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Abstract

It is an open question whether tight closure commutes with localiza-
tion in quotients of a polynomial ring in nitely many variables over a
eld. Katzman [Katzman 98] showed that tight closure of ideals in these
rings commutes with localization at one elemert if for all ideals | and
J in a polynomial ring there is a linear upper bound in q on the degree
in the least variable of reduced Grobner basesin reverse lexicographic
ordering of the ideals of the form J + 9. Katzman conjectured that
this property would always be satis ed. In this paper we prove seweral
casesof Katzman's conjecture. We also provide an experimental analysis
(with proofs) of asymptotic properties of Grobner basesconnected with
Katzman's conjectures.

1 Intro duction

Throughout this paper F is a eld of prime characteristic p, R is a nitely

and q = p® denotesa power of p, where e is a non-negative integer. Then |9 is
the eth Frokenius power of |, de ned by

1@ := (i%i 2 1):

It followsthat if | is generatedby f1;:::;f,, then | [ is generatedby f };:::;f 9.
The main motivation for our work in this paper is the theory of tight closure,
in which Frobenius powersof idealsplay a certral role. In particular, we address

the question of whether tight closurecommutes with localization. The basicsof
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tight closurecan be found in the rst few sectionsof [Hochster and Huneke 90Q];
however, in the following paper no knowledge of tight closurewill be needed.

The polynomial ring R is a regular ring, so every ideal in R, and in the
localizations of R, is tightly closed[Hochster and Huneke 90, Theorem 4.4], and
hencetight closure commutes with localization in R. Howewer, it is not known
if tight closurecommutes with localization in quotient rings R=J of R, even for
the special caseof localization at a multiplicativ ely closedsetf1;r;r?;r3;:::qg,
generatedby one elemert r 2 R=J. Katzman [Katzman 98] showed that for
this special caseit su ces to considerthe caser = x, (by possibly modifying
R, I, and J). Katzman also proved that a positive answer to the question of
tight closurecommuting with localization at x,, would be provided by a positive
answer to the following conjecture.

Conjecture 1.1. (Katzman [Katzman 98, Conjecture 4]) Let R = F[x1;:::; Xn]
wher F is a eld of characteristic p, and let | and J be ideals of R. Let Gq
be the reduced Grebner basis for the ideal J + 119 with resgct to the reverse
lexicographic ordering. Then there exists an integer suchthat the degreesin
Xn of the elementsof G, are bounded atove by q .

The (gradead) reverselexicographic orderl{ng on npnomials irbxl; DTN is
dened by x31x32  x& < xMx%  xBif sa < h,orif ,a= h
and a; > by for the last index i at which a; and b dier. For badkground on
reduced Grobner bases,and Buchberger's algorithm for nding thesebases,see
for example [Cox, Little and O'Shea92].

Katzman's conjecture holds trivially when J = (0), since Frobenius powers
commute with sumsin rings of characteristic p, and hencethe reducedreverse
lexicographic Grebner basis for |[9 consists of the gth powers of elemeris of
the reduced Grobner basisfor |. The other known casesare due to Katzman,
who proved that the conjecture also holds whenewer J is generatedby monomi-
als [Katzman 98, Theorem 8], and whenewer J is generatedby binomials and
simultaneously | is generatedby monomials[Katzman 98, Corollary 11]. There
are classesof examplesfor which it is known that tight closure commutes with
localization but for which Katzman's conjecture has not been proved; in par-
ticular, one suc class,due to Smith [Smith 01], consistsof ideals| and J for
which J is a binomial ideal and | is arbitrary. Sincethe question of whether
tight closure commutes with localization has so far de ed proof for quotient
rings of polynomial rings, accordingly the proof of Katzman's conjecture is ex-
pectedto be hard. Diculties in nding a generalproof include the dependence
of Grebner baseson the characteristic of the eld F and the dependenceof
Grebner baseson raising a subsetof the generatorsto powers.

In this paper we study the asymptotic behavior of three functions of q asso-
ciated to the family of reducedreverselexicographic Grobner basesG for the
idealsJ + 9, namely

(1) the maximum of the x,-degreesof the elemerns of G4 (as in Katzman's
conjecture), alsowritten asthe x,-degreeof G4 and denoted (0);



(2) the maximum of the total degreesof the elemeris of G, also referred to
asthe total degreeof G4 and denoted ( q); and

(3) the cardinality c(q) of Gg.

Sincefor any ideals| andJ wehave (g) ( q) for all g, alinear upper bound
for ( ) alsoimplies Katzman's conjecture.

In Section?2 of this paper we prove (Theorem 2.1) that Katzman's conjecture
holds for polynomial rings in one or two variables with arbitrary ideals| and
J, and nd alinear upper bound for ( @) and a constart upper bound for c¢(q)
aswell. (As part of the proof of this theorem, we include a review of the steps
of the Buchberger algorithm for reduced Grobner basis computation.)

In Sections3 and 4 we provide further information about the speci ¢ form of
the functions (qg) and ( ), aswell asthe function c(q), in the more restrictive
casein which | and J are both principal binomial (and not monomial) ideals,
and in the even more restrictive caseof monoidal ideals, both to gain better
understanding of thesefunctions and to nd constructive proofs of special cases
of Katzman's conjecture with potential for application in more generalcases.A
binomial ideal is an ideal generatedby binomials, i.e. polynomials of the form
x¥  gx¥, wherex" and xW are (monic) terms, and g 2 F. Sud a polynomial
is called a monomial if g = 0, and it is called monoidal if g = 1 sothat the
coe cien ts of the polynomial are restricted to +1 and 1. We refer to an ideal
generated by monoidal polynomials as a monoidal ideal. When | and J are
monoidal ideals, the quotient rings R=(J + I[4) are monoid rings over F for
nitely preseried commutative monoids, and the Grebner basesfor the ideals
J + 19 can also be consideredto be nite complete rewriting systemsin the
category of commutativ e monoids.

In Section 3 we compute (in Theorem 3.2) Grobner basesfor the ideals
J + 119 for ideals| = (xY(x¥ gx¥)) andJ = (x3(x® hx°)) whenewr g and
h are units, gcd(x¥;x¥) = 1= ged(x”;x°), and (x¥ gx";x® hx°® = R, and
henceobtain a constructive proof of upper bounds for (g), ( @), and c(q) in
this case.In Theorem 3.3 we prove that for \most" principal binomial ideals|
and J, there is a changeof variablesthat converts | and J into monoidal ideals.
This change of variables presenes both the reverse lexicographic ordering on
the monomials and all three of the functions (q), ( g), and c(q).

In Section 4 we study the asymptotic behavior of the three functions (qg),
( 9, and c(q) for constructions of the reduced Grobner basesG, for a wide
range of examples of principal monoidal ideals | and J. We give examples
illustrating that the three functions can be linear, periodic, or have linear ex-
pressionsholding only for g su cien tly large; in addition, we shav examplesin
which the cardinality and the x,-degreeof the Grobner basescan be bounded
above by a constart for all g. We also discussthe dependenceof the three
functions on the characteristic p of the eld F for seeral of the examples. Sec-
tion 4 ends with a table summarizing the range of types of behavior of the
Grebner baseswe computed. Finally, in the Appendix we include a sample of
the Macaulay2 [Grayson and Stillman] code we usedto generateGreobner bases
for small valuesof g asan aid to our proofs.



2 Special casesof Katzman's conjecture

As mertioned in the introduction, seeral special casesof Katzman's conjec-
ture are known to be true, in which J = (0), or J is generatedby monomials
(with arbitrary ideal 1), or J is generated by binomials and I by monomi-
als [Katzman 9§]. In all three casesKatzman's proof also shows a linear upper
bound for the function ( Q).

We provein this sectionanother special caseof Katzman's conjecture, namely
forn 2.

Theorem 2.1. Katzman's conjecture holdswhenR is a polynomial ring in one
or two variables over F. Moreover, for any ideals | and J in R and reduced
Grobner basis G, for the ideal J + 119 with respect to the reverselexicographic
ordering, there exist integers and suchthat the x,-degree and total degree
functions satisfy () ( @ g andthe cardinality function satis es ¢(q)

for all g.

Proof. If R is a polynomial ring in one variable, then R is a principal ideal
domain, sol = (f) and J = (g) for somef;g 2 R. In this caseJ + |9 is
also a principal ideal, and the reduced Grebner basisof J + |9 consistsof the
elemernt gcd(g; f %), whosetotal degreeis bounded above by degg. Then if we
dene :=deggand := 1, we obtain constart boundsfor all three functions
givenby (9 ( 9 andc(q) = for all q.

Next supposethat R is a polynomial ring in two variables x and y over
F. By earlier obsenations, we may assumethat | and J are non-zeroideals.
Let S be a generating set for the ideal J, and T a generating set for | ; choose
S and T sothat the leading coe cien ts of all of their elemens are 1. De ne
Tq:= ft%jt 2 Tgto bethe corresponding generating set for | (ol

We apply the Buchberger algorithm with the reverselexicographic ordering
to compute a Grobner basisof J + |9, starting with the generatingset S | Ty
At ead step, a partial GreobnerbasisB; 1 := S[ Tq[ fp:;:;;pi 19 hasbeen
found, and an S-polynomial of a pair of elemens in B; ; is computed and
reduced with respect to all of the elemerts in this basis. If the result is non-
zero, the polynomial is divided by its leading coe cien t and the resulting monic
polynomial is added asthe elemen p; to form the basisB;. When there are no
non-zero reduced S-polynomials remaining, this createsa Grobner basisB =
S[ Tq[ fpa;:pegfor I+ 119 with respectto the reverselexicographic ordering,
where eadh elemen of B is a monic polynomial, and for each 1 i Kk, all of
the terms of the polynomial p; arereducedwith respectto S[ Tq[ fps;:ipi 10

In order to compute the reduced Grebner basis G4 of J + 119, we need
to reducethe Grobner basisB. For ead polynomial r 2 B, replacer in the
basis with the monic polynomial obtained by reducing all of the terms of r
with respect to the elemens of B nfrg, and dividing by the resulting leading
coe cien t. Repeat this processfor all of the polynomials in the basis,removing
any zero polynomials that result, untii no more reduction can be done. This
gives the reduced Grebner basis G4 for J + 119 [Cox, Little and O'Shea 92,
Prop. 2.7.6].



The total degreeof the reduced Grobner basisGq for J + | (4 will be at most
the total degreefor the basisB. To compute bounds on these degrees,we rst
needto describe the polynomials p; more carefully.

Let x2y® be the leading term of a non-zeroelemert p of S. In particular,
sinceJ = (S) 6 (0), there is a non-zero monic polynomial p° 2 J, and by
adding the elemert xyp°2 J to the setS if necessarywe may assume(for ease
of notation) that both a and b are non-zero. For eah 1 i k, let x2y® be
the leading term of the polynomial p; in B. Sincep; is reducedwith respect to
S,either0 a <aor0 Ik < b orboth. Ifi> j,then p; is alsoreducedwith
respect to p;. More speci cally, at ead step of the algorithm described above,
when p; is computed, (at least) one of four possiblecasesoccurs. Either

(1) 0 a<aanda 6 a foralll | i 1,
(2) 0 a < aandforsomej <i,a =& andb < b,
3) 0 b<bandb &b forall j i 1,or
(4) 0 b <bandforsomej <i,b=h anda < &.

In cases(2) and (4), the total degreeof p; is strictly lessthan the maximal
total degreeof the previousbasisS[ Tq[ fps; P 19. In cases(1) and (3), the
total degreeof the polynomial p;, which is a reduction of an S-polynomial of a
pair of elemens in the previous basis, can be at most twice the maximal total
degreeof the previous basis (by de nition of S-polynomials). Note that cases
(1) and (3) can occur at most a+ b times during the algorithm. The maximal
total degreeof elemerts in S| Ty satis es

deg(S[ Tq) = maxfdeg(S); deyTq)g = maxfdeg(S);q degT)g
g maxfdeg(S);dedT)g:

Thus the total degreeof the basisB is at most 22*? q maxf deg(S); deg(T)g. If
we de ne the constart  := 22*P maxfdeg(S); deg(T)g, then this provesthat
(a9 q. Sinceforallg, (9@ (9 q, therefore Katzman's conjecture
holds in the casein which the polynomial ring hastwo variables.

Finally, to get the bound on the cardinality of the reducedGrebner basisGq
of J + 19 note that although the elemen p 2 S with leading term x2y® may
have beenreducedor removedin the reduction processto construct Gq from B,
no polynomial that remainsin Gq may have leading term divisible by x2yP. For
eath number0 a< aand0 K’ < b, there can be at most one polynomial
in Gq with leading term of the form xaoy for any number , and at most one
polynomial in G4 with leading term x ybo. Hencethe cardinality of G4 satis es
jGqi a+ b. Then by de ning the constart := a+ b, we obtain c(q) .0



3 Principal binomial ideals: General construc-
tions

For the remainder of the paper we direct our attention to the casein which the
ideals| and J are principal and binomial, and obtain more detailed information
about the specic form of the degreefunctions (g) and ( @), as well as the
cardinality function ¢(qg). We begin by considering arbitrary pairs of monoidal
binomials which generatethe whole ring.

in n variables over F. Let x¥ gx¥;x® hx® 2 R, wher v;w;b;c are n-
tuples of non-negative integers, g; h are non-zem elementsin F, gcd(x¥;x") =
1 = gcd(x?;x¢), and in reverselexicographic ordering, x¥ > x¥ and x° > x¢.
Assumethat (x¥ gx%;x? hx®) = R. Thenw = c= 0, and there is a positive
rational number | suchthat v; = Iy for all i.

Proof. If the conclusionholds after tensoring with the algebraic closureF of F
over F, then it also holds in R. So without loss of generality we may assume
that F is algebraically closed.

The hypothesis on the ordering implies that v and b are both non-zero.
If both w and c are also both non-zero, then R = (x¥ gx%;x? hx®)

Chooseany root k = (ky;:::;kn) 2 F" of x¥  gx"; that is, such that kY = g.
Further, choosei sudc that v; > 0. Sincev; > 0, then ki 6 0, and k; depends
on the choicesof the other k; by the relation

j6iv;60

(for somechoice of the vjth roots).

The assumptionthat (x¥ g;x® hx®) = R implies that the two binomials
cannot have a commonroot, sok? hk® is a non-zeroelemer in F. Hencefor
all indicesj with v; = 0, any choiceof x; = k; 2 F for theseindices must make
kP hk® equalto

Y kbj bi (vj =vi) Y X-bi hg® =Vi Y KC ci (vj =vi) Y xS -
j i j i
j6iv;60 vj =0 j6iv;60 vj =0

gbi =Vi

which is a non-zeroelemen in F.

Suppose that m is an index such that m 6 i and v, = 0. If b, > 0O
and ¢, > 0, then for the choice of k,, = 0 the displayed expressionabove is
kP hk® = 0, giving a cortradiction. If b, = O andc, 6 0, then with the choice
ofkj = 1forallj 6 i;mandky = (h g™ c)=vi)l¥m  the expressionis again
zero, giving a contradiction. Similar choicesshow that the casein which by, 6 0
and ¢, = 0 cannot occur. Therefore when vy, = 0, we have that b, = ¢, = 0.
Thusby, ¢cn=0= (0 ¢)(vn=v) for all indicesm 6 i with v, = 0.



Next let m be any index such that m 6 i and v, 6 0. If in addition

kb C h= g(bi Ci)=Vi Y k_bj ¢ (b ci)(vj=vi) h
j
isi
is alsoa non-zeroelemen in F. If by ¢y (B  ¢)(vmn=v) 6 O, then for the
choiceof k; = 1 for all j 6 i; m, and the choice of

km = [hg (bi Ci):Vi]l:(bm cm (bi Ci)(Vm:Vi));

wehavekP ¢ h= 0, giving a cortradiction. Soby, ¢n (B  G)(vm=V) = 0,
and henceb, ¢y = (b ¢)(vm=v), whenvy, 6 0 also.

Thus for all j 6 i, we havethat b ¢ = (b ¢c)(vj=v) and v;=v is
non-negative. By hypothesis x° > x° in the reverse lexicographic ordering,
sowe must havels ¢ > Oandb ¢ for all j. By the assumption that
ged(x®;x¢) = 1, it follows that ¢ = 0. Then bv; = Qv for all j, and since
vi 6 0Oand b6 0, b 6 0 aswell. Therefore if we de ne the positive rational
number | := v;=h, then v; = I for all j. O

This result leadsto the following de nition. Two binomials x"(x¥  gx%)
and x3(x?  hx¢) with x¥ > x"¥ and x? > x° are of the sametype if there are
non-negative integers| and m and n-tuples B and C of non-negative integers
with xB > x© such that v=IB, w = IC, b= mB, and ¢ = mC; in this case,
we say the binomials are of type (B;C). With this notation the lemma above
says that if the ideal generated by two non-monomial binomials is the whole

neither binomial is a multiple of any variable. The corresponding result fails for
a 3-generatedbinomial ideal; for example, the three binomials x; 1, x, 1,
X1X2 2 generatethe whole ring, yet no two of the three binomials are of the
sametype.

The following theorem shaws that for principal idealsgeneratedby binomials
of the sametype asthose consideredin Lemma 3.1, one can bound the number
of elemers in the reduced Grobner bases,as well as give constructive upper
bounds for the x,-degreeand total degree.

Theorem 3.2. Let F be a eld of positive prime characteristic p and R =
F[X1;:::;Xn] a polynomial ring in n variablesover F. Letl = (xY(x¥ gx%V))
and J = (x3(x® hx®)) be ideals in R, wher u;v;w;a;b;c are n-tuples of
non-negative integers, g; h are units in F, ged(x¥;x%) = 1 = ged(x”;x°), and
in reverselexicographic ordering, x¥ > x%¥ and x? > x°. Assume that (x"
gx¥;xP hx®) = R. Then for q su ciently large, the maximal x,,-degree of the
Grebnerbasisof J + | 9 satises (q) max((un + Vo), a, + by), the maximal
total degree satises ( @) max((juj+ jvj)qg;jaj+ jb), and the cardinality of the
Grobner basis satises c(q) 4.

Proof. By Lemma 3.1, w = ¢ = 0 and the generatorsof | and J have the same
type. Then 1@ = (x4 (x® g9%) and J = (x3(x° h)). We will explicitly
compute a Greobner basisfor J + 14,



The hypothesisthat (x¥ g;x? h) = R implies that there are polynomials
r:s2 R with r(x¥ @)+ s(x® h)= 1. Taking qth powers of both sidesand
then multiplying by Icm (x9; x2) yields

ca lcm (x94; x2)

qu-ya
XD g+ ooyt 1D e ),

which equalsicm (x%;x2). ThusJ + 119 contains lcm (x%;x?). Computation
of the S-polynomials of this monomial with the two generatorsof J + 1[4 shows
that

is(xq(u+ V) gqxqu; lcm (Xqu : Xa)) - i lcm (Xq(u+ v) : Xa) quqU
ga gl xacu+v)
lcm (x9(u* V) : x2)
= o
and
1 1lecm (x+P; xa4)
HS(XEler hx?;lem (x%; x?)) = ﬁThxa
_lem (x3*b; xau)
=

arealsoin J + |4,
- lcm (x2+ib:xauy . .
Let Ej = =——S5——. By the S-polynomial calculation above, E; 2

J+ 1 If E; 23+ 119 then sois

a+b. lom (xa*ibxau)
lom (xa*b; 1EM (T 1Pxt) y

Xb

%S(xa(xb h);E;) =

The exponert of x; in this equals max(a; + b;max(a + j;qui) jhb) &b
= max(a;max(a; b;qu; ( + 1)b)) = max(ai;qui (j + 1)by), which is the
same as the exponert of x; in Ej+1. Thus the monic S-polynomial above is
LS(x3(x h);Ej) = Ej+1. Thereforeall the E; arein J + 119, Note that the
exponert max(ai;qui jh) of x; in E; is at least as large as the exponert of
Xj in Ej+1 forall i, soE; is a multiple of Ej+1 for eadj. Thus for su cien tly
large j, Ej = Ej+1 = Ej+2 = , and we denote this evertual monomial as
E: . All of the E; are multiples of E; .
De ne the set

lcm (x9(u* V) x2)
B
Xav

B:= xM(x® g¥;x®(x® h);

then B is a basisof J + 1[4, The S-polynomial of the rst two elemers is

q(u+v).,a+b q(u+v).,a+b . R
lem (x e ) g lem (x e )1y, which reducesmodulo the third ele-

ment in B and modulo E; (i.e. modulo E; ) to zero. The S-polynomial of the
rst and the third elemeris in B is

q(u+v).,a
lem (xaurV)xa)y Jem (xUtV); lcm =)

qu (y Qv d
S x™(x™ g¥) e ey

g’



The exponert of X; in this equals

max(qui + qvi;max(qui + avi;ai) qvi) qQvi = max(qui;a  2qvi):

For su cien tly large q, if vi 6 0then max(qui;a 2qv;) = qu; = max(qui; a;

avi), and if vi = O then max(qui;a  2qvi) = max(qui;a) = max(qui;a  qvi).
Sincemax(qui;a qv;) alsoequalsthe exponert of x; in the third elemen of
the basisB, this shows that the S-polynomial of the rst and the third elemen
of B reducesto 0. The S-polynomial of the rst and the fourth elemens in B is

lcm (x9U*V). By )gq'

S g)iEr ) = S

The exponert of x; in this equals,for j su cien tly large,
max(qui;max(a  avi;qui  jhboovi)) = max(quiza  qvi);

which is the sameas the exponert of x; in the third elemen of B. Thus the
S-polynomial of the rst elemen of B with any other elemen of B reducesto
0. The S-polynomial of the secondand third elemerts is the monomial

Xq(u+v);xa)

a+b. Icm(
lem xa&*b; v

h;

Xb

for which the exponert of x; ismax(a;; max(qu; hb;a qvi b)) = max(a;qu;
), sothat this S-polynomial is a multiple of E; and thus of E; , and hence
reducesto zero. We have previously establishedthat the S-polynomial of the
secondand the fourth elemeris reducesto 0 modulo the given basis. The last
two elemerts of the basisB are both monomials, so their S-polynomial is 0 as
well. This provesthat for q sucien tly large the set B is a Grobner basis of
J + 19 with respect to the reverselexicographic ordering.

Although the Grebner basis B may not be reduced, the reduced reverse
lexicographic Grebner basis G, for J + 1@ will have cardinality and degreesat
most those of B. Thus we can read o upper bounds for the three functions
for g suciently large,and nd that (q) max((un + vy)g;an + b)), ( Q)
max((juj + jvi)a; jaj + jbj), and c(q) 4.

Next we use Lemma 3.1 to show that the principal monoidal ideals cover
\most" of the possibilities for principal binomial ideals.

Theorem 3.3. For any principal binomial (non-monomial) ideals | and J
which are generated by binomials that are not of the sametype, there is a change
of variables under which | and J become principal monoidal ideals. Further-
more, this changeof variables preservesthe reverselexicographic ordering and
the three functions (q), ( ), and ¢(q).

a polynomial ring in n variables over F. Since Grobner basesare unchanged if



generality we may assumethat F is algebraically closed.

Let I and J be arbitrary principal binomial (hon-monomial) idealsthat are
not of the sametype. We can write | = (x¥Y(x¥ gx¥)) and J = (x?(x?
hx®)), where u; v;w;a;b, and c are n-tuples of non-negative integers, g and h
are units in F, x¥ > x% and x? > x¢ in the reverselexicographic ordering, and
ged(x¥;x%) = 1= gcd(xP; x°).

Casel. Suppose there exist non-zero elemerns ki, :::, k, in F suc that
kY gk¥ = 0= kP hk®. In this caseunder the variable changex; 7! K;Xx;
for all i, the reverselexicographic ordering is presened, and the generator of
the image F of | under this ring automorphism is kUxY(kVx¥  gkWxW). After
dividing through by the non-zeroelemen k'kV = kYgk" of F, this generator
becomesx"(x¥ x"). A similar computation holds for the generator of the
image ¥ of J; hencethe generatorsof F and ¥ are monoidal. As this ring
automorphism presenes the reverse lexicographic ordering, it maps Grebner
basesto Grebner bases. Since this change of variables is linear, the functions

(@), ( g), and c(qg) will alsobe presened.

Casell. Supposethat there do not exist non-zeroelemerns ki, :::, ky in F
such that kY gk% = 0= kP hk®,

Casella. SupposeCasell holds and alsothat vi + w; > Oandb + ¢ = 0
for someindex i. There is another index j for which either by > 0 or ¢ > 0,
but not both, sincex” > x¢ and gcd(x”;x®) = 1. By performing the change
of variables x; 7! h™ (respectively x; 7! (h 1)*¥*%) and Xy 7! xm for all
m 6 j, the generator x3(x® hx®) of J is mapped to a scalar multiple of
x3(xP  hAx®) = x3(xP x°) with unit i = 1. At the sametime, the generator
of | changesto a scalar multiple of x“(x¥  gx") for another unit g in F.
Since either v; > 0 or w; > 0, we can similarly replace x; by an appropriate
scalar multiple of itself sothat x"(x¥ gx") is mapped to a scalar multiple of
x4(x¥ xW). Sinceb = ¢ = 0, the unit i = 1 remains unchangedunder this
secondmap. As in Casel, this change of variables presenesthe ordering and
the three functions assaiated to the Grebner bases.

Casellb. SupposeCasell holdsand v; + w; = Oand ly + ¢ > O for some
index i. An argumert similar to Casella shows this caseas well.

Casellc. SupposeCasell holds and that for all indicesi, vi + w; > 0if and
only if b + ¢ > 0. Let T be the setof indicesm for which v, > 0, let U be the
set of indices m for which wy, > 0,andlet S:= T[ U. Let

— ifj2T _ ifj2U
b := 3 it | 62T and b= 3 if | 62U
and de ne ¢, andc similarly. Thenb=b. + b andc=c¢ +c .

De ne new variables y,, over F, where m varies over the set S. We will
denote the restrictions of the tuples v, w, b,, b , ¢., and ¢ to tuples in the
indices of S by the same notation. Consider the ideal (y¥*%W g;y® *¢
hy® *&)in Flymjm 2 S].

Sincethe non-leading (monic) term of the rst generatoris 1, it follows di-
rectly that y¥*W > 1andgcd(y¥*"; 1) = 1. For the secondgenerator,the indices
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m for which (b: ), > 0 satisfy that both (b )y, = 0= (¢ )m, and similarly for
¢ , sothe supports of the two terms are disjoint. Then gcd(y® *¢ ;y? *¢)=1
and either yb++c > yb +tC+ or yb o S yb++c .

Supposethat K is a tuple with ertries in F (and indices in S) for which
RV*W g= 0= RP»*¢  hkP *¢ . Sincethe product of all of the Ky, divides
RY*W the rst equation shows that all of the entries of K are non-zero. De ne
the n-tuple k 2 F" by kj = Kj forj 2 T, kj = K Yforj 2 U, and k; := 1 for
j 62S. Thenky;:::;k, arenon-zeroelemeris in F for which 0= kW (R¥*Y @) =
kW(kV w g)= kY ng and0= kb *¢ (Rb*“: hk? +c+): kb +c (kb* c
hk P *¢) = kP hk¢, contradicting the hypothesis of Casell. Therefore the
equationsy'*W g= 0= y>*¢ hy? *¢ have no solutions over F. Then
Hilb ert's Nullstellensatz saysthat (yY*" g;y>*¢ hy? %)= F[ymjm 2 S].

Applying Lemma 3.1, we get that eitherb, + ¢ = O0orb + ¢ = 0, and
we can write y**¢  hyP *¢ asa scalarmultiple of y*¢ A whereB+ ¢is
eitherb, +c orb +c¢.,andfiishorh 1, respectively. The last conclusionof
Lemma 3.1 says there is a positive rational number | such that v+ w = I(f)+ ¢).
Ifb. +¢c =0,thenb=b ,c=c¢,andv+w=1(b +c), sov=lc and
w = Ib , which cortradicts the assumption that both x¥ > x" and x? > x°.
Thereforeb + ¢ = 0,sob= b, c=c,v=Ib andw = Ic. Therefore
the generator x"(x¥  gx%) of the ideal | is of the sametype asthe generator
x2(x®  hx®) of J. But this cortradicts the hypothesisthat the generatorsof |
and J are of distinct types,so Casellc cannot occur. 0

Motiv ated by the preceding theorem, for the remainder of the paper we
considerthe casein which the ideals| and J are principal and monoidal.

4 Principal monoidal ideals: Examples

In this section we report on our calculations of reduced reverse lexicographic
Grebner bases,together with the functions (q), ( g), and c(q), for ideals of
the form J + 19, where| and J are xed principal monoidal idealsand q varies
over powersof the characteristic of the base eld F. In every example,the three
functions either are evertually (for q>> 0) linear or constart functions, or else
evertually vary periodically betweenlinear or constart functions. For seweral
of the examples, we also explore in more detail the dependenceof the three
functions on the characteristic p of the eld F. The examplesincluded in this
section were chosenfrom among all of our computations to illustrate all of the
possiblebehaviors we obsened for the three functions.

In the processof nding ead of the following examples,we usedthe sym-
bolic computer algebraprogram Macaulay2 [Grayson and Stillman] to generate
Grebner basesfor ideals J + 1 for small valuesof g (usually three or four val-
ues), and studied the patterns in thesebasesto guide usin proving the structure
of the Grebner basesfor all valuesof g. A sample of the Macaulay? code used
in our calculations is provided in the Appendix.

We beginwith an examplein which the degreefunctions are linear functions
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and the cardinality is a constart.

Prop osition 4.1. LetR = Z=3Z[x;y;z], | = (y’z x?),J = (y® xy),p= 3,
and g = 3°. Then the Grebner basis of J + |4 with resgct to the reverse
lexicographic ordering (with x; = X, X, =y, and x3 = z, sothat z< y < x) is

3g+1 2q+1

fy3  xy;x9 ly?z80 x29:x29y  x9yz9%x x2a*1 Z9g:
Therefore the maximal z-degree of the Grobner basis elementsfor J + 114 js
(9) = g, the maximal total degree of the elementsis ( g) = 3gq+ 1, and the

number of elementsin the Grobner basis is ¢(q) = 4 for all q.

Proof. Dene f := y® xy and g := y?9z9 x29, sothat f and g generate
J and 119 respectively. Before computing S-polynomials, we reduce g modulo
(y® xy). Note that for any monomial x2y®z°® with b 3, the monomial reduces
to x2*1 yP 2z¢ Then the normal form of x2y®z® modulo f is x2*Xy? 2kz¢ where
b 2k 1) 3andb 2k< 3;thatis, (b 3)=2< k (b 1)=2. Thento
nd the normal form for y29z9 whereb= 2q, weneedq 3 <k q 3, so
k=q 1, andthe normal form is x4 'y?z9. Thereforethe polynomial g reduces
to g%:= x4 1ly?z0 x29,

The polynomials f and ¢° are a basisfor J + 119, Let h denote their S-
polynomial

h:= S(f;¢% = x9 1z9f  yg°= x%yz%+ x2%:
The S-polynomial

S(g®h) = x4 g% yzIh = x39*1 4+ x9y2z20
X3q+1 + X2q+1 z4

where denotesa reduction using g% let i := x34*1  x29*1 z4 denotethe monic
scalar multiple of this polynomial. All of the remaining S-polynomials in the
basisff;g%h;ig reduceto 0. Therefore the four elemens indeed generate a
Grebner basis, and since no elemert of the basismay be reducedby any other,
this Grebner basisis also reduced. This provesthat the maximal z-degreeis
of the elemerns of the Grobner basis (q) = g, the maximal total degreeis
( o) = 3g+ 1, and the cardinality is c(q) = 4. 0

Note 4.2. Let R = Z=pZ[x;y;z], with X;y;z variables over Z=pZ, where p is
any prime and q varies over powersof p. Let | = (y?z x?) andJ = (y® xy)
be the sameideals asin the example above. In this case,the samesetsasin
Proposition 4.1 above are the reduced Grobner basesof the ideals J + |9 in
characteristic p also. Indeed, the proof above applies, sincethe hypothesisthat
p = 3 was newver usedin the proof. 0

The number of elemerts in the Grobner basesneednot remain constart, as
we prove next with the ideals| and J from Proposition 4.1, but with their roles
switched.
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Prop osition 4.3. Let R = z=3Z[x;y;z], | = (y?z x2),J = (y®> xy), and
q = 3°. Then the Grobner basis of | + J[9 (rolesof | and J exchangd) with
resect to the reverselexicographic ordering (with z < y < x) is

fy?z  xZy%  xdydxPy3d 20 xazkyd 251 ko (g 1)=2g
[ f x4 1+2jy2q+1 2j X2q lij J 1 J qg[ f)(3q+l X2q+l quZ

The correspnding functions for theseideals are (g) = g, ( g = 3q+ 1 and
c(g) = (3q+ 5)=2for all q.

Proof. De ne the polynomialsf := y?z x?,g:= y3@ x99, hy := x?kysa %
xd2kyd 2 when1l k (g 1)=2,r; = x9 W2iy2atl 2 x20 lyzl when
1 j g ands:= x%*1  x24*1 79 Sinceq= 3% qgisodd, so(q 1)=2isan
integer for all valuesof e.

Note that if g = 1, there are no elemers of the form hy. In this case,the
Grebner basisis already included in the proof of Proposition 4.1.

Next assumethat q > 1. In this example eact of the generatorsof both |
and J[9 is in normal form with respectto the other, giving the rst two elemeris
f and g of the basis. The S-polynomial

S(fig) = y*™ 2 zg= X%y 2+ xfylz X%y 24 xT2yT 2= hy;

where denotesa reduction using f . Repeating this for 1 k (q 3)=2,we
get

S(f,hk) - X2ky3q 2k 2f th - X2k+2 y3q 2k 2 4 Xq+2 kyq 2kZ

x2(k+1) y30 2k 4 y@e2(keD) ya 2k =

where denotesa reduction of the secondterm using f . Note that in this S-
polynomial computation, we required that the rst y-exponert 3q 2k 2 0,
and to do the later reduction by f, we neededthat y? divides y% 2. Then
3g 2k 2andq 2k 2,sothe rst inequality is redundant, and the second
inequality saysk (q 2)=2. Sincein this proposition we are assumingthat
p= 3,s0q= 3°isalwaysodd, the largestvalue that k canactually reac in this
S-polynomial computation is (q 3)=2. Then the largest value of k for which a
basiselement hy is producedis (q 1)=2. Thusthe ertire set of elemens hy is
generatedin the Buchberger algorithm.

The last element generatedthis way ishq 1=, = x9 1y?™*1 x4 1y Com-
puting the S-polynomial of this and f givesS(f;hq 1y-2) = ri. Again com-
puting S-polynomials inductively for 1 j q 1, wegetS(f;r;) = rj+1.
The last elemen generatedin this latter stepisrq = x3¢ ly x24 lyzd,

Finally, the S-polynomial S(f ;rq) reduces(using f) to the polynomial s,
resulting in the last elemert in the list of the basiselemerts. It is straightforward
to ched that with these basiselemers all remaining S-polynomials reduce to
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0, hencethe setis a Grobner basis, and that the Grobner basisis reduced. The
results on the three functions then follow directly. 0

Note 4.4. Let R = Z=27]x;y;z], sothat the characteristic is p = 2, and let
I = (y’z x?)andJ = (y® xy) bethe sameideals asin the example above.
In the proof above, in the computation of the S-polynomials S(f ; hy), we noted
that the number of polynomials of the form hy producedsatisesk (q 2)=2.
When the characteristic p is even, then, the Greobner basis computation can
dier from the proof above at that point. In fact, a proof very similar to the

one above shows that for p = 2 the reduced Grebner basisof | + J1 is
2Z x2;x2ky3q 2k Xq+2 kyq 2k;

x¥2iy2a 24 x297 jo k(g9 2=20 j

fy

when g > 1. Then the functions ( q) = 3gand ¢(qg) = 5q+ 2 for g> 1 ass@i-
ated to theseGrobner basesdi er from the functions ( @) and c(q) computedin
Proposition 4.3 with p= 3. Thus, not surprisingly, the reduced Grobner bases
do depend on the characteristic of the underlying eld in general. In this exam-
ple, though, the x,-degree (q) = qis the samefunction in both characteristics.

The proofs of the next three examples,in Propositions 4.5 and 4.6, comput-
ing S-polynomials to produce the Grebner basis and to ched that remaining
S-polynomials are 0, both utilize reasoningsimilar to the two proofs above in
this section. To avoid repetition, we omit these proofs.

In part (a) of the next proposition, we show that the function (q) alsocan
equal a constart. In the propositions above, the functions (g) and ( q) are
exactly equal to linear functions, and c(g) equals either a linear or constart
function, for all g. As mertioned earlier, these functions are not always this
regular. Part (b) of the next proposition illustrates functions ( q) and c(q)
which are polynomials evertually but not at the start.

Prop osition 4.5. Let R = Z=2Z[x;y;z], | = (x> y?),J = (xy z?) and
g= 2°. With the reverselexicographic ordering (with z < y < x),
(a) the reduced Grebner basis for J + |9 js
fxy z2x20  y2oy2rl o 424 124

sothat (@) =2, ( g9 =29+ 1andc(qg) = 3for all g, and
(b) the reduced Grebner basis for | + JI9 with q 2 is

fx2 y2; y2q Zqu;
sothat in this case (q) = 2q,
_ 3 ifg=1 _ 3 ifg=1
(9= 2q ifq 2 and 9=, ifq 2
for all g. 0
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The next example shaws that the function (q) may also be a function that
is eventually linear but not for small g.

Prop osition 4.6. Let R = Z=3Z[x;y;z;w], | = (xy?zw xy3z%w), J =
(xy2z3w?  x3yzw?®) and g = 3°. Then with the reverselexicographic ordering
(with w < z < y < x), the reduced Grobner basisof J + | is

fxy2z23w?  x3yzw?; xy?zw  xy3z2w;x‘yzw®  x3y?z22wig;
andfor g 3, the reduced Grebner basis of J + 1 is

fxy?z23w?  x3yzw?;

60 1+2iy3q2+1 iZW3q21+i x3d 2+2iy2q+1 i 22,20 :L+ij 0 i %g:
Thus
_ 3 if g= 1; _ 12 if q= 1,
@=" 73 jtq 3 (D= 154 1 ifq 3
and c(q) = 242 for all q. 0

In the following example we again usethe ideals| and J from the previous
proposition and exchange their roles, in order to exhibit periodic behavior of
both the cardinality function c(q) and the total degreefunction ( @) of the
elemerts of the reducedGrebnerbasisof | + J19, with periodic behavior starting
not with g = 1 but at the next level, at g = p. The proof of Proposition 4.7
is similar to, but somewhatlesscomplicated than, the proof of Proposition 4.8;
again to avoid repetition, we include only the proof of the latter result.

Prop osition 4.7. Let R = Z=3Z[x;y;z;w], | = (xX®?zw xy3z?w), J =
(xy2z®w? x3yzw?®) and q= 3°. Using the reverselexicographic ordering (with
W< z< X < y) the reduced Grobner basisof | + J is

fx%y2zw  xy3z22w;xy2z3w?  x3yzwd; x’yzw?  x3y?z22wig;

the reduced Grebner basis of | + J9 for q a positive even power of 3 is

9 1 13 1 7 3 7 3
fxSy2zw  xy3z2w;xyad 7z79 aw?d  x3yid 3739 Ty

and the reduced Grebner basis of | + JI for g an odd power of 3 is

9 3 13 3 7 1 7 1
fxSy2zw  xy3z%w; x3ysd dzed w2l xyad az29 w3,

9y 1 13,4, 1 74 1 74 1
Xqu+Zqu+ T2 ngzq 7774 Zwsqg:

The correspnding functions are given by (q) = 3q,

8 .
> 12 if g= 1;
(9= 2a+3 ifq=3 eodd
: 12_5q+% if g= 3%, e> 0 even
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and
o(q) = 3 ifg=1lorgq= 3 eodd
~ 2 ifgq= 3% e> 0even

for all g. 0

In the next examplewe shaw that the function (q) alsocanvary periodically.
In the example in Proposition 4.7, ¢(q) alternated between constart functions
for the idealsJ + I [9. The next example shaws that the function c(qg) can vary
periodically betweenlinear functions aswell. Moreover, the asymptotic patterns
for all three functions of the ideals J + 19 begin further along, at q= p?.
Prop osition 4.8. Let R = Z=3Z[x;y;z], | = (x°y?z xyz?), J = (xy?z°
x2yz) and g = 3°. Then with the reverselexicographic ordering (with z < y < x)
the reduced Grobner basisfor J + | is

fxy?z® x%yz;x?y?z  xyz?;xyz® x3yzg;
the reduced Grebner basis for J + | Bl is
ny225 XZyZ; X6y623 X4y222; X7y52 X4y224; X8y4Z X5yZ4; X5y28 XQySZg;
if e 2is eventhe reduced Grebner basis for J + 114 is

+k k

Al
N

9 7 1 3 1 1
fxy2z® x%yz;x49 yrdt s Kz x29 ztkyzar
q

s X

z%;
q

INTS

)(%q+ it y%

INTS

jZ %24 ly26+4j;X2q 1y22q+4 X%
jo k (g 1)=20 j (g9 3)=2g

3
yidtaz

andif e 3is odd then the reduced Grobner basis for J + |4 is
yEatiz3  x30 pyratigp2.
xiardrkyZa b oky g3 drkydard kpd,
xHaritiyia § iy x20 1,820 1206y Bariyie iy
jo k (@ 1)=20 j (q 3)=2u

The assaiated functions are

E 8 if g=3;
(= 29+4 ifq=3%e Oeven
2g+ 6 ifq=3% e 3odd
8
< 15 if g=3;
(g9=. 49+4 ifq=3%e Oeven
49+ 6 ifg= 3 e 3odd



and 8
<

5 if q= 3;
cqgg=_. qg+2 ifg=3%e Oeven
" g+3 ifg=3%e 3odd

Proof. The Grobnerbasedor J+1 andJ+ 1 ¥ canbe computedwith Macaulay?2,
and are left to the reader. For the rest of the proof, assumeq = p® with e 2.
Let g = xy?z® x?yz be the generator of the ideal J. We needto reducethe
generator x29y24z9  x9y9z29 of |9 to normal form modulo g. Obsene that
whenewera 1,b 2,andc 5, then x2yPz¢ reducesto xa*1 yP 1z¢ 4 sothe
normal form of the monomial x2yz¢ is the monomial xa*kyP kz¢ 4k where
k is the largest integersuch that b (k 1) 2andc 4k 1) 5;ie,
b k+ landc 4k+ 1. For the monomial x?dy29z9, k is the largest integer
suchthat 29 k+ landq 4k+ 1;in this case,if the latter inequality holds,
then the former is true aswell, sowe only needto nd the largestintegerk for
whichq 4k+ 1. If eiseven,thengq 1modulo 4,sok = (q 1)=4, and the
normal form of x2dy2dz js x 39 Fy49* 3z If eis odd, then g 3 modulo 4, so
k= (q 3)=4, and the normal form of x24y29z9 is x 39 Fy7a* %23, Similarly,
x9y9729 reducesk times using g to its normal form whenk is the largest integer
suchthat g k+1land2q 4k+ 1. Asbeforewe canignorethe rst inequality.
Foralle 2,wegetk= (2q 2)=4= (q 1)=2, sothe normal form of x%y9z2d
isx29 2yz9* 272, The the normal form for the generatorx2dy2dzd  xdydz2d of
| [a] is n
f0:=

9
X9 2 eewen

q
X q %y%q“%zz e odd
Supposethat e 2 is even. De ne the polynomials

qg z+k k

ajo
IS
IS

ka
hj

r

X yrard Kz x3a drkyiar: kz2 o for0 k(g 1)=2
XaaHatiysd 7 1z x24 1yz6+4] for0O j (g 3)=2 and

x2d 1y22q+4 X%q %y%q+%z:

Note that %= fo. When0 k (q 3)=2,the S-polynomial

NN

S(gify) = x79 Ftkyda & kg 24,

= x79 F+(k+D) y%q+% (k+1) 5 4 X%q i+ ky%q+% k6

|
x

X%q 14+(k+1) y%q+% (k+1) 7+ X%q 1+(k+1) y%q+% (k+1) 22

= fker;

where denotesa reduction using g on the secondterm. Therefore the poly-
nomials f¢ for O k (g 1)=2 are included with g and f° in the pro-
cedureto compute the Grobner basis. The last polynomial in this family is

17



frq n=2 = x49 dyi®iz x29 lyz2 Then

S(9:f(q 1=2) = x4 4Z)"‘§q %g Z4f(q 1)=2
1
4

= X

Similarly, the S-polynomial S(g;hj) = hj.. forall 0 j (g 5)=2, sothe
polynomials h; for 0 j (g 3)=2 are appendedto the basis. The nal
polynomial in this list is h(q 3= = x 49 $yi® 2z x2 1yz24 Then

3

13 9 3
S(gih 3=2) = x+9 syi% ig z*hg 3=

2q 1

»e
S

34 1
= x7z4 yzq+zz+ X y22q+4 =r:

Thereforer is also added to the basisby the Buchberger algorithm. All of the
remaining S-polynomials reduceto zero modulo this set of polynomials, so the
setfg;fi;hjsrjO k(g 1)=2,0 j (g 3)=29gis a Grobner basis for
J + 19 in the casethat e 2 is even.

Finally, supposethat e 3is odd. We have alreadgl shown that the polyno-
mials g = xy2z5 x2yz and f0= x29 iyid*iz3 x:29 zy:29* 72 are a basis
for J + 119, De ne the polynomials

Lok

(N

tkyzatz kz%  for0 k(g 1)=2

tj = xFWETIyEa T 0z x20 1yz8+4] for0O j (g 3)=2; and

s 1= x 39t atkyga z x34

13 1 3 1
u:= x4 lyz20M6 xTarayid @z

By an argumert very similar to the proof above, we get that S(g;f9 = s
and S(g; sk) sk+1 forall 0 k (g 3)=2,where denotesa reduction
by 9. Then S(g;S(q 1)=2) = to, and S(g;tj) = tj«2 whenO j (q 5)=2.
Taking one further S-polynomial with g, S(g;tq 3=2) = u. Finally, all of
the remaining S polynomials reduceto 0 modulo these polynomials, so the set
fofls;ti;uj0 k(@ 1)=20 j (g 3)=2g is a Grebner basis for
J+ 14 whene 3is odd.

Sincein ead casethe Grobner basiswe computed is alsoreduced,the results
on the functions assaiated to theseideals then follow immediately from these
bases. a

Note 4.9. If we change the characteristic in Proposition 4.8 to p = 2, we
nd that the x,-degreefunction (q) is dependert on the characteristic of the
eld F aswell; in fact, all three functions (@), ( ) and c(q) arealtered, and the
periodicity is lost. In particular, if R = Z=2Z[x;y;z], and | = (x?y?z xyz?)
and J = (xy?z® x?yz) are the sameideals as in Proposition 4.8, a similar
computation to the one above shawsthat the reduced Grobner basisfor J + | [d
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with q= 2°ande 3is

nyZZS XZyZ;X%q 1y%q+1 Z4 X%q 1y%q+1 Z4;>(%¢_'4+j>,41c1 jZ X%q+jy%q jZ;
X%q+ky%q ky x2q 1y25+4k;x2q 1y22q+5 X%q 1y%q+1 75
jO j (@ 2=20 k (g9 2)=2u

Thusthe assaiated functions satisfy (q) = 2g+5, ( g) = 4g+5andc(q) = g+ 3

for g 23, The main dierence in the proofs lies in the reduction of the
generator x29y2dz4  x9y9z24 of | [4 modulo the generatorg = xy2?z® x2yz of
J.

In the nal exampleweshaow that it neednot be the casethat the total degree
of the Grebnerbasisof J + | [9 is bounded above by g maxf Gbdeg | ; Gbdeg Jg,
where Gbdeg denotesthe total degreeof the reducedGrebner basis(with the re-
verselexicographic ordering). The proof follows the lines of reasoningdeveloped
in the other proofs of this section, and is left to the reader.

Prop osition 4.10. Let R = Z=3Z[x;y;z;w]. The ideal J + 4 with | =
(x2y?zw®  xyz?w?), J = (xy?z®w xyzw?®) and q= 3° hasthe reduced Grebner
basis

nyZZSW XyZWS;Xqu(3q+1 2k):22W6q 1+2 k qu22k+2 W4q 2j0 k (3q 1):29

with respect to the reverselexicographic ordering with w < z < y < x. Therefore
the maximal w-degree of the Grobner basisis (g) = 99 2, the maximal total
dagreeis ( g) = 11q, and the number of elementsis ¢(q) = 3(q+ 1)=2 for all g.
U

Therefore g maxf Gbdeg | ; GbdegJg= q maxf10;7g< 11g= Ghdeg (J +
| a1,

Summary table

Example (a) (a c(a)

Prop. 4.1 linear linear constan

Prop. 4.3 linear linear linear

Prop. 4.5(a) | constant linear constant

Prop. 4.5(b) | linear linear (@ p) constart (9 p)

Prop. 4.6 linear (@ p) linear (@ p) linear

Prop. 4.7 linear periodically periodically

linear (@ p) constart (q p)

Prop. 4.8 periodically periodically periodically
linear (q p?) linear (q p?) linear (q p?)

Prop. 4.10 linear linear (high coe.) | linear
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All of these examplessatisfy Katzman's conjecture that the x,-degree (q)
of the reduced Grebner basisof J + | [ is bounded above linearly in g. Further-
more, in all of these examplesthe total degreeand cardinality of the Grebner
basisare also bounded above linearly in g. However, we are left with the open
question of whether the behavior of the functions (qg), ( g) and c(q) (eventu-
ally) follows one of the patterns in the table above, and whether linear upper
boundson (q), ( g) and c(q) hold, for all ideals| and J in a polynomial ring.
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App endix: Macaula y2 code

We used variations of the following Macaulay? code for our calculations,
included for the readersinterested in making further computations.

Input: polynomial ring R, ideals I, J
Output: fn(e) = Greobner basis of J + IP°],
df(e) = maximal total degree of an element of the Greobner

o
D
<24
»

3

ZZ/p[x,y,z,Mono mialSiz e=>16];

I ideal(y"2*z-x"2 );

J = ideal(y"3-x*y);

fn = e -> (transpose gens gb (J+I*(p"e)))
df = e > (L =1fg; i =0;

G=gens gb (J + I"(pre));

| = rank source G;

T

while i < | do (
= prepend (degree G(0,i), L);
=1 +1; )
max L)
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