather than inner boxes gives the following result:

The ith outer box-area is s2/3

times the ith inner box-area,i=1,--- ,n.

Therefore the sum of the outer box-areas is s2/3 times the sum of the inner
box-areas. To what value does s2/3 tend as the number n of boxes grows? To
what value does the sum of the outer box-areas consequently tend?
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1/2

Figure 2.4. Boxes for exercise 2.3.4

2.3.4. Find the area under the graph of the function f(x) = x /4 = 1/x1/4
from x = 1 to x = 16, using outer boxes. (See figure 2.4. Here the power
function f = f, is strictly decreasing because & = —1/4 is negative.) Your
writeup should review the ideas of the section.

2.3.5. Find the area under the graph of the function f(x) = x~7/% from
x = 1 to x = 16. (For this function, the picture still looks qualitatively
like figure 2.4 because of the negative exponent, but the algebra involves a
new wrinkle: your calculations should lead you to an expression involving the
quantity 1/(s—3/4 — 1), different from the example in the section and from
the previous exercise because of the negative exponent. However, note that

1 s3/4
s 341 $/A_7

and now the calculation can continue as before.)

2.3.6. Try to apply the same ideas to find the area under the graph of the
function f(x) = 1/x = x~! from x = 1 to x = 10. This time the process breaks
down. Where does it do so, and why? For what rational exponents o« will the
power function f(x) = x* lead to this breakdown?

2.4 Differentiation of the Rational Power Function

2.4.1 The Problem

Recall that for any rational number «, the ath power function is denoted f,,
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(o4

fo(x) =x* for positive real numbers x € R~o.

The problem is: For any x > 0, find the limiting value of the difference-
quotient
fols) — fulx)
s—X

as s tends to x. As with the squaring function in chapter 1, the numerator
in the display is the difference of the output-values of the power function f
at an input s # x and at x itself, and the denominator is the difference of the
corresponding input-values s and x.

2.4.2 The Calculation

Consider the special case that « is a nonnegative integer. Let s € R~ be a
positive number other than 1. Recall the finite geometric sum formula, but
with the r in the formula being the s here,

s* —1

=1+4s4+s2+.-+s* s#1.

S —

(The sum on the right side is understood to be 0 if &« = 0.) As mentioned
above, the left side of the previous display is a difference-quotient. On the
other hand, the right side of the display is an «-fold sum. If the input-
difference s — 1 is very small then the summands all tend to 1, and so:

fols) — ful(l)

as s tends to 1 1s «.
s—1

For o € Z>¢, the limiting value of

(The argument just given supports the statement in the case & = 0 if we
understand the summands all tend to 1 to be vacuous in that case.) So far
the boxed result holds only if « is a nonnegative integer. The goal of this
section is to show that the boxed result holds when « is any rational number
whatsoever, and then to generalize the “1” in the formula to any positive
number X € R~o.

Suppose next that &« € Z< 1 is a negative integer. Thus now —oa is a
positive integer. That is, the boxed result holds with —« in place of &, and
we want to re-establish the boxed result for « itself. Note that

x* = (1/x)™* for positive real numbers x € R~g.

This formula is useful because (1/x)~* is a positive integer power, the sort of
thing that we analyzed a moment ago. The idea now is to reduce the behavior
of the negative integer power to that of the positive integer power. By the
previous display and a little algebra,
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s*—1 _1. (1/s) > —1
s—1 S 1/s —1
t*—1

t—1

=—t- where t =1/s, s # 1.

If s tends to 1 then so does t. Thus the —t on the right side of the previous
display tends to —1 as s tends to 1. The fraction on the right side of the
display tends to —« by the previous calculation. So the entire right side tends
to (—1)(—a) = &. That is, the boxed result has been extended to all integers:

fols) —fu(l)

For & € Z, the limiting value of ]
s —

as s tends to 1 is «.

Now let @ = p/q where p and q are integers with q nonzero. Then

s* = (s'/9)P for positive real numbers s € Ro.

Consequently,
sx—1 (sV/ayp_1 glVa_1
s—1 sl/a_1  s—1
_tP—1 t-1

where t =s'/9, s £ 1.

T t—1 ta—1
As s tends to 1, so does t. By the results already established, the quotients
on the right side of the previous display tend respectively to p and 1/q as s
tends to 1. Thus their product tends to p/q, i.e., it tends to «. Now the boxed
result has been extended to all rational numbers:

fols) —fa(l)

] as s tends to 1 is .
S —_

For & € Q, the limiting value of

Finally, replace the normalized value 1 by any positive number x € R~o-
Then

s*—x*  x¥((s/x)*—1)
s—x  x((s/x)—1)
ocf1t(x—]

=X [

t—1

where t = s/x, s #£ x.

If s tends to x then t tends to 1, and so the quotient on the right side of the
previous display tends to «. The boxed result has been extended from x =1
to any positive real number x € R~o:

1

fals) = fulx) as s tends to x is aox* .

S—X

For « € Q, the limiting value of
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This completes the argument. Again introducing some notation, the conclu-
sion is

For a € Q, f) = afx_1.

That is, the prime is simply shorthand for the limiting value of difference-
quotients.

Note that when & = 2, we recover the formula for the tangent slope of
the parabola: the derivative of the squaring function f,(x) = x? for all x > 0
is the function 2f;(x) = 2x for all x > 0. Similarly, the derivative of the
identity function f(x) = x for all x > 0 is the constant function fo(x) = 1 for
all x > 0, and the derivative of the constant function fo(x) =1 for all x > 0 is
the constant function 0-f _;(x) = 0 for all x > 0. The reader should understand
these last two facts in terms of tangent slopes (exercise 2.4.3).

Exercises

2.4.1. Is there a rational power function f, whose derivative is f 1?7 Is there
arational power function f, whose derivative is any constant multiple of f ;7

2.4.2. The last boxed result in the section took four steps to derive. Rederive
it in three steps instead by using the difference of powers formula (2.5) from
exercise 2.2.4.

2.4.3. (a) Graph the function f;(x) = x for all x > 0. For any x, what is the
tangent slope to the graph at the point (x,f(x))?

(b) Graph the function fo(x) = 1 for all x > 0. For any x, what is the
tangent slope to the graph at the point (x,f(x))?

2.4.3 A Fundamental Observation

The area calculation in section 2.3 reduced the problem of studying an
integral—the limiting value of sums of many small terms—to the problem
of studying the limiting value of quotients of two small terms. Specifically,
computing the area under the graph of the power function

f23(x) = x*/3

from x =1 to x = 8 led to equation (2.6) on page 45, now slightly rewritten,
5/3 _ 1
Sn=31/5 =, s=g/m
s—1

Here S;, is the sum of the inner box-areas for n boxes, and the question was
to what value S,, tends as the number n of boxes grows.
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In fact, as n grows, s tends to 1, and so the area calculation is reduced to
the derivative calculation of section 2.4. That calculation says that

f5/3(3)—f5/3(1)
s—1

the limiting value of as s tends to 1is 5/3,
and so now we can finish the integration more quickly than we did in sec-
tion 2.3,

the limiting value of S, is 31/(5/3) = 18.6.

In fact, a rereading of section 2.4 and then section 2.3 from equation (2.6)
to the end shows that the general derivative calculation encodes the end-
calculation of the integral as a special case.

On the face of things, the original integration problem is unrelated to any
derivative, and yet the calculation reduced to a derivative: not the derivative
of the original power function f,,3, but of a different power function fs5,3
instead. Computing the derivative thus enabled us to compute the integral. A
result called the Fundamental Theorem of Calculus will tell us that this
was no fluke. Derivative-values will give integral-values under a wide range of
circumstances.

2.5 Integration of the Rational Power Function

The solution of a slightly more general integration problem than the one
in section 2.3 should be digestible now. The only new issue is that the left
endpoint 1, the right endpoint 8, and the power 2/3 will become general
symbols a, b, and «. Thus the problem is: Let a and b be real numbers with
0<a<b, and let « # —1 be a rational number. Find the area under the
graph of the function

f(x) =x*

from x =a to x =b. If & > 0 then f, is strictly increasing, while if x < 0
then f, is strictly decreasing, but this will turn out to be irrelevant. The
odd-seeming restriction that & # —1 will emerge naturally from the pending
calculation.

2.5.1 The Normalized Case

First consider the case where the left endpoint is still 1 and the right endpoint
is b where b > 1. As before, let n be the number of boxes, and let s =b'/™,
i.e., s is the positive number such that s™ = b. As shown in exercise 2.3.2,
s — 1 is small. The points of the relevant geometric partition are again



52 2 The Rational Power Function
xi =s' fori=0,---,n,
the intervals determined by the geometric partition are
I; = the x-axis from x; 1 tox; fori=1,--- n,
and their widths are

Axi = (s—=1s*1 fori=1,---,n.

The base of the ith box is Ax;. The height of the ith box is the value of the
function f, over the left endpoint of the ith interval,

falxii) =xF, =(s""1)* fori=1,--- n.
Thus the area of the ith box is
Axi - falxi1) = (s =1 sV ¥ = (s = 1)(s* )1 fori=1,--- n.
The sum of the box-areas is consequently
Sm=(s—1)-[1+ (1) 4 (s 1)2 oot 4 (Soc+1)n71] _

Because o # —1, the ratio s**! in the geometric sum is not 1, and so the
finite geometric sum formula applies,

SnZ(S*])' [] +(S“+1)+(S“+1)2+---+(S“+1)n_1]

(Soc+1 )n 1

A Ry
s—1

= ((STL)OLJr1 —1)- P

oc+17]
:(bwq)/iss_] . s=b'/m,

The derivative calculation in section 2.4 at x = 1 shows that therefore:
bcx+1 1

o+ 1

The limiting value of S;, as n gets large is

A similar calculation using the right endpoints of the intervals gives the
same limiting value. Now the box-heights are

fxe) = f(s) = (s)% = s%(s" )% = s%f(s' 1) = s%F(xi_1),
so that each box-area is multiplied by s*, giving box-area sums

Th = s%S,.
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And because s* tends to 1 (exercise 2.5.1), T, tends to the same limiting
value as Sy, as the number of boxes grows.

If x > 0, so that f, is strictly increasing, then the boxes whose areas sum
to S,, lie beneath the graph of f, from 1 to b, and so the values S,, are all less
than the area under the graph; similarly the values T,, are all greater than the
area if & > 0. And if @ < 0, so that f, is strictly decreasing, then conversely.
In either case, the common value tended to by S,, and T,, must be the area
trapped between them. Summarizing, for any rational number & # —1 and
any real number b > 1,

at+l _ 1
The area under the graph of fy(x) =x* fromx=1tox =Db is e
And in more mathematical notation,
b bt 1
=— -1, b>1. 2.7
La 31 *€QaF-1,b> (2.7)

The end of the integration argument, as presented here, has improved
over its prior incarnations in sections 1.2 (quadrature of the parabola) and 2.3
(integration of f,,3 from 1 to 8). In those sections, the argument was that asn
grows, the triangles fill the parabolic region, or the boxes fill the region under
the power function’s graph. Now the argument is less reliant on geometry and
more on numbers: as N grows, box-area sums too small to be the desired area
and box-area sums too large to be the desired area tend to a common value,
and so this value must be the desired area. This point is important. So far
we have been using the terms area and integral roughly as synonyms, but a
better approximation to the right idea is that:

An integral is an area that is the common limiting value of boz-
area sums that are at most big enough and boz-area sums that are
at least big enough.

This language will be made quantitative at the end of the next chapter.

Exercises

2.5.1. Let b > 1 be areal number. Let n be a positive integer and let s = b'/™.
Let « = p/q be a rational number, with p an integer and q a positive integer.
This exercise shows that s* tends to 1 as n grows.

(a) Explain why s* = b'/™ where b = b*.

(b) Explain why exercise 2.3.2 (page 42) now completes the argument.

2.5.2. What happens in the calculation of j‘:’ fx when & =07
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2.5.2 The General Case

The calculation so far has been normalized in that its left endpoint is 1. To
change the left endpoint to an arbitrary positive real number a, we first give
a geometric argument using boxes to establish the following proposition.

Proposition 2.5.1 (Scaling Result for the Power Function). Let a,
b, and ¢ be real numbers with 0 < a < b and ¢ > 0. Let « be any rational
number, including the possibility x = —1. Then

bc b
x+1
J fo =c¢ J fu.
ac a

See figure 2.5. In the figure, the scaled interval [ac, bc] lies entirely to the
right of the original interval [a, b], but in general this need not be the case:
the scaled interval can also lie to the right of the original interval but with
overlap, or to the left of the original interval but with overlap, or entirely to
the left of the original interval (exercise 2.5.3).

Y

Figure 2.5. The right area is ¢>/3 times the left one

In our present context of integrating the power function f, we are assum-
ing that o # —1. The proposition is being presented as a self-contained entity
because we will refer to it again in chapter 5 for the case ® = —1, to which it
applies as well.

The proof of the proposition proceeds as follows. First let b > 1, let n
be a positive integer, let s = b'/™, and recall our machinery from the nor-
malized calculation—the partition points x; of [1, b], the interval-widths Ax;,
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the heights f,(x;_1) over the left endpoints, and the heights f,(x;) over the
right endpoints, culminating in the box-area sums S,, and T,, = s*S,,. The
left part of figure 2.6 illustrates the boxes whose areas sum to S, in a case
where « > 0. Here S, is less than the true area under the graph from 1 to b,
while T,, is greater than the true area. If instead & < 0 then S,, is greater than
the true area and T,, is less than it. So far this discussion has only repeated
ideas from the normalized calculation.

y = x2/3
1 b c be

Figure 2.6. The right box-area sum is ¢®/° times the left one

Now let ¢ > 0. Scale the partition of [1,b] by c to get a partition of [c, bc],
% =cx' fori=0,---,n.
These partition points determine subintervals of width
AX; = c Axy,
heights over left endpoints
fo(Xi1) =falexi1) = c*faulxi 1),
and heights over right endpoints

fal(Xi) = falexi) = c*fu(xi).

The box-areas are now A%; - fo (%i_1) = ¢*tTAx; - fo(xi_1) and A%; - fo (%) =
¢t Ax; - fo(xi), and the box-area sums are now

Sp=c*'S, and Tn=c*'T,. (2.8)



56 2 The Rational Power Function

The new boxes whose areas sum to gn are shown in the right part of figure 2.6.
If « > 0 then gn is too small to be the true area under the graph of f from ¢
to bc, and so on, just as before.

Let n grow large. Then on the one hand, making no reference to the
explicit formulas for S,, and T;:

The fact that S, and T,, trap the area under the graph of f, from 1
to b between them, and the facts that T,, = s*S,, and s* tends to 1,
combine to show that S,, and T,, tend to the same limiting value,
that value being the area.

(For the reader who is justifiably uneasy with the argument just displayed in
italics: it will be shored up at the end of the next chapter.) Since S;, and T,,
tend to f:’ fu, (2.8) shows that S, and T, both tend to c**! j‘? fo. But on

the other hand, the geometry underlying gn and Tn shows that the common
value that they tend to must be the area trapped between them, f};c o
Consequently:

bc b

fo =T J fo. (2.9)

Iszlandc>0thenJ.
1

C

And now, more generally, if 0 < a < b and ¢ > 0 then

bc b/a
J. fo = (ac)**! J fo by (2.9) with b/a, ac for b, ¢

ac 1
and

b b/a
J fo = a*t! J f« by (2.9) with b/a, a for b, c.
1

a

Combining the last two displays gives the desired result,

bc b

fo = ™! I fo. (2.10)

a

If0<a§bandc>0thenJ.
ac
Thus Proposition 2.5.1 is proved. To review, the basic idea is that for the
power function, scaling a box horizontally by the factor ¢ scales it vertically
by c*, giving an area-scaling factor of c**'. This observation doesn’t depend
on the boxes arising from the geometric partition in particular, or on our
being able to put the box-area sum into a tidy form. Instead, it depended on
the admittedly hand-waving argument displayed in italics above. Again: we
will return to that argument in the following chapter.

With (2.10) in hand, we can complete the integration of the power func-
tion. Again let & # —1 be a rational number, and let 0 < a < b. Then
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b (b/a)
J. fo = J fo by basic algebra
a 1-a
b/a
= q**! J fo by (2.10) with 1, b/a, a for a, b, ¢
1

by the normalized result (2.7)

o+ 1
bcx+1 o+1
(x_'_c]l by algebra.
That is,
b boc+1 _aoc+1
Jf“:?, x€eQ, a£x—-1,0<a<h. (2.11)
a

This completes the integration of the power function, excluding the special
case of the reciprocal function f_;. We will return to the integral of the
reciprocal function in chapter 5.

Exercise

2.5.3. Given positive numbers a and b with a < b, give conditions on the
positive number c such that

(a) lac, bc] lies entirely to the right of [a, b],

(b) [ac, be] lies partially to the right of [a, b] but with overlap,

(c) lac, bc] lies partially to the left of [a, b] but with overlap,

(d) [ac, bc] lies entirely to the left of [a, b].

2.6 Summary

Having discussed the parabola very informally in the previous chapter and
then the power function somewhat informally in this chapter, we now have
raised enough questions to make a closer discussion of calculus necessary,
and we now have worked through enough examples for the discussion to be
comprehensible.
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Sequence Limits and the Integral

A limait is a value that is tended to, whether it is attained or not. The un-
explained notion of tends to, which has served as the workhorse for finishing
off arguments in the previous two chapters, needs to be made quantitative.
A description of how to do so emerged in the nineteenth century, long after
Newton and Leibniz. It has since stimulated generations of calculus students,
for better or for worse.

The definition of limit should be enlightening once the student under-
stands it by parsing it, seeing it used, and learning to use it. But because
the definition involves two diagnostic quantities that interact in a delicate
way, and because working with the definition requires skill with symbol-
manipulation and with language in concert with geometric intuition, coming
to terms with it can take some time, a resource always in short supply during
a calculus course. Hence:

The student is encouraged to engage with the limit arguments in
this chapter lightly and to taste.

Said engagement should give some sense of why the definition of limit captures
the right idea, and some sense of what form an argument using the definition
should take. But it is much more important to understand the results—and
their uses—than to understand every detail of every argument that the results
hold.

Section 3.1 discusses preliminary matters: sets, functions, and sequences.
A sequence is a special kind of function, naturally viewed as a list of data,
such as the lists of successive area-approximations that we generated during
the course of integrating the power function. Section 3.2 defines the limit of a
sequence, the value to which the data are tending. With the limit of a sequence
defined, we can prove basic results about sequence limits, and we can make
inferences about unknown sequence limits in terms of known ones, leading to



60 3 Sequence Limits and the Integral

more results. Section 3.3 uses the results of this chapter to redo some of the
limit calculations from chapters 1 and 2 more satisfyingly. Once we see the
methods work, it becomes clear that their scope extends beyond the particular
instance of the power function. A precise and manipulable definition of the
integral becomes natural to write down, and results about integration become
natural to prove. As a payoff on our investment in definitions, the language
suddenly, unexpectedly, carries us farther in clarity and results, with no more
computational effort. The serendipitous economy of ideas is pleasing.

Still, the definition of limit given in this chapter is neither the alpha nor
the omega of the idea. Calculus flourished for centuries before this definition
evolved. We should not be so arrogant as to presume that the great math-
ematicians of the seventeenth and eighteenth centuries couldn’t understand
their subject without the nineteenth century definition of limit. Indeed, a
1980 text called Calculus Unlimited by Jerrold Marsden and Alan Weinstein
develops the whole subject with no recourse to limits at all. Nor should we
believe that the nineteenth century definition of limit is the end of the story.
It prominently features the phrase there exists, whose meaning is still in con-
tention. Does something exist only if we know an algorithm to compute it, or
does it exist if its nonexistence seems untenable, i.e., does it exist abstractly as
compared to computationally? Do the two different notions of existence lead
to different bodies of mathematics? Sadly, a traditional first calculus course
has no time for these questions, but the student should be aware that they
are serious ones. A 2001 text called Computable Calculus by Oliver Aberth
develops calculus using only computability.

In keeping with this chapter’s attempt to be more technical mathemat-
ically than chapters 1 and 2, the writing conventions here will be different.
Definitions and propositions will be numbered, and proofs will be delineated.
The change in style is not formalism for formalism’s sake, but an attempt to
lay the ideas out clearly.

3.1 Sets, Functions, and Sequences

3.1.1 Sets

As discussed in section 2.2, a set is a collection of elements. A set is often
described by listing its elements in curly braces,

S ={elements of S}.

The order in which the elements are listed is irrelevant, as are repeat listings
of the same element. Thus
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{2,3} =1{3,2} ={2,2,3} = the set with elements 2 and 3.
Some ubiquitous sets in mathematics are

Z = {integers} ={0,1,—-1,2,—2,3,---},
Z>o = {natural numbers} ={0,1,2,3,---},
Z>1 ={positive integers} ={1,2,3,---},
Z<_1 = {negative integers} = {—1,-2,-3,---},
Q = {rational numbers},

R = {real numbers},

R>0 = {nonnegative real numbers},

R~o = {positive real numbers},

R?  ={points in the plane}.

0 = the empty set = the set containing no elements.

The left curly brace reads the set of or the set, so that, for example, the first
line in the previous display reads altogether,

Z 1is the set of integers, the set 0,1, —1,2, —2,3, ---.
The empty set is not 0, nor is it {0}. In curly braces notation,
0={k

Perhaps the reason that the empty set is often confused with 0 is that the
number of elements in the empty set is 0. However, a set is not the same thing
as the number of its elements.

Sets are often defined by conditions. In this context, a colon “:” reads such
that. So, for example, the notation

R?* ={(x,y) :x,y € R}
reads
R? is the set of ordered pairs (x,y) such that x and y are real numbers.

Ordered pair means a pair with one of its elements designated as the first
of the two. Since R? was defined a moment ago as the set of points in the
plane, the last two displays give the appearance of a redefinition. However,
the reader is assumed to be familiar with the representation of points in the
plane as ordered pairs of numbers, so that the last two displays only rephrase
the definition of R? rather than revise it. From now on, the terms point in
the plane and ordered pair of real numbers will be taken as synonyms.
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(An unordered pair of numbers would be, for instance, the set {2,3},
which is also {3,2}. That is, viewing the pair of numbers 2 and 3 as a set
does not connote that one of them is innately the first. By contrast, the
notation (2,3) expressly means the number-pair with 2 in its first position
and 3 in its second. It is in fact possible to formulate the notion of ordered
pair in terms of set theory rather than as a new primitive. Consider the
sets {{2,3},2} and {{2, 3}, 3}. Each of these sets has another set as one of its
elements and a number its other element. Both of them can be understood
to specify the unordered pair {2, 3} and then to specify in addition which of 2
and 3 should be taken as the first element of the corresponding ordered pair.
Similarly, ordered triples such as (2, 3,4), ordered quadruples, and so on can
all be defined purely in terms of set theory, but once this is done, continuing
to drag the resulting cumbersome notation around is silly.)

Sets defined by conditions also arise from the fact that analytic geometry
describes geometrical objects by equalities and inequalities. The reader is
assumed to be familiar with such representations. So, for example, the set

R={(x,y) eR*:1<x <8 0<y<x*3}

is the region between the x-axis and the graph of the power function f;/3
from x =1 to x = 8, depicted back in figure 2.1 on page 36. The last comma
in the previous display is read and, and so the display reads altogether,

R is the set of points (x,y) in the plane such that 1 <x < 8 and
0<y<x¥3,

Here it is understood that “1 < x < 8" means that 1 < x and x < §,
and similarly for any concatenation of inequalities. Inequalities should be
concatenated only if they point in the same direction, i.e., something like
“l1 <x>1y” is poor style that can lead to calculation errors.

Another type of set that is defined by conditions is the interval. There
are nine types of interval (!):

Definition 3.1.1 (Intervals). Let a and b be real numbers with a < b.
Define the following subsets of R:
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(—o0,bl ={x € R:x < b},

(a,b)={x e R:a<x<b}
(a,b] ={x € R:a<x<b},
[a,b)={x € R:a <x< Db}
[a,b] ={x e R:a <x < b},
(a,00) ={x € R:a < x},
[a,00)={x € R:a<x},
(—00,b) ={x € R:x < b},
]
)

A subset of R s called an interval if it is a set of one of these nine types.

So, for example, (a,b) is the set of real numbers x such that a < x < b.
Note that [a,a] ={a} and (a, a) = @), showing that a set consisting of just one
point is an interval and so is the empty set.

The use of the symbols “c0” and “—o0” in the notation for some types of
interval is traditional, and it does uniformize the notations for the nine types.

”

But it is pedagogically regrettable since, as already mentioned, co and —oo
are not real numbers. However, note that they occur only on the left sides of
the above equalities; that is, truly they are nothing but shorthand notation
to describe the sets on the right sides of the equalities, where they do not
appear. And in the notation, they always occur adjacent to a parenthesis,
never a square bracket, so even the shorthand notation does not suggest that
an interval ever contains co or —oo. In any case, alternative notations for the
fifth through eighth types of interval are R~ o, R>q, R<p, and R<p, while
the ninth type of interval really needs no notation since it is simply R.

Definition 3.1.2 (Endpoints). If I is a nonempty interval of one of the
first four types in Definition 3.1.1 then its endpoints are a and b. If I
is an interval of one of the next two types then its one endpoint is a.
If T s an interval of one of the next two types then its one endpoint
1s b. The interval (—o0,0) has no endpoints. The empty interval has no
endpoints.

Definition 3.1.3 (Open and Closed Intervals). An interval is closed
if 1t contains all of its endpoints. An interval is open if it contains none
of its endpoints.

Note that the mathematical usages of open and closed need not be ex-
clusive or exhaustive. That is, an interval can conceivably be open, closed,
neither, or both. Exercise 3.1.1 is to determine which of the nine types of
interval are open and/or closed.
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The wording of the previous definition (and of many definitions to come
in these notes) deserves a comment. The reader who is parsing grammar with
exceptional care could raise the following point:

The definition says that if an interval contains all of its endpoints
then it s closed.

But:

The definition does not say that if an interval is closed then it
contains all of its endpoints.

So, if we are told that an interval is closed, are we being told anything at
all? Yes, we are. Within the definition, we can not yet talk about an interval
being closed implying anything until we have first assigned meaning to the
notion of an interval being closed. But it is a convention of mathematics that
as soon as the meaning is assigned, the if tacitly evolves into an if and only
if. An interval that contains all of its endpoints is closed, and a closed interval
contains all of its endpoints. That is:

Once the definition is stated, saying that an interval is closed is syn-
onomous with saying that it contains all of its endpoints.

A similar discussion applies to every further definition in these notes that
takes the form “A if B”: once we are done reading the definition, to say that
A holds is to say that B holds, and conversely.

Two sets whose elements are not numbers have already figured tacitly
through these notes. The first is

‘P ={polygons in the plane}.

Elements of P are not numbers or individual planar points, but instead they
are planar regions. The reader should look back at figure 1.9, figure 1.10,
figure 2.2, and figure 2.4 (pages 9, 10, 40, and 47) to see that these figures
show elements of P and that these elements are highly relevant to integration.
As for the second particular set to be aware of, define a subset of the plane
to be bounded if some box contains it, and define

B = {bounded subsets of the plane}.

So elements of B are planar regions too. The reader should look at figure 1.7
and figure 2.1 (pages 7 and 36) to see that these figures show nonpolygonal
elements of 3, regions whose areas we wanted to find. No figure in these notes
can accurately depict a planar set that is not an element of B because the
entire figure will be contained in a box: the page.
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Exercise

3.1.1. Let a and b be real numbers.

(a) Assume that a < b. For each of the first four types of interval described
in Definition 3.1.1, is the relevant interval of that type for such a and b open?
Is it closed?

(b) Now drop the assumption that a < b. For each of the next five types
of interval described in Definition 3.1.1, is the relevant interval of that type
open? Is it closed?

(c) Is the one-point interval [a, a] open? Is it closed?

(d) Is the empty interval open? Is it closed?

3.1.2 Functions

The reader is presumed to have some experience with functions. The basic
idea is that a function receives inputs and produces outputs. We will notate
functions as follows:

f:A — B.

Here A and B are sets, and f is a rule or a process that assigns to each element
of A an element of B. The set A is called the domain of the function, and the
set B is a set called the codomain of the function. Thus the domain consists
of all legal inputs to f, and the codomain consists of all potential outputs
of f. Strictly speaking, the function consists of all three data, A, B, and f, but
we often abbreviate it to f. The notation f : A — B reads f is a function
from A to B, or f maps A to B, or f from A to B, or various other phrasings
along these lines.
For example, consider the function

f:R— R, f(x) = x2. (3.1)

This is the squaring function that takes all real numbers as its inputs and is
understood to produce real numbers as its outputs. Note, however, that since
the square of any real number is nonnegative, not all points of the codomain R
are actual outputs of f. This is an example of what was meant a moment ago
in describing the codomain as all potential outputs of f: all squares are real
numbers, but in fact not all real numbers are squares. Since a function strictly
depends on its domain, its codomain, and its rule, the squaring function that
takes all real numbers as its inputs and is understood to produce nonnegative
real numbers as its outputs,

f:R — Rso,  f(x) =7,
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is not quite the same object as the squaring function in (3.1). This distinction
is admittedly pedantic, but on the other hand, the squaring function from the
integers,

f: 2 —R, f(x) = x>

is more compellingly different from (3.1) because it has a different domain,
i.e., a different set of legal inputs. Thus although f(2) = 4 and f(—2) = 4
as for the squaring function (3.1) with domain R, now f(1/2) is not defined
because 1/2 ¢ Z.
The range of a function is the set of its actual outputs, a subset of the
codomain,
f(A) ={f(x) : x € A} = {outputs of f}.

Any function can have its codomain pruned down to its range and be rewritten
f:A— f(A).

Under many circumstances we don’t bother doing this when specifying a
function, since the purpose of the codomain is only to give us some sense
of where the outputs of f are to be found. In fact, when the description of
a function’s domain and rule make its codomain clear, the codomain can
go unmentioned. For example, saying “Let f(x) = x? for x € R” describes
the squaring function on real inputs, whose outputs are understood to be
real numbers or nonnegative real numbers, it doesn’t particularly matter.
(But saying only “Let f(x) = x?” is too vague, unless the context has clearly
established that the intent here is for x to vary through the real numbers.) On
the other hand, one circumstance where it is worth tightening the codomain
down to the range is when we want to follow f by a second function,

g:B—C,

i.e., when we want the outputs of f to serve as inputs to g. Doing so is sensible
only when the range f(A) of f is a subset of the domain B of g. For example, if
we want the squaring function f = f; and the square root function g = f; » to
undo the effects of one another, we need to take care to specify their domains
and codomains compatibly,

f2R20—>R20 and g:RZO —)Rzo.

A function strictly depends on its domain, its codomain, and its rule, but
not on its typography. For example, consider the two functions

f:0— 0, flx) =x2—1

and
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g:9— Q, gy =Ww+NDy-1).

These two functions are the same function even though their shared rule has
been given two names (f and g) and described by different formulas with
different variables (x> — 1 and (y + 1)(y — 1)).

A function is not the same thing as its graph. Let

f:A—B
be a function. The graph of f is a set of ordered pairs,
graph(f) ={(x,y) :x € A, y € B, y =f(x)} ={(x,f(x)) : x € A}

If the domain and codomain of f are subsets of R, then the graph of f can be
identified with a subset of the plane. The language here is entirely consistent
with the description in chapter 1 of the parabola as the graph of the squaring
function f(x) = x2, other than the fact that the chapter 1 description didn’t
bother making explicit mention of the domain and codomain of f. Again, the
graph of a function is not the function itself. Students often refer to a
graph as a function, and this is understandable because the graph describes
the function visually, but for purposes of reasoning the distinction is worth
retaining.

An algebraic function is any function that can be built up from a finite
succession of additions, subtractions, multiplications, divisions, and roots.
Thus a typical algebraic function is

(x2+1)1/2—x
) = (T)

1/3

The tacit understanding here is that the domain of f is the set of real num-
bers x for which the formula is sensible. That is, the domain of f is the set of
real numbers x which when substituted into the formula do not lead to any
square roots or cube roots of nonpositive numbers, or to a divide by 0. For
the function f in the display, the domain is all real numbers x > —1.

Not all functions are algebraic. A nonalgebraic function whose domain is a
suitable subset of R (the meaning of suitable isn't worth going into in detail
right now) and whose codomain is R is called transcendental. We have
not yet seen any transcendental functions in these notes, but some examples
for the reader who may have seen them elsewhere are the logarithm, the
exponential function, and the trigonometric functions.

The notion of a rule as part of a function calls for some explanation. Just
as a function is not a graph, a function is not a formula. The term function
(functio) was introduced into mathematics by Leibniz, and its meaning has
changed ever since. During the seventeenth century the ideas of function and
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curve were usually thought of as being the same, and a curve was often thought
of as the path of a moving point. By the eighteenth century the idea of function
was associated with analytic ezpression. Leonard Euler (1707-1783) gave the
following definition:

A function of a variable quantity is an analytic expression composed in
any way whatsoever of the variable quantity and numbers or constant
quantities.

Hence every analytic expression, in which all component quantities
except the variable z are constants, will be a function of that z; Thus
a+ 3z; az — 4z%; az + bva? — z2; c?; etc. are functions of z

The use of the notation “f(x)” to represent the value of f at x was introduced
by Euler in 1734. Our contemporary notion of a function as a rule is different
from Euler’s notion unless every analytic expression is understood it to pro-
duce output-values from input-values, and every rule or process that produces
output-values from input-values is understood to have an analytic expression.
If rules or processes are not the same thing as analytic expressions, then the
next question is just what rules/processes are sensible. Must we be able to
carry them out? What does carry them out mean?

Neither the inputs nor the outputs of a function need even be numerical.
For examples of nonnumerical output, let P denote the set of all polygons
in the plane, and let a and b be real numbers with a < b. The process in
section 1.2 of starting with one triangle inscribed in the parabola with its left
and right endpoints over a and b, then adding two more smaller triangles,
then four more smaller-yet triangles, and so on, defines a function based on
the original endpoints a and b, whose input is the generation-number and
whose output is not a number at all, but rather is the corresponding polygonal
amalgamation of triangles,

Pa,b: 321 — P.

That is, pq,p(n) is the nth generation polygonal approximation of the region
whose area we wanted to compute. Similarly, the process in section 2.3 of
computing the area under the graph of the power function f,,3 from x = 1
to x = 8 defines a function taking the number of boxes to the polygonal
amalgamation of boxes,

p: 221 — P.

That is, p(n) is the polygon consisting of n boxes, shown in figure 2.2 for
n = 20 (page 40).

For an example of nonnumerical input, let B denote the set of bounded
subsets of the plane, introduced on page 64. We would like an area-function

AI‘:B—)RZO
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that assigns to each bounded subset of the plane a nonnegative real number to
be considered its area. Certainly area-functions exist (we could simply assign
areas in some silly way), but the question is whether area-functions having
good properties exist. (Going into detail about good properties would take
us too far afield, but they are very basic: the area of a box is its base times its
height, the area of two nonoverlapping sets is the sum of their areas, and so
on.) Similarly, let B3 denote the set of all bounded subsets of 3-dimensional
space. (A subset of space is bounded if it sits inside some 3-dimensional box.)
A volume-function
Vol : Bg — RZO

would assign to each bounded subset of space a nonnegative real number
to be considered its volume, and would have good properties. Remarkably,
area-functions ezist but volume-functions do not.

The invocation that area functions exist will ease our lives considerably.
Let a and b be real numbers with a < b. Let M be a nonnegative real number.
Consider a function

f:la,b] — [0,M].

The region under the graph of f, a subset of the plane, is
R={(x,y) eR?*:a<x<b, 0<y < f(x)},
and by our invocation, it has an area,
Ar®(f) = Ar(R).

Indeed, there may be more than one plausible area if f is strange enough—too
strange to draw or even to imagine visually, so this point is best not dwelled
on—and if we switch our choice of area function, however we are “choosing”
one in the first place. The reader would be thoroughly justified in objecting
that the previous sentence amounts to speaking in tongues rather than math-
ematics, but the real point is that we are entering into a social contract: The
question of integrating f is not whether an area under its graph ezists—it
abstractly does, granting our invocation of area functions—but whether
the area is a suitable limit of boz-area sums. The invocation of area is
an expedient that lets us finesse the existence question. Yes, the existence
question is important, but a one-semester calculus course has no time to ad-
dress it, especially since, as mentioned at the beginning of the chapter, the
mathematical meaning of ezistence is a live, arguable issue.

Exercise

3.1.2. Sketch the graphs of the following functions:



70 3 Sequence Limits and the Integral

(a) f(x) = (x — 1)? for all x € [0,4],
(b) g(x) = (x —2)? for all x € [-1, 3],
(c) h(x) =x? —1 for all x € [-2,2],
(d) k(x) = x% — 22 for all x € [-2,2].

3.1.3 Sequences

A sequence is a list of data. More specifically, a sequence is one datum per
generation, where there is a starting generation and then an endless succession
of generations thereafter. Formally, a sequence is a function whose domain is
the positive integers,

f: Zz] — S.

The domain Z>1 is the set of generations. The codomain S is often a subset
of the real numbers, but it need not always be. For instance, we recently
mentioned the sequence of polygons arising from Archimedes’s quadrature
of the parabola in chapter 1, and the sequence of polygons arising from the
integration of the power function in chapter 2, both sequences of the form

f:ZZ1 — P.

Any sequence
f: Zz] — S

can be described by listing its outputs, consonantly with the idea of a sequence
as a list,

(f(1),1(2),f(3),---).

Sequences are usually written this way, with the domain and codomain tacit.
Furthermore, sequences tend to have names such as s or x or a rather
than f. And finally, to streamline the notation, outputs are denoted s,, rather
than s(n), or x,, or a,,. Thus a typical sequence is written

(811 $2, S$3, )
More briefly, we write
(Sn)n21
or
(sn )3

even though (yet again) oo is not a number—here the notation is meant to
convey that the terms of the sequence go on and on. Once the context is clear,
even the notation

(sn)
will do, so long as we understand what is happening: n is varying through Z>1,
and the sequence is a corresponding list of values s,,.
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3.1.4 Previous Examples

In section 1.2, Archimedes’s quadrature of the parabola led to the triangle-
area sums

S1 = A,

Sy =Aui[1+1/4],

S3=Awi [1+1/4+(1/4)7],

Sa = Agi [1+ 174+ (1/4)% + (1/4)3],

and in general for n € 2>,
Sn=Aui [1+1/4+ (1/4)7 4+ -+ (1/4)™].

And Archimedes’s evaluation of the finite geometric sum with ratio r = 1/4
gave a closed form (ellipsis-free) expression for the sequence entries, so that
the sequence of triangle-area sums was in fact

(Sn) = (Assi - (4/3)(1 - (1/4%)) (3:2)

n>1

In section 2.5, integrating the rational power function f, (where o # —1)
from 1 to b gave rise to the sequence of box-area sums (see page 52)

o+ 1 1
(Sn) = ((b““ - 1)/%7) where s, = b'/™, (3.3)
n>1

Sn— 1

In the previous two chapters, we made assertions about the limiting behaviors
of sequences (3.2) and (3.3). Later in this chapter we will be able to substan-
tiate the assertions, as well as other matters from the end of chapter 2.

3.2 The Limit of a Real Sequence

3.2.1 Absolute Value and Distance

To describe quantitatively the idea of two real numbers being near each other,
regardless of which is the larger, we first describe the idea of one real number
being near 0, regardless of whether it is positive or negative. The definition
innately must be casewise:

Definition 3.2.1 (Absolute Value). The absolute value function is

x x>0,

| ' R — R>o, [x| =
=0 {—x if x <O0.
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So, for example, 5| = 5 and | — 1/10| = 1/10. A number is near 0 if its
absolute value is small. It is worth pausing to convince oneself that indeed the
casewise formula for the absolute value function always yields a nonnegative
real value, so that designating the codomain to be R makes sense.

Cases are a nuisance to drag around, and so our short-term program is to
use the casewise definition of the absolute value to establish a collection of
absolute value properties that no longer make direct reference to cases. Once
that is done, absolute values can be manipulated by using the properties
with no further reference to the underlying cases, and indeed, with no further
thought of them.

Proposition 3.2.2 (Basic Absolute Value Properties). Letx andy be
real numbers. Then

(1) Ixl =0 #f and only if x =0.

(2) =l < x < [xl.

(3) xyl = x| - lyl. In particular, | — x| = x| since —x =x-(—1).
(4)

4) If y #0 then x| _ K

1 1
—| = —, and so by (3), also
y‘ v v

Proof. (Sketch.) For instance, to verify (2), note that

_|y_‘,

if x > 0 then x = [x], and so —|x| =—x < 0 < x = [x],

and
if x < 0then x = —|x|,and so —|x| =x <0 < —x = [x/.

Verifying the first statement in (3) requires checking four cases, since x and y
can each be nonnegative or negative independently of the other. Four cases
amount to one small nuisance, but as explained a moment ago, the point is
that after they are checked once and only once, we never have to think about
them again. The reader is encouraged to verify enough of Proposition 3.2.2
to convince himself or herself that the entire proposition can be verified in a
similar fashion. O

(The symbol “O0” at the end of the previous line denotes the end of a proof.)

Theorem 3.2.3 (Triangle Inequality). For all real numbers x and y,

x+yl < Ixl+ Wyl (3.4)
x—yl < x|+, (3.5)
Xl = tyl| < b +yl, (3.6)

x| = yl| < x—yl. (3.7)
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The first inequality (3.4) of Theorem 3.2.3 is the Basic Triangle Inequal-
1ty. The four inequalities can be gathered together as the statement that for
all real numbers x and y,

Xl = yl| < x£yl <Xl + Tyl (3.8)

The reader should beware that (3.8) does not say that [x —y| < x| — [y| in
general, and the reader should further beware that even after one hears this
and understands it in the abstract, a frequent calculation error is to write
some specific version of the false inequality nonetheless.

Proof. For all x and y in R we have by Proposition 3.2.2 (2),
—Ix<x<Ix| and  — Pyl <y <yl
and so adding the inequalities gives —[x| — [y| < x+y < |x| + |y|, or
—(xl+ ) <x+y < Ix[+[yl.

If x +y > 0 then |x +y| = x +y, and so the right inequality in the previous
display becomes |x + y| < [x| + |y|. If x +y < O then [x +y| = —(x + y), i.e,
x+Y = —[x + Y|, and hence the left inequality gives —(|x|+|y|) < —|x +y|. In
either case we have the Basic Triangle Inequality (3.4),

x+yl < x|+ yl.

The other inequalities (3.5) through (3.7) are consequences of (3.4) and are
left as an exercise. O

We introduce the symbol “ & ” as shorthand for if and only if. That
is, the symbol “ & ” between two statements means that the statement to
its left is true exactly when the statement to its right is true.

In your writing, do not use the symbol “ & ” to mean
anything other than if and only if. This, and nothing else, is
its meaning.

Again let x € R be a real number, and let p € R~ be a positive real
number. Then

X|<p & —-p<x<p
and
x| <p & —p<x<p. (3.9)

To establish (3.9), argue that if x > 0 then since [x| = x and since the
statement “—p < x” is true (because —p < 0 < x),
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X <p & x<p & —p<x<p.

If x < 0 then since |x| = —x and since “x < p” is true (because x < 0 < p),
and since multiplying each side of an inequality by —1 switches its direction,

X <p & x<p & p<x & p<x<p.
Thus (3.9) holds regardless of whether x > 0 or x < 0.

Proposition 3.2.4 (Relation Between Absolute Values and Inter-
vals). Let a € R and let p € R~o. Then for all x € R,

x—al<p & a—p<x<a+p,

and
x—a<p & a—p<x<a+p.

In the language of sets, the two statements are that
xeR:x—al<pl=(a—p,a+p)

and
xeR:lx—al<p}=Ila—p,a+pl

Proof. For the second statement of the proposition, use (3.9) and recall that
adding the same quantity to both sides of an inequality preserves the inequal-
ity,

k—al<p & p<x—a<p & a-p<x<a+p.
The first statement of the proposition has virtually the same proof. And the

third and fourth statements of the proposition are rephrasings of the first
two. O

The geometric distance between two real numbers x and y on the number
line is the absolute value of their difference, [x — y|. So, for example, Propo-
sition 3.2.4 says that the set of numbers whose distance from a is smaller
than p is the interval centered at a extending distance p in both directions,
(a — p,a+ p). This is exactly as our visual intuition tells us that it should
be, and it is easiest to remember by seeing the relevant picture in one’s mind.
But the fact that it follows readily from our definitions by analytic arguments
sends a reassuring message about our methodology.

The following result sometimes provides the punchline of an argument. Its
point is that to show that two quantities are equal we need only show that
they lie arbitrarily close to each other.



3.2 The Limit of a Real Sequence 75

Proposition 3.2.5 (Strong Approximation Lemma). Let { and {' be
real numbers. Suppose that

[/ — 8 <& for every positive number ¢.
Then {' ={.

Proof. Either [¢' — {| is positive or it is zero. But the given condition implies
that
¢’ —4{ # ¢ for every positive number ¢.

So [ —{| =0. Consequently {' — £ =0, ie, {'={. O

Exercises

3.2.1. Prove inequalities (3.5) through (3.7) of Theorem 3.2.3. Prove them
by showing that they are consequences of (3.4), not be repeating the effort of
proving (3.4) three more times.

3.2.2. Let x and y be nonzero. In each of (3.4) through (3.7), under what
conditions on the signs of x and y does equality hold?

3.2.3. Describe each of the four sets below in terms of intervals. A set may
require more than one interval for its description. (You may do this problem
by inspection.)

(@A =xeR:Ix—1/2 <3/2},

(b) Az ={x€eR:[x+1/2/<3/2},

(c)As={x€eR:13/2—x| < 1/2},

(d) Au={xeR:3/2+x|>3/2}.

3.2.4. Sketch the graphs of the following functions from R to R defined by
the following equations (no explanations are needed for this problem):
(a) f1(x) =Ix,
(b) f2 X) IX 2],
f

(c) f3(x) = x| =[x —2],
(d) fa(x) = IXHIX 2|,
(e) fs(x) =x% —1,

(f) fe(x) = Ix —1|,
(g) f7(x) = x> —1)?

3.2.5. Let f; through f; be the functions described in the previous exercise.
By looking at their graphs, express each of the following six sets in terms of
intervals.

(a) S1={xeR:fi1(x) <1},
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(b) S, ={xe€ RZfz(X) < ]},
(c) S3={x e R:f3(x) < 1},
(d) Sa ={x e R:fa(x) <3},

(e) Ss ={x € R: fs5(x) < 3},

(f) S¢ ={x € R:fg(x) < 3}.

Also, let S; ={x € R : f;(x) < 1/2}. Represent S; graphically on a number
line.

3.2.2 The Archimedean Property of the Real Number System
Any positive real number, however large, is exceeded by some positive integer:

Proposition 3.2.6 (Archimedean Property of the Real Number Sys-
tem). Let x € R~ be any positive real number. There exists a positive
integer N € Z>1 such that N > x.

The reader may feel that the Archimedean Property is self-evident and
hardly deserves its own name. But in fact there are number systems other
than the real number system (which, again, is not innately extant, much less
unique or preferred among number systems, just because it is named real) in
which the property does not hold. Indeed, early attempts at reasoning about
calculus made reference to infinitesimals, quantities that we now think of as
positive numbers so small that their reciprocals exceed all positive integers,
this happening in a hyper-real number system that subsumes the reals. These
ideas of non-standard analysis were made rigorous by Abraham Robinson
only as recently as 1960. A freshman calculus text based on Robinson’s in-
finitesimals, written by H. Jerome Keisler, is online at

http://www.math.wisc.edu/ keisler/calc.html

Here is an attempt to prove the Archimedean Property rather than assume
it: Suppose that some positive real number x exceeds all the positive integers,

x >N forall Ne Z5;.

Then surely there is a least x at least as big as all the positive integers.
Consider the positive real number x — 1. Since it is less than x, it is less than
some positive integer, i.e.,

x—1<N for somen € Z>1.

Consequently,
x <N+1 for some N € Z>;.
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But N 4 1 is again a positive integer, so that x is not at least as big as
all positive integers after all. Thus the supposition that some positive real
number exceeds all the positive integers must be false.

However, rather than prove the Archimedean Property, this argument
shows only that it follows from any assumption about the real number sys-
tem that makes valid the Then surely there is a least x...statement in the
previous paragraph.

3.2.3 Definition of Sequence Limit

Recall that a sequence is a function whose domain is Z>1,
s:2Z>1 — S,

often viewed as a list of data,

(sn) = (s1, 82, 83, ---).

In particular, a real sequence is a sequence whose codomain is R, i.e., a list
of numerical values. From now on, all sequences in this chapter will be real
sequences, and so usually they will simply be called sequences since bothering
to say real sequence each time would be silly.

A real sequence converges to a limit £ if the terms of the sequence ap-
proach £ and stay near {, as closely as desired, although they may or may
not actually reach £, and they may or may not stay at { should they reach it.
Figure 3.1 depicts convergence for a sequence viewed as a function,

52221 —)R,

and figure 3.2 depicts the convergence of the same sequence viewed as a list
of data,

(STL) :(811 SZ) 83) )

The following definition captures quantitatively and concisely the above-
mentioned notion of approach £ and stay mear {, as closely as desired,
although they may or may not actually reach £, and they may or may
not stay at { should they reach it.

Definition 3.2.7 (Limit of a Real Sequence, Convergent Sequence,
Divergent Sequence). Let (sn) be a real sequence, and let { be a real
number. We say that (sn) s a convergent sequence with limit { if the
following condition holds.

For every positive real number ¢ > 0,
there exists a positive integer N such that
for all integers n > N, |s;, — {| < €.
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1 2 3 4 5 6 7 8& 9 10

Figure 3.1. A convergent sequence, viewed as a function

$1 $3 S5 { Sa4 S2
Figure 3.2. A convergent sequence, viewed as a list of data

When the condition holds, the fact that (sn,) has limit { 1s notated
lim(s,) =£.
n

In this case we also say that (s,,) converges to {. If the sequence (sy)
does not converge then it s divergent.

" is short for “lim,_,,.”, but as usual we try to

The typography “lim,’
leave co out of our notation as much as possible.

The grammar of Definition 3.2.7 is sophisticated. Again, the idea of the
definition is that a sequence (s,,) has limit { if the terms of the sequence
eventually get close to £ and stay close to £. The numbers ¢ and N, and
the interaction between them, are the mathematical machinery that together
quantify the idea. To work successfully with Definition 3.2.7, one needs some
sense of how the quantification indeed captures the idea, and one also needs
some practice with the symbol-based language of the quantification. For this
reason, the first few results that we will prove with the definition are meant
to be simple and obvious-sounding: their point isn’'t to be earth-shattering,
but to demonstrate what the definition says and how it works. The intent is
that as the examples accrue, the student will see that the definition encodes a
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natural idea in a way that is sensible and usable. Nonetheless, every calculus
teacher understands that for the student, coming to grips with one’s first
arguments with the definition of limit poses the double challenge of parsing
the definition’s grammar in general and isolating the key particular of each
situation at hand. One gets better at this with time and experience.

A few words about mathematical proof may be useful here. Proofs in
mathematics are not alienating formalisms, or at least they shouldn’t be.
The reader may have heard the maxim that the exception proves the rule.
Since a mathematical proof is meant to establish a rule in all cases, with
no exceptions, the maxim doesn’t sound sensible in our context. But it is.
The word prove is a variant of probe, and to say that the exception probes
the rule is to say that knowing when a principle can break down informs us
about the principle’s scope—its extent and its limitations. In mathematics,
we often prove a statement to the effect that if certain conditions A hold then
some other condition B follows. Proving such a statement teaches us because
the argument will give us insight into how conditions A lead to condition B.
Condition B may well fail without conditions A in place—an exception that
probes the rule that condition B holds.

Definition 3.2.7 is illustrated in figures 3.3 and 3.4. In both figures the
idea is that no matter how narrow the gray zone is, all but finitely many
of the dots lie in it. A more narrow gray zone may exclude more dots, but
always only finitely many. Both figures are oversimplified in that they show a
sequence with each successive term getting closer to the limit. A convergent
sequence can behave more coyly, repeatedly approaching its limit and then
backing away, until eventually it approaches the limit and stays close.

s(n)
A

€—|—£ . ° °

-1
N N+1TN+2

Figure 3.3. The definition of limit, viewing a sequence as a function
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Figure 3.4. The definition of limit, viewing a sequence as a list of data

In complement to geometry, another way to understand Definition 3.2.7
is to interpret 