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This paper investigates the doubly exponential ideal membership property of the
Mayr-Meyer ideals. These ideals were first defined by Mayr and Meyer in [MM], where
their doubly exponential behavior was first observed, and subsequently these ideals were
further analyzed by Bayer and Stillman [BS], Demazure [D], Koh [K].

The analysis in this paper, as well as in [S1, S2], is from the point of view of the
structure of the associated primes. The motivation came from a question raised by Bayer,
Huneke and Stillman of whether the doubly exponential behavior is due to the number of
minimal and associated primes, or to the nature of one of them. The complete answer for
the case of the Mayr-Meyer ideals with the fewest possible number of variables (the case
n = 1) is given in [S1]. For all other cases, it was proved in [S2] that the doubly exponential
behavior is due to the embedded primes. [S2] also computed all minimal components, the
minimal primes, their heights, and the intersection of all minimal components.

This paper provides partial answers about the embedded primes. In the analysis a
new family of ideals emerges which also has the doubly exponential ideal membership
property. The advantage of this family is that the determination of the associated primes
of the ideals in the family can be found recursively, see Section 7.

The main tool used below for finding the associated primes of the Mayr-Meyer ideals
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are various short exact sequences, and the fact that the associated primes of the middle
module in a short exact sequence is contained in the union of the associated primes of the
two other modules. Theorem 8.1 gives a set of prime ideals obtained in this way, which
therefore contains all associated primes of the Mayr-Meyer ideals. However, not all primes
in this set need to be associated to the middle module. Removing the redundant prime
ideals is a much harder process, and is not completed here. Most of Sections 3 and 4 is
taken up by removing (some) redundancies.

The Mayr-Meyer ideals J = J(n,d) depend on two parameters, n and d, where the
number of variables in the ring is O(n) and the degree of the given generators of the ideal is
O(d). (See definitions in the first section.) Both n and d are positive integers. Throughout
this paper it is assumed that n > 2.

For given n,d, the construction described above yields a set S(n,d) of prime ideals
which contain the set of associated primes of J(n,d). The set S(n,d) is made explicit in
Theorem 8.1. The cardinality of S(n,d) is 160n — 270 + 31d +n(n — 1) + 6,—2(d® — d) +
Spsa(d3—d)(n—1)+31(d?" +- - +d>" )+ (n—1)d*> +(n—2)d> +---+3d>" " +184>" .
This number is doubly exponential in n. Sections 2, 3, and 4 find 31 + 15d + 0,,—2 (d? —d) +
Sp>2(d® — d)(n — 1) prime ideals which are indeed embedded primes of J(n,d), showing
that the number of embedded primes of J(n,d) grows with n and d. Sections 3 and 4
also prove that there exist no embedded primes of certain kinds. It is not proved whether
J(n,d) in fact has a doubly exponential number of embedded primes. Of the primes in
S(n,d), the largest height is achieved by the prime ideals Q235n-2n.1,o and @24, whose
heights are 2 less than the dimension of the ring. However, I do not know if these ideals
are associated.

The generators of the Mayr-Meyer ideals in levels 1 through n — 1 have similar forms,
so that there is hope that the associated primes of the Mayr-Meyer ideals could be arrived
at via recursion. I was unable to reduce the search for the associated primes of J(n,d)
to that of finding the associated primes of J(n — 1,d). However, Section 5 modifies the
problem of finding the associated primes of J(n,d) to that of finding the associated primes
of an ideal K(n,d) to which recursion can be applied. The recursive procedure is carried
out in Section 7.

Many questions remain about the embedded primes of J(n,d). Some are listed at the
end.

Originally I attempted to find the embedded components, not just the embedded
primes, but that became unwieldy. See http://math.nmsu.edu/"iswanson for these and

other computations with the Mayr-Meyer ideals which are not included here.
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1. Notation

The definition below of the Mayr-Meyer ideals is taken from [S2]: it is somewhat
different from the original definition by Mayr and Meyer in [MM], but equivalent to the
original one from the point of view of primary decompositions. See [S2]| for complete
justification. Namely, for any fixed integers n,d > 2, let R = k[s, f, by, crilr = 0,...,n —
142 =1,...,4] be a polynomial ring in 8n + 2 variables over a field k, and let the Mayr-
Meyer ideal J(n,d) be the ideal in R generated by the following polynomials h,;: first the

four level 0 generators:

hoi = coi (s — fb3;) ,i=1,2,3,4;

then the eight level 1 generators:
hi3 = fco1r — scoz,
his = fcos — sco3,
his = s (co3 — co2)
hie = f (co2bor — cozbos) ,
h1,6+i = fcozcri (bo2 — biibos) i =1,...,4,
the first four level r generators, r =2, ..., n:
hr3 = sco1c11 -+ *Cr—3,1 (Cr—2,4Cr—1,1 - Cr—2,1Cr—1,2) )
hry = sco1c11 -+ Cro31 (Cr_24Cr—14 — Cr_21Cr—13),
hys = scorc11 - Cr—2,1 (Cr—1,3 — Cr—1,2) ,
hre = sco1c11 -+ *Cr—3,1Cr—2,4 (Cr—1,zbr—1,1 - Cr—1,3br—1,4) )
the last four level r generators, r =2,...,n — 1:
hr,6—|—i = 8Cp1C11 " * " Cr—3,1Cr—2,4Cr—1,2Crj (br—l,Z - bribr—1,3) yi=1,...,4,
and the last level n generator:

hn7 = scoi€11 -+ - Cn—31¢n—24¢n—1,2 (bn—12 —bn_13).

3



For notational purposes we also define the following ideals in R:
E = (s — fb3;) + (bor — boa, bz — b3, b1 — bG2)

F = (boz — bi1bos, bra — b1, bis — b1y, bia — b1y, by — 1)

Cr=(cr1,62,C3,C4),7=0,....,mn—1

C );

(
(
_ d
Dy = (coa — o1, Co3 — Co2, Co1 — Co2bfy )
D, = (

[

n

r — CT4_CT176T3_CT276T2_CT1)7T:17---an_1a
D,, = (0),
By = By = (0),

B, =(1—=bg;,1 =b3iy...,1—=byli=1,...,4),r=2,...,n— 1.
Brr = (1= byiy 1 —bpyrs-. 1—=byli=1,...,4),r=2,....n—1.
p1 =C1+ E+ Dy,
pr=Cr+E+F+B, 1+ Do+Dy+-+Dpq,r>2

With this notation, here is the table of all minimal primes over J(n,d), as computed

in [S2], where o and [ are dth roots of unity, and A varies over all subsets of {1,2,3,4}:

minimal prime height | component of J(n, d)

Py = (co1, co2, C03, Coa) 4 po = Ho

Piog = p1 + (bo1 — aboz, bo2 — Bbos) 11 Pias = Plag

Prop =pr r+4| prapg = Prap, 2 <1 <n
+(bo1 — aboz2, bo2 — Bbos, B — bii) ™ Prag = Prag, T =1

Py = (s, f) 2 p—1=FP_

P_5 = (s, co1, €02, Co4; bo3; boa) 6 p—2 = (8, o1, Co2, Coa, b, bos)

P_3 = (s, co1, o4, bo2; b3, cozbor — cozboa) 6 p—3=P_3

P_45 = (8, co1, €03, o4, bo1, bo2) 10 p—an = (8, o1, Co3, Coa, bo1, by)
+(c1i,bijlt € A, j € A) +(c1ilt € N)

+(bY;, boa — b1jbos, bij — bije|j, 5" € A)




The intersection of all components primary to the P_45 was computed to be
p—a = (8, o1, Co3, Coa, bo1, bila) + (c15(boz — bribos), c1:bf;, criciy (b — bij)li, j =1,...,4).

The following summarizes the elementary facts about primary decompositions used

in the paper:

Facts:

1.1: For any ideals I, I’ and I"” with I C I, (I+I')NnI"=1+1'Nn1I".

1.2: For any ideal I and element =, (x) NI =z(I : z).

1.3: For any ideals I and I’, and any element =, (I +2I') :x = (I : x)+ I'.

1.4: Let z4,...,x, be variables over a ring R. Let S = R[x1,...,z,]. For any f; € R,
fo € Rlz1], ..., fn € R[x1,...,2n_1], let L be theideal (x1 — f1,...,2,— fn)S in S.
Then an ideal I in R is primary (respectively, prime) if and only if IS+L is a primary
(respectively, prime) in S. Furthermore, N;q; = I is a primary decomposition of I
if and only if N;(¢;S + L) is a primary decomposition of I.S + L.

1.5: Let x be an element of a Noetherian ring R and I an ideal. Then there exists
an integer k such that for all m, I : 2™ C I : 2F. Then I : z¥ is also denoted
as I : . Also, I = (I :2%) N (I+(2¥)). Thus to find a (possibly redundant)
primary decomposition of I it suffices to find primary decompositions of possibly
larger ideals I : z* and I + (2F).

1.6: Let I be anideal in aring R. Then for any « € R, Ass (%) C Ass (%)UASS (T%»

and every associated prime of % is an associated prime of % (Use the short exact
sequenceO—>%—>?—>rl?x) 0.)
1.7: Let x1,...,%n,Y1,...,Ym be variables over a field k and I an ideal in k[z] =

klz1,...,2,]) and J an ideal in kly| = k[y1,. .., Ym]. Then
Tk[z,y] OV Jklz,y] = ITk[z, y].

For simpler notation it will be assumed throughout that the characteristic of k£ does
not divide d, but most of the work goes through without that assumption. Also, J(n,d)
will often be abbreviated to J.

We will use the extended Kronecker delta notation dp as follows: whenever P is true,
then Adp equals A, and when P is false, Adp has no effect on the rest of the expression. To
shorten notation, whenever the range of subscripts ¢ and j is not specified, it is understood

that they vary in the set {1,2,3,4}. Thus for example, (c1;) stands for (¢y1, c12, €13, C14)-



2. Sixteen embedded components

The Mayr-Meyer ideals do have embedded primes. The (possible) embedded primes
will be denoted as @), , with r varying from 1 to 24, and the second part of the subscript
depending on r.

Here is the first batch: for every subset A C {1,2,3,4}, define

Q1a = (8, co1, Co4, boz, bo3, co2bo1 — co3bosa) + (c1ili € A) + (b1 — byjli, j € A).

Of all associated primes of J(n,d) found so far, these primes contain only P_3. We prove
below that each of these 16 prime ideals is an associated prime of .J, with its embedded

component being

q1a = (8, co1, coa, ba, bls, co2bo1 — cozbos) + (c1]i & A) + (boz — bisbos, bii — bujli, j € A).

It is clear that the sixteen Q15 are prime and the g are primary. Note that the height of
Q19 is 10, but if A # (), then the height of Q15 equals 9. Not only is the height of Q1 larger
than those of the others, but it even contains all Qq(;, ¢ = 1,...,4. By a computation

similar to the one for p_4 in Section 2 of [S2], the intersection of all the ¢q4 is
a1 = (5, co1, coa, by, bls, cozbor — cozboa, €15(boz — biibos), cric1j(by — biy)li, j =1,...,4).
Observe that J : (fcozcos(coz — co3))°° contains

d pd
(s, cot, coas by, b3 cozbor — osbos, c1i(boz — b1ibos)) -

This latter ideal contains J and decomposes as

d d . .
= m (s, co1, Coa, ba, b3, co2bor — cosboa, €14, bo2 — bijbos|i € A, j € A)
A

= (s, o1, Co4, boz, bos, co2bo1 — co3boa)

N ﬂ (s, co1, coa, by, bils, co2bor — co3boa, C1is boz — b1jbos, bij — bijli € A, 5,5 € A)
A
=p-3Naq.

Since the element fco2co3(co2 — co3) is a non-zerodivisor on these components, this proves
that

J : (feozcos(coz — co3))™ = p-3Naqr.
To prove that each Q15 is associated to .J, it now suffices to prove that none of the (Q1-
primary components of J : (fcoacoz(coz — co3))™ is redundant. So let A be a subset of
{1,2,3,4}. First suppose that A # (). Then J' = J : (fcoacosz(co2 — 003))"0(]—[@;2 c1i(b1; —
J
blj)) is exactly p_3 Nq1a # p—3, so that QY15 is associated to J.
Finally suppose that A = (). Then J' = J : (fcoacos(co2 — COS))OO(H#j(bli — blj)) is
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exactly p_3 N qip N ﬂ?zl q1{i}- Since the element b bos [L; b1 isinp_3nN ﬂ?zl q1{iy but
not in q¢, this proves that @y is associated to J.

Thus J(n,d) has at least 16 embedded primes, which are as follows:

embedded prime height component of J(n,d)

Q1A = (s, co1,Co4, bo2, bo3) 9, ifA#0D | q1a = (87001, €04 bf')lz,bg:a)
+(co2bo1 — co3boa) + (c1ili € A) 10, if A=0|  +(co2bor — cozboa) + (c14li € A)

+(b1; — b1li,5 € A) +(bo2 — b1ibos, b1; — bijli,j € A)

3. 15(d + 1) more embedded primes (plus d? —d if n = 2)

In this section we find 15(d + 1) (+d? — d when n = 2) more embedded primes of
J(n,d). This shows that the number of embedded primes of J(n,d) grows with d. As

usual, A ranges over all subsets of {1,2,3,4} and a and 3 vary over the dth roots of unity:

Q240 = (5, co1, €03 — Co2, Co4, bo1, boz, bo3, boa) + (c1ili & A) + (b — ali € A),
Q3n = Co + (8, bo1, boz, bo3, boa) + (c1ili € A) + (b1; — bijli, 7 € A),

Q4,203 = (5,01, Coa, Co2 — €03, bo1, bo2, bo3, boa, bi1 — @, b1y — a, bia — B,b13 — B) + C.
These ideals are clearly prime ideals. Let z = f 3621b13(b21 — byy) when n > 2 and x = 13
when n = 2. We prove below that the QQop, and the Q3a, for all non-empty subsets
A C {1,2,3,4} and all dth roots of unity «, are associated primes of J, and that when
n = 2, also the Q4243 are associated whenever o and 3 are distinct dth roots of unity.
Furthermore, we prove that these 15(d+ 1) (+d? —d when n = 2) primes are the only new
embedded primes of J which do not contain z.

Consider the ideal

A

J = (o1 — co2bly, cos — cosbls) + s(coz — cos)

+ 02692 (02 — b3y, co2 — co3, bor — boa, by — by

+ (co2bo1 — cosboa, co2(s — fbla), cozc1i(boz — biibos), cozbly — cosbls)

+ 602533(611 — C12,C14 — C13,C13 — C12, C11(b11 - b14), C11(b12 - 513), C115n23)-
It is easy to see that x multiplies J into J and that J contains J. We will find all
associated primes of J , of which the only new ones are the Qaprq, @34, and Q4205. We
will show that x is not in any of the associated primes, so that then J =J:z Thus

Ass(R/J) = Ass(R/J : x), and every associated prime of J is also associated to .J. Thus

it suffices to find all associated primes of J and to show that z is not in any of them.
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By Fact 1.6, Ass (?) C Ass <j:1302>UAss <j+ioz))' Note that j+(602) = (co1, Co2, Co4,

cogbg?,, SCo3, Co3bos) = po N p—o is an intersection of some minimal components of J, and =
is a non-zerodivisor modulo each of them. Hence it suffices to find the associated primes

of J : co2, and to show that z is not in any of them:

A

J : coa = (co1 — coably, cos — coably, s — fbly)
+ b (b — b1, co2 — €03, bo1 — boa, s — bily) + (c1i(boz — biibos))
+ b(z)g(cu — C12,C14 — C13,C13 — C12, C11(b11 - 514), C11(b12 - b13), 6116n23)
+ (s(coz2 — co3), cozblly — cosbls, cozbor — cozboa) : Co2
= (co1 — co2bfi, cor — co2ba, 5 — fb()
+ by (bly — by, coa — co3, bo1 — boa, bl — by) + (c14(bo2 — b1ibos))
+ D24 (11 — €12, €14 — €13, €13 — 12, 11(b11 — b14), c11(b12 — b13), €110n>3)
+ (coably — co3bls, cozbor — cozboa, bo1bls — boabls)
+ 5(coz — cos, bot — boa, by — bls)
= (co1 — Co2by, Coa — co2bly, s — fb,)
+ b (b — b1, co2 — €03, bo1 — boa, b — bily) + (c1i(boz — biibos))
+ b(z)g(cu — C12,C14 — C13,C13 — C12, C11(b11 - 514), C11(b12 - b13), 6116n23)
+ (co2bly — co3bis, cozbor — cosboa, bo1bis — boably).

. R R R
Again by Fact 1.6, Ass (j:c02> C Ass (j:COZbgz) U Ass ((j:602)+(b32)>' Note that

(J : co2) + (b32) = (ot Coas 8, bila, c1:(boz — b13bos), cosbls, cozbor — cozboas bo1bls),
which decomposes as
= (601, Co4, S, bé‘fz, Cli(bOZ - bubog), Cubclli, C1iC1j (bu - b1j), €03, bo1)
N (co1, coas 8, ba, c1i(boz — bribos), bls, co2bor — cosbos)
=p-aNp_3naqi,
as in Section 2. Thus z is a non-zerodivisor on this ideal, and no new associated primes
appear. Thus it suffices to find the associated primes of J: coabdy:
j . Cogng = (C()l — Cogng, Coqa — Cogng, S — fbf)lQ)
+ (b — by, co2 — o3, bo1 — boa, bz — b))
+ by (c11 — 12, €14 — €13, €13 — €12, c11(b11 — bia), e11(b12 — b13), C110,>3)

+ (€14 (boz — b1ibos), coably — co3bls, co2bor — cosboa, bo1bds — boabls) : bly.



The next two displays will compute the colon ideal in the last row. As in the computation
of p_4 in [S2],
(c15(boz — bribos), coz2bls — cosbis, cozbor — cosbod, bo1bis — boably)

= ﬂ((cozbf)lz — co3b@s, Co2bo1 — Cosboa, borbGs — boabfz, ciy boz — bijbosli & A, j € A))
A

= ((602b82 — co3bls, coabor — co3bos, bo1bls — boably) + C1>

ﬂ <((002b(1ij — 03)bJs, cozbor — Cosboa, (bor — boabf;)bs, c1i, boz — bisbosli & A, j € A))v
AAD

which coloned with bd, equals
((602682 — co3bls, coabo1 — co3bos, bo1bls — boably) + C1)

m ((Cozbilj — ¢o3,bo1 — 5045%7 C1ir boz — b1jbos, bij —bij|i € A, 4,7 € A))
A#£D

= (Cozbgz — co3bls, coabor — co3boa, bo1bis — boablsy, c1i(boz — bibos))
+ (cricr(brs — biy), cri(bor — bf;bos), cri(cos — bsco2)li, 5) -
Thus
J 1 coabls = (o1 — coabls, Coa — Co2blla, s — [bia, oz — o3, by — b1, bor — boa, bty — biy)
+ by (11 — €12, €14 — €13, €13 — 12, 11 (D11 — b14), c11(b12 — b13), €110,>3)
+ (Cli<b02 — b1ibo3), cric1j(b1i — b1j), c1ibo1 (1 — b)), cozeri(1 — b‘fi)\i,j) .
Now let J' = J : coob2d and J” = (J : coably) + (bdy). By Fact 1.6, the set of associated

primes of J : cgabl, is contained in the union of the sets of associated primes of J' and J”.

First we analyze J":
J" = (co1, Coas oz — €03, 5, bits, bo1 — boa)
+ (Cli(bOZ — b1ibos), c1ic1j(b1i — b1j), c1ibo1 (1 — b)), cozcri(1 — b‘fi)\i,j) .
This decomposes as follows:
J" = (Co + (8,b8;,bo1 — boa, c14(bo2 — b1ibos), cric1;j (b1 — bij), c1ibor (1 — b%;)))
N (001, Co4, Co2 — €03, S, bgi, bo1 — bos, c1i(boz — b1ibo3), cric1;(bri — buj), cri(1 — bili)) .

Let g denote the ideal in the second row. Clearly, ¢o decomposes as the intersection of

Q2pq-primary components. The ideal in the first row decomposes as

(Co + (s, b, bor — boa, c1i(boz — b1ibos), cricij(byi — b1j), c1i(1 — bilz)))
N (Co + (s,b8;, bor, boa, c1i(boz — b1ibos), cricrj (b — bij))).
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Let g3 be the ideal in the second row above. Then g3 is an intersection of the QQ3p-primary
components. The ideal in the first row contains ¢o, and is thus redundant for computing the
associated primes of J”. Thus the set of associated primes of J” is a subset of {Q2xq, @34 }-

Clearly x is not in any Qar. and Q3p.

It remains to compute a decomposition of J’:
J' = (co1 — c2bla, coa — co2bla, s — fbia, coa — co3, s — by, bo1 — boa, by — bl
+ (011 — C12,C14 — C13,C13 — C12, C11(b11 - b14), C11(b12 - 513), C115n23)
+ (e11(bo2 — bribos), €11 (b1i — brj), c1n (1 — b5,)1i, ) -
By coloning with and adding c¢2:
J' = (co1 — coz2bly; cos — co2bla, 5 — [b, coz — cos, bo1r — boa, bz — bGy)
+ (c11 — c12, c14 — €13, €13 — €12, 60 >3, bo2 — b1ibos, by — bij, 1 — bi;))
N ((cor — co2bz, coa — Coaba, § — Fb32, co2 — o3, by — by, bor — bos, bz — b3y)
+ (011 — C12,C14 — C13,C13 — C12, C11(b11 - 514), C11(b12 - 513), 6116n23)
+ (c11(boz — b1ibos), ciy, e11 (1 — bYy)))
= P20n=2
N ((cor — co2bz, coa — Coaba, s — Fb32: Co2 — o3, bz — b1, bor — boa, bz — b51) + C1)
N ((co1 — co2blla, coa — Co2bita, 8 — Fba, Co2 — o3, by — b1, b1 — boa, by — b1) + Dy
+ (b11 — b1a, b1z — b13, >3, boo — b1ibos, c1q, 1 — b%))
By coloning with and adding bgs on the third component,
J' = p2dn—2 N1
N ((co1 — co2bla, coa — c2bls, s — fbila, co2 — Co3, b — by, bor — boa, by — b)) + Dy
+ (8>3, bo2 — b1ibos, b1; — bij, 3,1 — bili))
N ((co1, o4, 8, o2 — o3, b3y, bor — boa, boz, boz, b1 — bia, b1z — b1z, 6>3, €1y, 1 — bY;) + Dy).

The second to the last ideal above properly contains p2d,—2, and the last ideal ¢4 2 is an

intersection of Q4 243-primary components when n = 2. This proves that
J = J: coabiy = J : coabZha = p1 N padn—z N qq.20n=2,

and all Q4,205 With a # 3 are associated to J. As z is a non-zerodivisor modulo this ideal,
this also finishes the proof that J=1J:uz. Furthermore, this proves that the set of new

embedded primes of J which do not contain z is contained in the set of associated primes
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of the ideal J : cably = J : coablyz, and that this latter set is a subset of
{QQAOn Q3A7 Q4,2aﬂ5n:2}~

It remains to prove that the prime ideals ()59, are not associated to J, and that every

element of

{Qara, QsalA # 0,04 =1}

is associated to J. By construction, it suffices to show that the displayed prime ideals are
associated to J : cogbgﬂ' and that the (QQ2p, are not associated to J : cogbggx.
Let A be a subset of {1,2,3,4}. Let K be the ideal J : co2bdyx coloned with a power

of the element

y =[] ei(@ = ))con.

1EN
JEA

Let a be a dth root of unity «, and I" a subset of {1,2,3,4} with I" # A. Note that
Y € Qara \ Q2aq- Also, y is an element of each Q4 243, and of Qsr, Qsa. Also, if A # 0,
then y € py, and if A # {1,2,3,4}, then y € ps. If A = (), then K = p;, which proves
that Qop, is not associated. If A # (), then K # pyd,—2, which proves that the Qopq is
associated to J.

Similarly, by coloning J : coabdyx with [] s c1i(b1j — b1;7) (b1 — b1j) H?zl(l - bilj)
we get that each @3, is associated to J if and only if A # (). Thus

Theorem 3.1: Set x = fca1b13(b21 — bao) when n > 2 and x = f when n = 2. Then the
set of embedded primes of J which do not contain x is

{Q1a, @270, Q3nr, Qu2050n=2|N # 0, 0% = B =1,a # B},
and each of these primes is associated to J. m

For clarity we record the new embedded primes in a table:

embedded prime (A # 0,a% = 1,8 =1,a # B) height

Q210 = (5, €01, €03 — €02, Co4, bo1, bo2, boz, boa) + (c1it € A) + (b1 —ali € A) | 12

Q3n = Co + (8, bo1, boz, bo3, boa) + (c1ili & A) 4 (b1; — bijli, 7 € A) 12
Q4,208 = (8, o1, Coa, Co2 — €03, bo1, boz, bos, boa) 16
(b11 — @, b1y — a,big — B,bi3 — B) + Cy if n. =2 only
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4. (n —1)(d® — d) more embedded primes, for n > 2

The embedded primes of J found so far do not contain by; — by;. Without this as-
sumption there are many more embedded primes of J, and the number of these primes
grows with n and d. In this section, (n—1)(d® —d) more embedded primes are found in the
case when n > 2. The main theorem of this section, Theorem 4.1, says that these primes

are the only new ones not containing the element =, where z is

T = f3(C21 e 'Cr—1,1)b%g+l(523 c 'br—1,3)(1 - br1)7 if r < n,
f3(C21 o 'Cr—1,1)b%g+1(523 o 'br—1,3)7 if r =n.

Throughout this section, n > 2.
For each 7 € {2,...,n} and «, 3 and 7 in k such that a? = 8¢ = 4% = 1, define
Qirapy = (s, co1; Coas Co2 — €03, bot, bo2, bo3, bos)
+ (b2 — baib13, bai — b2;)0r>2 + (b11 — @, b1a — a, b1a — B,b13 — )
+C1+Dy+---+ D1 +Cr+ B3 1.
It is proved in this section that these prime ideals are associated to J if and only if
{a, 8,7} > 1, i.e., if a, B and v are not identical. We also prove that these (n —1)(d® —d)
prime ideals are the only new associated prime ideals of J which do not contain the element
x defined above.
For all 2 < r < n, with the convention that ¢,; = b,; = 1, C,, = (0), all these cases
can be analyzed simultaneously. Consider the ideal
K = (co1 — co2blla, co1 — coa, s(co2 — co3), co2bor — cozboas, coa(s — fbla), co2bla — cosbls)
+ 02 (bly, c13bi3) (b — b1, co2 — o3, bor — boa, bils — by) + (co2¢15(bo2 — b1:bos))
+ co2b33 (c1ibY; — c13bis) + coaci3bis (D1 + (b1 — bia, 1 — b;))
+ co2c13b33 ((c11, bo2, boz) (1 — bag) + (bia — baibiz, ba; — baj)) 6rmo
r—2
+ Z co2b2dcis (Dy 4 (1 — bpy14)) + cooc1zb2e (D1 + C)) .
k=2
It is easy to see that K contains J and that x multiplies K into J, except possibly that x
multiplies the element co2b3%ciici3(1 — by;) into J:
coabidciicis(1 — ba)x € (feoabiscricis(l — bai)earbis ™) + J
= (fZcoabigcriciz(l — bai)earbis) + J
= (sfcorcty (1 — ba;)eaibis) + J
= (sfcoscricia(1 — by;)caibiz) +J
= (

sfeoaciiciz(biz — bia)cos) +J
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= (sfcorci1(cizbiz — cizbiz)cai) + J

= (sfcozc11(ciabiz — c12b12)biscas) + J
= (sfcozc11(ciz — c12)boablz teai) + J
= (sfcozci1bri(cis — c12)bizca) + J

= (sfcorciibii(c1z — ci2)cos) +J = J.

The intermediate goal in this section is to find a primary decomposition of K. It turns
out that z is a non-zerodivisor on K, which proves that K = J : x, and thus determines

all associated primes of J which do not contain x.

By Fact 1.6, Ass (£) C Ass (KL> UAss (%) The second set is easy: K+ (co2)

Co2
equals (co1, Co2, Coa, SC03, Co3boa, c03b613) = poMNp_s, which is an intersection of some minimal

components of J (none of which contain x), so it suffices to find the associated primes of
K : coo. By Facts 1.3 and 1.4:

K : coa = (co1 — co2blly, co1 — coa, s — fbl)
+ (b, c13bd3) by — by, co2 — co3, bor — boa, bis — bi1) + (c1i(boz — b1ibo3))
+ bgg(chb‘fz — Clgbilgj) + Clgbgg (Dl + (bll — 1)14, 1-— bi))

+ c13629 (€11, boz, bo3) (1 — ba;) + (bia — baibis, ba; — baj)) rsa
r—2

+ ) B3ders (Di + (1= brar i) + cisbpd (D1 + Cr)
k=2

d d .
+ (s(co2 — co3), co2bo1 — co3boa, co2bys — co3bps) : co-

The latter colon ideal equals

d d d d d d
(co2bys — co3bis, co2bor — cosboa, bo1bhs — boabhs) + S(co2 — o3, bor — boa, bz — bo3)s

so that

K : coa = (co1 — co2blla, co1 — coa, s — fbl)
+ (b, c13bd5) by — by, co2 — co3, bor — boa, by — bi1) + (c1i(boz — b1ibo3))
+ bgg(cllbijz — Clgbilgj) + Clgbgg (Dl + (bll — 1)14, 1-— bi))

+ c13b29 (€11, boz, bo3) (1 — ba;) + (bia — baibis, ba; — baj)) rsa
r—2

+ ) B3ders (Di + (1 = brar i) + cisbpg (D1 + Cr)
k=2

d d d d
+ (co2bGy — co3bls, co2bo1 — co3boa, bo1bgs — boabps)-
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Again by Fact 1.6, Ass (Kicoz) C Ass (#;b&) U Ass (M) Note that

(K : coa) + (b3) = (co1 — coably, cor — Coay 8 — fbila, bls) + (c1i(boa — biibo3))
+ by (b3, by, coa — co3, bo1 — boa) + (cozbly, coabor — co3boa, boabls).

) d R R
By Fact 1.6, Ass ((K : Co2) + (bog)) C Ass (((K:002)+(b3‘3)):632) U Ass <(K:602)+(bggvbgz)>.
Then

. d 3d .\ _ d d
(K : co2) + (bos, boz) = (8, cot, Coa, bga, bG3, c1i(bo2 — b1ibo3), co2bor — co3boa)
= (s, co1, Coa, boz, bos, co2bo1 — co3boa)
d d
N (s, co1, Coa,s bGa, bG3, €1i(bo2 — b1ibo3), c1ic15(b1i — b15), co2bor — cozboa)-

The first component is P_3, and the second component is the intersection of ideals primary

to the Q1a, as A varies over the subsets of {1,2,3,4}. None of these prime ideals contains z.

Next, ((K : co2) + (bds)) : b, equals
= Co + (5,bo1, by, bils, bos) + (035, c15(boz — b1ibos), coabo1 — cozbos) = by
= CO + (87 bOl: ngv bg37 b04> + 017

and again x is a non-zerodivisor modulo this ideal, and the associated prime of this ideal
(Q3p) is not associated to J by Theorem 3.1.

This finishes the analysis of the associated primes of (K : cg2) + (bds). It remains to
analyze K : coobds. This colon ideal is
K c02b33 = (001 — congQ, Co1 — Co4, S — fbgz)
+ c13(by — by, coz — o3, bor — boa, biis — b3y
+ by (c13bf; — e13bs) + cisbls (D1 + (br1 — b1, 1 — bS,))

+ c13bs ((c11, bog, boz) (1 — ba;) + (b1a — baibiz, ba; — baj)) §rso
r—2

+ Z biscis (Di + (1 — brt1,i)) + c1zbis (Dr—1 + Cr) + (L 2 bis)
k=2

where
L = (c1i(bo2 — biibos)) + bt (ks — by, co2 — co, bo1 — boa, by — biy)
+ (co2bly — cosbis, cozbor — cosboa, bo1bs — boably).
The next two pages will compute L : bd;. First of all, coloning with bg, gives:
L : by = (b — b1, coa — co3, bor — boa, bz — b3y)
+ (e15(bo2 — b1ibos), co2bls — co3bls, co2bor — cozboas bo1bils — boably) : b,
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which by a computation on page 8 equals
L : by = (b — b3y, coz — cos, bor — boa, bz — b3y)
+ (c14(bog — b1ibos), cric1j(bii — bij), borcri(1 — b,), cozcri(1 — b)),
so that L : bdybo1 equals
(bgz - bgl, Co2 — €03, bo1 — boa, bgg - bgl, c1i(boz — b1:bo3), Cliclj<b1i - b1j), c1i(1 — b‘fi))
Note that neither bg; nor by is a zero-divisor modulo L : ngbm, so that by Fact 1.5,
L = (L : bsbor) N (L + (babor))
= <ng - bf)ll, co2 — €03, bo1 — bo4, bf)lg - bgl, Cli<b02 - bubog), Cliclj<b1i - b1j), Cli<1 - b({li)>
N ((Cli(bOQ — b13bo3)) + bz (bo1, bz, b3, o2 — o3, bos)
+ (co2bly — cosbls, cozbor — cosbos, b01b33))
= (bgg — by, co2 — co3, bo1 — boa, bils — b1, cri(boz — biibos), c1ic1; (b — bij)y e1i(1 — b%i))
N <C1 + by (bo1, by, bs, oz — Co3, boa) + (Coably — co3bls, co2bor — cozbou, bmb83)>

ﬂ ((Cozbm — cozbo, bo1b3s) + (crili & A)
A#£D

+ (boz — biiboz, b0l (bo1, bis, Coa — o3, boa), b (coabt; — co3)i € A))

This is still part of the effort to compute L : bg‘)l3. Coloning the second component above

with bd; equals
C1 + (bor, by) + (bgz(bm, bla, co2 — Co3, boa) + (Cozbly — cosbils, cozbor — Co3b04)> b5

But
b3a (bo1, bz, co2 — co3, boa) + (co2bly — cosbils, cozbor — cozbos)
= (bﬁg, bo1, Coz — Co3, boa, Co2bly — 603683) N (bf)lz, cosbis, cozbor — 003504),

so that

Oy + (bo1, bly) + (bgz(bm, bl coa — o3, boa) + (Co2bls — co3bls, co2bor — Co3bo4)> D by =
= C1 + (bo1,b3,) + (b?)g, bo1, Co2 — €03, boa, Co2b{s, Cozbgg> N (bgz, €03, 002501>
= C1 + (bor, b, co3bfis; (coa — cos)cos, boacos),

so that finally L : by equals

(b82 — by, co2 — co3, bor — boa, bs — by, c1i(boz — bribos), crici;(b1; — bij), cri(1l — b({li))
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N <O1 + (bo1, bls, cosbls, (coz — co3)cos, b04003))

ﬂ ((501, co3bos) + (c1ili € A)
A0

+ (boz — b1iboz, b1i — b1, b (bis, co2 — cos, boa), cozbl; — cosli, j € A))
= (682 — by, coa — o3, bo1 — Doa, by — b1, c15(bog — b1ibos), c1icij(bri — bij), c1q(1 — b%))
N ((501, by, co3bls, (coz — co3)co3, boacos)

+ (c1i(bog — b1:bos), cricij (b1 — bij), c1ibf;(co2 — o3, boa), c1i(coabt; — Co3)>

= (b2 — b3y, cos(bis — b3, (co2 — cos)cos, boacos — boicoz)
+ (e14(boz — bribos), cric1; (b1 — biy), c13bi;(coz — cos, boa — bor), c15(co2bf; — co3))
+ bo1(coz2 — cos, bor — boa, bz — b3y, cri(1 — b))

Thus finally

K : coabls = (co1 — co2bla, cor — coas s — fby) + c13(coz — o3, bor — boa, bijs — by )
+ bgz(clibiji — Clgblligj) + Clgbg3 (Dl + (bll — b14, 1-— b‘li,L))
+ c13bs (11, bog, boz) (1 — ba;) + (b12 — bagbiz, ba; — ba;)) drso

r—2

+ Z bg3613 (Dk; + (1 - bk+1’1)) + Cl3b33 (Dr—l + Or)
k=2

+ (b, — by, cos(bils — b3y), (coz — co3)co3, boacos — bo1coz)
+ (e14(bog — b1:bos), cric1j(bi — bij), c1ibf;(co2 — o3, boa — bo1), c1i(co2bf; — cos))

+ o1 (co2 — o3, b1 — boa, by — b3y, c1:(1 — bE,)).

By Fact 1.6, Ass (ﬁ) C Ass (L) U Ass ( R ) Note that
: 03

K:C()ng3613 (K:Cozbg3)+(613)

(K : co2bls) + (c13) = (co1 — co2bfly, cor — coa, s — fbly, c13)
+ bz (c1:b%;) + (b2 — b3y, coa(bs — b51), (coz — co3)coa, boacos — boicon)
+ (Cu(boz - b1ibo3), Cliclj<b1i - b1j), Cubili(coz — €03, bosa — 501), Cli(Co2bgi - 003))
+ bo1 (o2 — o3, bor — boa, bz — by, c1i(1 — bY,)).
No b3, c9; or by; appear in a minimal generating set of this ideal, so that by Theorem 3.1,
(K : co2bds)+(c13) gives no new embedded primes of J. Furthermore, x is a non-zerodivisor
on all of these. Thus it remains to analyze the associated primes of K : coabdscis:
K : coabizcrs = (o1 — co2blly; co1 — coa, 5 — [y, coz — cos, bo1r — bos, bz — b, )

+ bgg (D1 + (b11 — b1, 1 — bili))
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+ b3 (11, b2, bo3) (1 — ba;) + (br2 — bagbiz, ba; — bayj)) 6r>o
r—2

+ ) bl (D + (1= ba1,i)) + bz (Dr—y + Ch)
k=2

+ (boz2 — bisbos, c1i(b1i — bis), b5 (coz — co3, bos — bo1), cozbls — cos, bor (1 — b))
+ (bG2 (133 — cuiblyli # 3) + L') : cu,
where
L' = (b, — b3y, co3(bgs — b3 (coz — co3)cos, boacos — bo1coz, cricyj (bis — biy)]i, j # 3)
+ (c1i(boz — briboz), c1:bf; (coz — co3, boa — bot), c1i(co2bl; — cos)|i # 3)
+ bo1(co2 — o3, bo1 — boa, by — by, c1s(1 — bS)|i # 3).
= (b5 — b3y co3(bG3 — b31)s (co2 — co3)co3, (boa — bor)cos, cricr(brs — biy)li, j # 3)
+ (c1i(boz — biboz), c1:bl; (coz — cos, boa — bot), cricos(bS; — 1)]i # 3)
+ bo1(co2 — o3, bo1 — boa, by — by, c1s(1 — bS)|i # 3).
Clearly (bdy(c13b$s — c1:0%|i # 3) + L) : 13 contains
L" = by (c1sbs — c1ib;) + babis(cri — c1,boz — biibos, 1 — by, cri(bry — bis)li, j # 3)
+ (b§2 — B84, cos (b3 — b51), (coz — co3)cos, (boa — bo1)cos)
+ (c1i(boz — b1sbos), c1icj(b1; — bij), c13bi(co2 — cosy boa — bo1), cricos(bS; — 1)]i, 5 # 3)
+ bo1(co2 — o3, bor — boa, bs — by, cri(1 — biy)[i # 3).
It turns out that L” = L’ : ¢13, as the proof below shows.
Let y € (bdy(c13b%5 — c1:0%)|i # 3) + L') : c13. Write

yeis = > yibls(crsbily — cridbfy) +1,
i#3
for some g; in the ring and [ € L. Then y1bdyc11b¢; € L’ + (c12, c13,¢14), so that without
loss of generality
y1 € (c12, c14, by — by, co2 — o3, bor — boa, bils — by, boz — bi1bos, by — 1).

Thus y1bd5(c13b¢5 — c11b¢;) is contained in

by (c13bis — c116%y) (c1j, co2 — cos, bor — boa, bils — by, b2 — bi1bos, by — 1, ] # 1, 3)

C L' + b3y (c13bls — c11bgy) (c1j, boz — bribos, by — 1|5 # 1,3)

C L' + b (c13biy — cabiy)(erjlj # 1,3) + biaciabls(boz — bribos, by — 1)

C L'+ bycr1(casbfs — c13b1,)) + biac13bls(c1y — c11,boz — biibos, by — 1[5 # 1,3).

Thus for some ' € biyci3bfs(c1; — c11,boz — bi1bos, by — 1]j # 1,3) € L” and some yh, y}
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in the ring,

(y—y)ews — Y uibla(casbly — cridf;) € L.
i=2.4

Then yhbdyci2bds is in L' + (c13, c14), so that

yaci2bis € (i3, c1a, by — by, co2 — cos, bor — bos, bz — by
+ (c1i(1 — bili), c1i(bo2 — b1:bo3), c11c12(b11 — b12)]i = 1,2),
whence
yé € (c13, €14, Co2 — €03, bo1 — bo, bgg - bgl, 1- b(1127 boz — b12bo3, c11(b11 — b12)).
By reasoning similar to the one for y;, there exists y” € L” and yj in the ring such that
(v = —y")ers — yibGs(c1sbis — c1abfy) € L. Then yibgyciabfy € L' + (c13), and again

one can conclude that y} € L” + (c13). Thus y is an element of L' modulo L”, so that
L" = L' : ¢13. Thus finally

K : coabizers = (co1 — coably, o1 — coa, 8 — fbily, coa — cos, bor — boa, by — by)
+ b83 (D1 + (b11 — bia, 1 — bili))
+ 035 (11, bo2, Do) (1 — b2i) + (bia — boibig, ba; — baj)) 6rna

r—2

+ ) by (Di + (1= biy1,4)) + b (D1 + Ch)
k=2

+ (bo2 — bizbos, c1i(b1i — bis), biabls(b1; — bi3)bos, by — biy)
+ (002; b01)<1 - btlig, CuCoQ(l - bllil)|l 75 3),
By Fact 1.6, Ass (L) C Ass <¢> U Ass( R ) The latter

K1602b83613 K:C()nggclg (K:cogbg3013)+(bg3)

ideal equals and decomposes as:
(K : cozbiscrs) + (bis) = (s, co1, cos, coz — o3, bor — boa, b1, boz — b13bos, bis)
+ (c14(bis — biz), coa (b5 — 1), bo1(1 = bf3), cozeri(b; — 1)), boa(ers(1 — b{;))
= (Co + (8,01, bos, boz — brsbos, bis, c1i(b1; — 513)))
N ((8, Co1, Coas Co2 — €035 bo1 — boa, b1, boz — b13bos, bs)

+ (c1i(b1; — bia), b5 — 1, c14(b%; — 1))>,

which is an intersection of QQ35- and QQopo-primary components, where A varies over all
subsets of {1,2,3,4} for which 3 € A. These do not give any new embedded primes of J,

and furthermore none of these primes contains .
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It remains to analyze the associated primes of K : cogbggclg:

o og2d. d d
K : coabggers = (cor — co2bfly, co1 — Cos, s — fbGa, Co2 — cos, bor — boa, boz — bisbos)

+ Dy + (b11 — bia, 1 — b)) + ((c11, Doz, boz) (1 — ba;) + (b1a — baibiz, ba; — baj)) o
r—2

+ ) " (Di+ (1= bps1,i)) + Doy + Cr + (bY5(bri — bis)bos)
k—2

+ (b3 — bG1, c1i(bri — brs)) + (cos, bor) (cas(bS; — 1), 1= bi3)) : b
= (co1 — co2b{ly: co1 — Coas s — fbla, co2 — co3, bor — boa, boz — bisbos)
+ Dy + (b11 — bia, 1 — b)) + ((c11, Doz, boz) (1 — ba;) + (b1a — baibiz, ba; — baj)) o

r—2
+ Z Dy + (1 —bk41,i)) + Dr—1 + Cy + (b1; — b13)(bos, c14) + (5613 - bgl) :

Note that thls decomposes as

d d
((001 — c02b2, o1 — Coa, 8 — fbGa, Co2 — co3,bo1 — boa, boz — bisbos) + D1

r—2
+ (1= b%;, (1 = b2i)drs2, brs — by, bz — b)) + Z (Di + (1 = bg41,i) + Dr1 + Cr>
f—2
N ((8, €01, Co4s Co2 — €03, o1 — boa, bo2, Dos, bdy) + C1 + (byy — b1, 1 — bY,)
r—2

+ (b12 — b2ibi3, bai — b2j)0r>2 + Z (D + (1 —brg1,4)) + Droq + Cr)-
=2

(The key to this decomposition is the fact that (c11, bg3) intersected with the first compo-
nent is contained in K : cpob2dci3.) The first component above is p,., so all of its associated
primes are minimal over J. It is easy to read off the associated primes of the last compo-
nent as well. First note that none of these primes contain x, which finishes the proof that
x is a non-zerodivisor modulo K. Thus as J C K and xK C J, it follows that K equals
J: .

It remains to determine the associated prime ideals of the last component of K :
cogbggclg in the display above. The last component is the intersection of @ 4,q3,-primary
components, as «, (3, and «y vary over all dth roots of unity. Note that Q4 raaa-component
contains p, and is thus redundant in the decomposition. But coloning with b3 — by; for

various ¢ shows that the remaining prime ideals are indeed associated to K and thus to J.

This proves

Theorem 4.1: Let n > 2. Forr € {2,...,n—2}, set x = f(co1---¢r—11) (b1g---br_1,3)
¢r41,1(1 — br1), and forr =n—1,n, set x = f(co1---cr—11)(b13---br_1.3). Then the set
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of embedded primes of J not containing x is contained in
{Q1a, Qanva, Qanr|A, A C {1,2,3,4},[A| > 0}
U{Qu2080n=2, QurapyOn>2lr = 2,...,n;a = g =v* =1,{a, 8,7} > 1},
and each listed prime ideal is associated to J.

These new associated primes are also recorded in a table:

embedded prime (o = 3¢ = 4? =1, a, 3,7 not all equal) height

n>2r=2....n

Qurapy = (8, o1, 03 — 02, Co4, bo1, boz, bos, boa) r+2+40,<p

+(b12 — baibi3, ba; — baj)0r>2 + (b11 — o, b1y — o, b12 — 3,013 — )

+Ci1+Dy+---+ D1 +Cp+ B3z 1

5. Reduction to (J(n,d) : scoz2) + (co2, f)

In this section the finding of the embedded primes of J gets reduced to that of finding
the associated primes of certain ideals on which recursion can be applied. The main
methods are repeated applications of Facts 1.5 and 1.6. For example, the set of associated
primes of J is contained in Ass (%@) U Ass (%)

To start off, the decomposition of J + (s) is easy:

J+ (s) = (s) + f (co1, coa, co2bla, co3bils, cozbor — cozboas, coacii(boz — bisbos))
= (s, £) N (s, co1, Coa, Co2bly, cos3blls, cozbor — cozbou, cozcri(boz — b1;bos))
= p_1N (8, co1, Coa, Co2bfla, co3bls, co2bor — cosboa, co2c1i(boz — b1;bos), co2)
(5, co1, Coa, Co2bla, co3bls, co2bor — cosbos, co2c; (bo2 — biibos)) : coz)

N (
d
= p—1 N (s, co1, Coa, oz, Co3bls, cosboa)

d d d
N (s, co1, Coa, b2, Co3bls, cozbor — cosboa, bo1bis, c1i(boz — biibos))
=p_1N( )N b, b
=P-1 S, €01, Co4, €025 Co3 8, €01, Co4, €02, g3, Vo4
d d d d
N ((s, cot, coa, bz, co3bis, cozbor — cosboa, bo1bs, c1i(bo2 — b1sboz)) : bis)
d d d d
N (s, cot, oa, bz, Co3bss Cozbor — cosboa, bo1bfs, c1i(boz — b1ibos), bgs)
= p_1 N (s, co1, Cos, Coz, C03) NP2
d d
N (s, cot, Coa, b2, €03, bo1, c1i(bo2 — b1sbos), cric1; (b1 — bij), c1:b%;)
d 1d
N (s, cot, oa, bz, b3, Co2bor — cosboa, c15(boz — b1ibos))
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= p_1 N (s, co1, Coa, Co2,C03) NP2 N p_4
N (S, Co1, Co4, bgz, bgg, co2bo1 — co3boa, Cli<b02 - b1ibo3), Cliclj<b1i - blj))
N (s, co1, Coa, bo2, bos, cozbor — co3boa)

= p_1 N (s, o1, Coa, Co2,C03) NP2 Np_4 Mg Np_3.

Recall that p_;,p_2 and p_3 are minimal components of J, that p_4 and ¢; are the

intersections of 16 components of J each, but that (s, co1, coa, co2, co3) is not associated to

J as it is not in the list in Theorem 3.1 and not on the list of minimal primes on page 4.
This proves (by Fact 1.6):

Theorem 5.1: The set of embedded primes of J is contained in {Q1a|A}UAss (). m

The next task is to compute J : s and to analyze its associated primes. Any associated
prime of J : s is also associated to J. Computing J : s is straightforward (next Theorem),

but analyzing its associated primes takes many steps and the rest of this paper.

Theorem 5.2: Let Jo be the ideal in R generated by all the h,;/s, » > 2. (Note that all
these hy; are multiples of s.) Then J : s equals

J s = (cor — co2bly, co3 — co2, oa — o2bly) + J2 + coa(fb3 — s)
+ (feo2, ca) (b1 — bzs bia — b3, bor — boa)
=+ Co2 (b01bgg - b04bgg, Cli<b02 - blib03))
+ Co2 (Cliclj<b1i - b1j), Cli(bOI - bcllib04), Cozcli(l - bllii)) )

where the indices i and j vary from 1 to 4.
Proof: First observe that
J = s (co1 — co2blly, cos — o2, cos — Co2bly) + sJ2 + fK + (feor — scoz),

where K = (co1 — o203, coa — co3bls, co1 — coa, co2bo1 — cosboa, cozc1;(boz — b1:boz)). Thus
J s = (c01 — coably, co3 — coz2, Coa — c02b34) + Jo +(fK + (fecor — sco2)) : s. Let x €
(fK + (fcor — sco2)) = s. Write xs = kf 4+ a(fcor — scoz) for some k € K and a € R. By
adding to x a multiple of fcg1 — scp2 and an element of f K, and correspondingly changing
a and k, without loss of generality no s appears in a, and as fK N (s) = sf K, without loss

of generality also no s appears in k. From xzs = kf + a(fco1 — scoz2) it follows that
a€ (K+(s)): feor=(s)+ (K :co1),

and as no s appears in a and the generators of K, actually a € K : ¢g;. By Fact 1.4,

RS d _ d d , d
K . Co1l — K : 002b02 = (001 — COQbOQ, Coa — COBbOS) —+ (K . 602b02), Where
/ d d
K" = (co2by — co3bls, co2bor — cozboa, cozci(boz — biibos)) -
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Then
K’ : cg2 = (co2bly — co3bls, co2bor — cosbos) : coz + (c15(bo2 — b1ibos))
= (co2bly — cosbils, cozbor — cosboa, bo1bs — boably, c1i(boz — b1ibos))
and by the same proof as on page 8§,
K’ : coablly = (co2blly — co3bls, co2bor — cozbos, bo1bis — boablla, c15(bo2 — b1:bo3))
+ (erie1j(br; — biy), e1i(bor — bS;b0a), c1i(cos — bsc02)) -
Thus
a € K : co1 = (o1 — cozbily, cos — cozbils)
+ (cozbily — co3bils, cozbor — co3bos, bo1bis — boabile, c1i(boz — biibos))

+ (cric1; (brs — b1j)s cri(bor — bS:bo4), c1i(cosz — bilicoz)) .

Recall that = € K : s and sx = kf + a(fcor — scoz) for some k € K and a € K : ¢p;.
Thus s(z + acogz2) = f(k + acp1), and as no s appears in a and in k,  + acgz = 0, so that
x € coa(K : ¢cp1). Thus

J :s C (co1 — co2b§y, cos — o2, cos — o2bly) + J2 + (feor — scoz) + fK
+ co2 (o1 — co2bls, cos — co3bls)
+ co2 (Cozbgz — co3bls, coabor — co3boa, bo1bls — boablsy, c1i(boz — b1ibos))
+ Co2 (Cliclj<b1i - b1j), Cli(bOI - bilibo4), Cli(COB - bilicoz))
= (co1 — co2bily, cos — o2, coa — co2blly) + J2 + coz2(fby — )
+ f (cor — co2bls, coa — co3bls, cor — coa, cozbor — cozboa, coaci(boz — bisbos))
+ ba (b1 — BB, bia — b33, b3z — b3, bor — boa, cri(1 — b))
+ co2 (bo1bils — boabla, c15(bo2 — b1ibos), cric1j(bii — bij), cri(bor — bf;bos))
= (co1 — co2bf)y, cos — o2, Coa — co2bly) + Jo + coz2(fb; — )
+ feoz (B§1 — b2, b6a — b33, bor — boa)
+ 5o (081 — B6a, b — b33, bor — boa, cri(1 = b))
+ Co2 (501583 - b04bgg, Cli<b02 - b1ibo3), Cliclj<b1i - b1j), Cli<b01 - bcllib04)) .

It is easy to verify that the other inclusion also holds, which proves the theorem. m

Incidentally, this also shows:

Proposition 5.3: The Mayr-Meyer ideal J(n, d) is not a radical ideal: the element scoz(bo1—
bos) is in \/J but not in J. m
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This was already proved in [S2] with the assumption that d > 2, without giving an

element of the radical which is not in the ideal.

Furthermore, it is easy to see the following:

Corollary 5.4: Let a be one of the listed generators of J(n,d) : s. Then s-a can be
written as a linear combination of the generators of J(n,d) with coefficients of degree at
most 2d + 1. Also, coabdic11 -+ cn—21(Cn11 — Cn_1,4) liesin J(n,d):s. m

Let J4 be the ideal obtained from J after rewriting each cg; as cogbgl, Co3 as cp2, and
Co4 AS c02b34. Note that J4 is a multiple of ¢y and that the theorem above also holds with
J4 in place of Js.

Observe that (J : s) + (cg2) = Cp = po, a minimal prime ideal over J. Thus by
Fact 1.6:

Theorem 5.5: The set of embedded primes of J equals {Q1a|A} U Ass( R ), which is

J:scoz
R R
AyUAss| —— JUA '
{QialA} U Ass (J : 3032) 5 ((J : sco2) + (%2))

contained in

Note that
R

Ass <<J ; sc(j T <cO2>) = A <<<J - sco2) + (co2)) - f) oA ((J : scoz>R+ (co2, f>) |

Here are all the ideals appearing in this theorem:

J t sco2 = (co1 — co2bly, co3 — o2, coa — co2bly) + J4/con + (fby — s)
+ (f, co2) (b§; — b3z, b3y — bz, bor — boa) + (bo1bGz — boably)
+ (Cli(bOQ - bubog), C1iC1j (bu - b1j), Cli<b01 - bilib04), Cozcli(l - bili)) )
J:schy = (co1 — co2bd,, co3 — co2, Coa — cogb6l4) + J5/con + (fb3, — s)
+ (581 — b, by — b5, bo1 — boa, c1i(bo2 — b1iboz), cric1j(bri — b1j), cri(1 — b%)) ;
(J : sco2) + (coz) = Co + J3/coz + (fbgy — ) + f (b1 — bbz: bs — biss bor — boa)
+ (bo1bds — boably, c1i(boz — b1sbos), cric1;(bi; — bis), cri(bor — bibos))
((J : sco2) + (co2)) : f = Co + Ja/con + (f0G1 — 5,061 — b2, ba — b3, bor — boa)
+ (Cli(bOQ - bubog), Cliclj(bli - b1j), Cli<b01 - bjlib04)) )
(J : sco2) + (o2, ) = Co + J5/con + (3, f,bo1bs — boably)
+ (Cli(bOQ - bubog), Cliclj(bli - b1j), Cli<b01 - b‘fib()zx)) .
Observe that (J : sc2,) + (bd;) equals

(co1, cos — co2, Coas 8, b, bo1 — boa, c15(boz — bribos), cric1;(bi; — buj), c1i(1 — b%;))
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and (((J : sco2) + (co2)) : f) + (bd;) equals
Co + (S, b&-, bo1 — b04) + (Cli(bOZ - blib03)7 Cliclj(bli - b1j), Cli(bOI - bcllibo4)) .

Clearly the associated primes of these two ideals do not contain z, where x = fca1b13(ba1 —
bao) when n > 2 and z = f when n = 2. Thus by Theorem 3.1, these ideals do not

contribute anything new to the set of embedded primes of J.

Thus by another application of Fact 1.6,

Theorem 5.6: The set of embedded primes of J is contained in

{Q1n, Qanre, Qanr| A, A C {1,2,3,4},|A| > 0,0 = 1}
R

UASS<L>UASS< )UASS( R ) [
J : scBabl, ((J : scoz) +(co2)) = fbG (J = sco2)+(co2, f))

We now determine the embedded primes of J that arise from the associated prime
ideals of J : sc2,bd; and ((J : sco2) + (co2)) @ fbe;.

Define JY to be the ideal

Jy = (hyj|r > 2) with setting s = co1 = coq = 1.

This is the same as taking the ideal Js, rewriting each cg; and cg4 as cogbgl (whence each
element is divisible by co2bg;), and then dividing that ideal by co2bd;. Recall that Jj is the

ideal obtained from J5 by rewriting each ¢y as cogbgl and cg4 as 002b84. Then

=D+ Z i1 Cr1< r1 + (br1 — bra, crp1,1(bro — br+1,ibr3))),

using the convention that ¢,; = 1 = b,; and D,, = (0), and
J3/co2 + (bo1 — boa) = J3bgy + (bor — boa) -
Thus
J 1 scdobly = JY + (cor — coably, cos — co2, coa — cozbly, s — fbl)
+ (b3 — b3y, b4 — b3, bor — boa, c1i(boz — bisbos), cricrj(bri — biy), cra(1 — b)) 1 b3y
= JY + (co1 — co2blly, cos — o2, coa — co2bily, s — £b3))
+ (b3 — b2, b4 — b3, bor — bos) + c11 (boz — b1ibos, c11(bys — byj), 1 —bf,)
and
((J : scoz) + (co2)) = fb31 = Co + J3 + (5 — fby, bor — boa)
+ (531 boza bg1 — bG3; cri(boz — b1ibos), crici;(bri — biy), cibor (1 — b)) : b6,
= Co+J5 + (s — fb31, b3, — b, b4 — bs, bor — boa)
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+ c11 (boz — bibos, c11(br; — by), 1 — bili) :
Let L be either of the two ideals above. Then L is of the form
LO + Jé/ + (S — fbgl, bgl — ng, bg4 — bg?), b()l - b04) + Cll(b02 - blib037 Cll(bl’i - b1j>7 11— bffz)?

where Lg is either Cy or (co1 — co2bd;, coz — Co2, Coa — Co2bly).

By Fact 1.6, Ass(R/L) C Ass(R/(L : ¢11))UAss(R/(L+(c11))). It will be proved that
the only embedded prime of J in this larger union set Ass(R/(L : ¢11))UAss(R/(L+(c11)))

are the QQ4ragy Or the Q4 2443.

First of all,
L+ (c11)=Lo+C1+(s— fbgl, bgl - bgza b34 - bg3yb01 —bos) = Lo+ p1,

which equals the intersection of minimal components pins if Lo = (co1 — cogbgl, Co3 —

€02, Co4 — Cogbg4), and is not associated to J by Theorem 3.1 if Ly = Cj.

Thus it remains to find the associated primes of L : ¢11 in order to find the associated
primes of L which are also associated to J. For this first note that J4 = Dy + ¢11J3" for
some (obvious) ideal J4” in R. Thus

L:ciy=Lo+Dy+JY
+ (s — fbi1, b1 — by, by — b, bo1 — boa, boz — bisbos, cr1(br; — bij), 1 — b).
Note that L : ¢11bo3 equals
Lo+ Dy + JY + (s — fb{1, b3 — by, by — bils, bor — boa, boz — bisbos, b1 — bij, 1 — b;),

which decomposes:

n

=((Lo+ D1+ + Dy +Cr+ By
r=2

+ (5 — fby, b3 — by, b, — b, bo1 — boa, boz — b1iboz, brg — bij, 1 — b(lii)>

n

= ﬂ(Lo -l-pr)-

r=2
As before, when Ly = (co1 —cogbgl, €03 — €02, Coa —c02b34), the above is just the intersection
of some minimal components of J, and when Ly = Cj, the associated primes are of the

form Cy + Prq3, r > 2, whence are not associated to J by Theorems 3.1 and 4.1.

Thus it remains to find the associated primes of

(L :c11) + (bo3) = Lo + Dy + J3 + (s, b1, bo1 — boa, boz, bos, c11(br; — b15), 1 — %),
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which similarly decomposes (first add ¢;; and colon with ¢11) as

= m (Lo +Cy+Dy+---Dpy +Cr+ Bs g+ (5,031, bo1 — boa, boz, bos, 1 — b,)
r=2

+ (b11 — b14) + (b12 — b2ibis, bai — b21)dr>2 + (b12 — 513)5n=2>

ﬂ (Lo + D+ + Dy 4+ Cp 4 Bry + (5,031, bo1 — boa, boa, bz, bii — bij, 1 — b‘lii)>,
r=2

from which it is easy to read off the associated primes. By Theorems 3.1 and 4.1, only the

Qu4rapy Or the Q42,3 among these are embedded primes of J.

This proves the following:

Theorem 5.7: The set of embedded primes of J is contained in
{Q1A7 QQA’OM Q3A’|A7 A - {17 27 37 4}7 |A/| > 0} U {Q4,2a,85n:2‘a % 6}

R
U raBrOns2|r =2,...,n; {a, 3, > 1} U Ass ,
(Qurassinl oo}l 1 uass (Gt )
where o, 3 and v vary over dth roots of unity. The listed 31 + 15d + (d? — d)6,—2 + (n —

1)(d® — d)d,>2 prime ideals are indeed associated to J = J(n,d).

6. More ideals with the doubly exponential ideal membership property

In this section we define a new family of ideals with the doubly exponential ideal
membership property. This family is intricately connected to (J(n,d) : sco2) + (coz, f),
and is thus by the previous section a key family in finding the associated primes of the
Mayr-Meyer ideals. The advantage of the new family is that a recursive procedure can be

used to find its associated primes.
For any integers n > 2, d, let K(n,d) be the ideal generated by the following:
go1 = bo1b3s — boably,
g1i = c1i (boz — biiboz) ;i =1,...,4,
91,445 = c1i (bor — b;boa) i =1,....4,
g1ij = criciy (b1 — byy), 1 <i < j <4,
921 = b1 — by cra,
gao = blscis — b3 ca3,
923 = by (c12 — c13),

924 = b3y (12011 — c13b14),
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92,445 = bg401202i (b12 — bgib13> ,i = 1, ceey 4, when n > 2,

g25 = 584012621‘ (b12 - b13) , when n = 2,

gr1 = ble11 s (CrooaCro11 — Cron1Cr_12) , T =2,...,m,

gr2 =blc11 s (CrooaCro14 — Crn1Cr_13) , T =2,...,m,

gr3 = bglcu o Cr—21 (Cr—1,3 - Cr—1,2) ,T=2,...,n,

Gra =b3c11 - Cr31Cr—24 (Cr10br_11 — Cro13br_1.4),7 = 2,...,10,

Gravi =bicir 316946 19Cr (bp—12 —bpibr_13),i=1,...,4r=2....n—1,

d
gns = b01C11 " Cp—3,1Cn—-24Cn—12 (bn—1,2 - bn—1,3) .

Note that the maximal degree of a generator of K(n,d) is d +n + 1.

By calculations in the previous section, (J : sco2) + (co2, f) = K(n,d) + Co + (s, f).
Note that the generators of K(n,d) do not involve any of the variables s, f, co1, co2, co3, Co4,
so we may think of K (n,d) as living in a polynomial ring over k with fewer variables as

well.

Theorem 6.1: Set x = bdci; - “Cn—21(cn—1,1 — cn—1,4). With notation as above, the
element x of R lies in K(n,d), has degree d + n — 1, but when written as an R-linear
combination of the given generators of K(n,d), the degree of at least one coefficient is
doubly exponential in n.

In other words, the family K(n,d) satisfies the doubly exponential ideal membership
property.

Proof: We use that (J(n,d) : sco2) + (coz, f) = K(n,d) + (s, f, co1, coz, Co3, Coa). As x and
the generators of K(n,d) do not involve any variables s, f, co1, co2, Co3, Cos, then z is in

K (n,d) if and only if z is in

K(n,d)+ (s, f, co1, coz, o3, coa) = (J(n,d) : sco2) + (coz, f),
and then analogously this holds if and only if = is in J(n,d) : scge. But this is indeed
the case by Corollary 5.4. Thus we can write x = Y ; Arigri + >, A14jg1ij, for some
A,i, A1ij € R. Let N(n,d) be the maximum degree of the A,;, A1;; with ¢ > 1. Multiplying
through by scgo gives
$Co2T = bglscozcn cep21(Cno11 —Cno14) = Z QriSCo29ri 1 Z Q1355C0291i5-
r;i>1 ¥

By Corollary 5.4, each of s(co; — bgzcog), sco2gri and scoag1i; can be rewritten as a linear

combination of the generators of J(n, d) with coefficients of those generators having degrees
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at most 2d + 1. In particular,

SCp1C11 * - 'Cn—2,1(Cn—1,1 - Cn—1,4) = 8(601 - 581602)611 e 'Cn—2,1(Cn—1,1 - Cn—1,4)
+ b3, scoac11 - Cn_21(Cno1.1 — Cn_1.4)
= s(co1 — 531002)011 cep—21(Cn_1,1 — Cn—1,4) + Z Qr;SCO29r; + Z Q1355C02914;5
rii>1 ij
can be written as a linear combination of the generators of the Mayr-Meyer ideal whose co-
efficients have degrees at most 2d+1+max{n, dega,;, degay;;} < 2d+1+max{n, N(n,d)}.
By the work of Mayr and Meyer, this maximum is in fact doubly exponential in n, so that

also N(n,d) is doubly exponential in n. =

A remark is in order: just as J(n,d) is a shortened version of the original Mayr-Meyer
ideals J;(n, d), similarly there exists a lengthened version K;(n,d) of K(n,d): K;(n,d) +
(s, f, co1, Co2, o3, coa) = (Ji(n,d) : sco2) + (f,co2). The difference is that the lengthened
ideals live in a ring with more variables, have more generators, but of smaller degree.
However, by Fact 1.4, the primary decompositions of the two are equivalent. It is easy to
verify that s, — fn, € K;(n,d), that its degree is 1, but that with correspondingly chosen
generators of K;(n,d), any expression of s, — f,, as a linear combination of those generators

will use coefficients whose degrees are doubly exponential in n.

7. Associated primes of K(n,d)

For simplicity of notation we will assume in this section that k is an algebraically
closed field whose characteristic is relatively prime to d.

Sometimes we will write the ideal K (n,d) also as K (n,d; ¢y, beslr’ =1,...,n—1;r =
0,...,n;i=1,...,4), to emphasize the defining variables.

Let M be the ideal generated by go1, g1i, 9145, 1 < i < j <4,7 =1,...,8. Namely,
M is generated by generators of K (n,d) of level 0 and 1. Let N be the ideal generated by
the generators of K (n,d) of level 2, namely by the go;. Finally, let L be the ideal generated
by all higher level generators, namely by the g,; with » > 3. Thus K(n,d) = M + N + L.

These new ideals M, N and L will sometimes be specified with the variables and
degrees (n,d; ¢y, bpi|r =0,...,n;7 =1,....,n—1;i=1,...,4) attached to them.

Then define M7, N; and Ly as the corresponding level ideals of
Kn—1,d)=K(n—-1,d*cuibulr=1,....n—1;0"=2,....n—1;i=1,...,4).

Then (up to a renaming of variables), K (n — 1, d?) equals My + Ny + L;.
We will prove that finding the set of associated primes of K (n,d) reduces to finding

the set of associated primes of (c11,c12, €13, 14, bo1, boz2, bos, boa) + K (n — 1,d?), and by
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Fact 1.4, this reduces to finding the set of associated primes of K(n — 1,d?).

Thus the associated prime ideals of K (n,d) follow a recursion pattern.

R R R d
By Fact 16, ASS (m) g ASS (m) U ASS (m) But L g Clb()l g
C1bdy + M, so that

K(n,d) + (b§y) = N + M + (by,)
= (b3, b01bls — boably) + c1i(boz — bribos, c1;(b1i — b1;), bor — b;bos)

= (b6, borbs — boabl) + (cuili & A)
A

+ (bo2 — b1:bos, b1i — b1y, bor — bY;boali, j € A))

= ﬂ ((bdy) + (c1s]i & A) + (boz — bisbos, bri — bij, bor — b§;boali, j € A))
A£D

N (C1 + (b, b4, borbs — boabily)) N (C1 + (b, b, borbis — boabfly))-
Thus the associated primes of K(n,d) + (bd,) are C; + (bg3, bos) and
Gsa = (bo1, bos) + (c1ii & A) + (boz — b1ibo3, b1 — bijli, 5 € A),

where A varies over all subsets of {1,2,3,4}. However, the former prime ideal is not
associated to K(n,d) as K(n,d) : Ule(bog — b13bo3) = C1 + (bo1bds — bosbly). Also, Gy is
not associated for the same reason. On the other hand, G5, is associated to K (n,d) when

A # () as it is minimal over it. Thus

Proposition 7.1: The set of associated primes of K(n,d) is contained in {Gsp} U
Ass (W), as N\’ varies over non-empty subsets of {1,2,3,4}. m

Thus the next step is to calculate K (n,d) : bd,. First let L’ (respectively N') be the
ideal obtained from L (respectively N) by rewriting each c1;b4; as clib‘f? bd,. Then both L/
and N’ are multiples of bd,. As cy;(bo1 —b¢;bos) € M, it follows that L'+ N'+M = K(n,d).
Thus

K(n,d): by = L' /b3, + N' /b3y + (M : b3y)
=L'/bd, + (c11 — b‘f;clg, c14 — C11, b‘fgclg — bil;clg)
+ (c12b11 — c13b14, c1202i(b12 — b2ib13), bo1b6lg - bo4b32)
+ c1i(bo2 — b1ibos, c1j(b1s — b1j), bor — bY;boa).
By Fact 1.6, the associated primes of K (n,d) : bd, are in the union of the associated primes

of the two ideals obtained from K (n,d) : bd, by respectively adding and coloning with ¢1z.
Note that (K (n,d) : bd,) + (c12) equals

2
= (c11, €12, €14, bo1bls — Doably) + c13(bf5, bra, bog — b13boz, bor — bi3bos)
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= (C1 + (borbls — boabils)) N (e11, €19, c14, by, bia, boa — bisbos, bor — bsboa),
whose associated prime ideals are
Go = C1 + (bo1bls — boably),
Gr7 = (c11, €12, €14, bo1, boz, b13, b1a).

Note that Gg is minimal over K (n,d) and it is straightforward to verify that G7 is associ-
ated to K(n,d). Hence

R where
K(TL, d) . 584612 ’

Proposition 7.2: Ass (ﬁ) C {G5a/,Gj|j =6,THU Ass (

A waries over all non-empty subsets of {1,2,3,4}. m

Let L” be the ideal obtained from L’/bd, by rewriting each c;; and ¢4 as bil;clg. Note
that in the displayed K(n,d) : bd, above, the summand L’/bg, may be replaced by L”,
and that L” = (L + Ny)c12b%,. Thus by Fact 1.3,

K(n,d) : byera = (L1 + N1)by + (e11 — bacra, e1a — ei1, eai(bia — baibiz))
+ (boz — bi2bos, c1i(bi2 — b1s), bor — biboa)
+ b4 (boz — b11boz, boz — brabos, bor — bdyboa, bor — b5 4boa)
+ ((bo1b35 — boabls, bac1s — bacia, crabiy — cisbia) + c13(boz — bisbos, bor — b3boa)) : cra.

The ideal in the last two rows, before taking the colon with ¢15, decomposes as (by coloning

with and adding c13):
(b({lgcl?, - bil;Clz, c12bi1 — ci3b14, bllb({l; - bl4bil;, bo2 — b13bos, bor — b({lgb04)
N (c13, bilzcm, cr2bi1, bo1bls — boabls),
which coloned with ¢12 equals
(bfgcls — bilzclz, c12bi1 — ci3b14, bllbil;, - b14b(11;: boz — b13bos, bo1 — bilgb()z;)
N (13, by, bir, borbis — boably)
=(bf5e13 — bacro, crabin — cizbia, biibly — biably, borbls — boabiy)
+ (boa — bigboss bor — bisboa) - (c13, bla, bi).
It follows that
K(n,d): blc1o = (L1 + Nl)b(f; + (c11 — bilzclz, c14 — €11, €2i(b12 — b2;b13))
+ (bo2 — b12bos, c1i(bi2 — b17), bor — bfboa)
+ b5 (boa — bi1bos, boa — braboz, bor — bl1boa, bor — bsbos)

d? d? d? d? d d
+ (b{5¢13 — bigci2, c12b11 — c13b14, D117 — b14bT5, bo10G5 — boabps)
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+ (boo — bisbos, bor — bigboa) - (c13, bia, bi)
= (Ll + Nl)bil; + (611 - 5%3012, C14 — C11, sz'(b12 - b2ib13))
+ (boz — bizbos, c12b% (b2 — biy), c13(biz — bis), c12b%5 (b2 — bia), bor — byboa)
+ bil;((bu — b13)bos, (b5 — bY;)bos, c13 — c12)
+ (c12b11 — c13b14, b11b(f;2), — b14b§l;) + b11((b12 — b13)bo3, (b(fz — 5?3)504)

When n = 2, this ideal is much simpler than when n > 2. We first analyze the cases n > 3.

By Fact 1.6, the set of associated primes of V' is contained in Ass (

R
Ass (K(n,d):bg4c12b'f§ ) Note that

(K(n,d) : blc12) + (bil; = (c11, €14, Doz — bi2bos, bo1 — baboa, b({l;, c13(b12 — b13))
+ (c12b11 — c13b14, c2i(b12 — ba2ibi3)) + bll(bil;,, (br2 — b13)bos, (by — b%3)bos).

R U
(K (n,d):b%, c12)+(b%

To decompose this, by Fact 1.4, for notational simplicity it suffices to decompose
V' = (b, c13(bia—bi3), c12b11—c13b14, Cai(b1a—b2ibiz)) +b11 (bS5, (b12—b13)bos, (bfy—bls)boa)-
Then by first coloning with and adding c¢;3, then repeating with bg3b11:
V= (5111; 022'512(1 - b2i)7 bi2 — b13, c12b11 — C13b14)
N ((bil;a Coi(bra — baibiz), c13) + bii (12, b5, (bia — bis)bos, (b5 — b{3)bos))
= (b£7 022'512(1 - b2i)7 bi2 — b13,c12b11 — C13b14)
N (bil; c2ib12(1 — ba;), €13, €12, b12 — b13)
- b d2 d _ d
m ((b127 621(b12 b2zb13>7 613) + bll(CIQ, b13, b03, (b12 b13>b04>) .

As the second component contains the first one, the second one is redundant. By decom-

posing the remaining two components of V’, V' further decomposes as:
2
V'= (b, c2i(1 — ba;), bia — bz, cr2bi1 — c13b14)
N (bi2, bis, c12b11 — c13b14)
2
N (b, c2i(b12 — basbis), c13, b11)
d? d? d d
a ((512, c2i(bia — b2ib13), c12, c13, b3, bos, (b12 — 613)b04)>.

Thus V' is the intersection of the four ideals above. Let the ith ideal be V;. The ideal V}

decomposes into primary ideals as follows:

Vi= ﬂ((b({l;, biz — big, cr2bi1 — c1zbia) + (caii € A) + (1 — basli € A)),
A
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V5 is a prime ideal, V3 decomposes as

V3 = ﬂ((b‘f;, C13, bll) + (Czi‘i € A) + (b12 — bzib13‘i € A))
A

= ﬂ((b(li; c13,b11) + (c2:ili € A) + (b12 — ba;bis, bgj, bai — baili, j € A))
A

ﬂ ((b%;, b(fg, C13, b11> + (Cgi|i € A) + (b12 — b2¢b13|i c A))

A#D
= ﬂ((b‘f;, c13,bi1) + (caili € A) + (brz — baibiz, bl , b — bayli, j € A))
A
ﬂ <(bil;, bil;,, c13,b11) + (c2i|i € A) + (b12 — baibis, bay — bojli, j € A))
A#D

N (bi2, bis, c13, b11),

which are all primary ideals. The last primary factor of V3 properly contains V5 and is

thus redundant in a primary decomposition of V. Finally,
2 2
Vi = N(b%y, cai(brz — baibiz), c1a, c13, b5, boz, by — bis)
2 2
N (b5, cai(b12 — basbis), c12, €13, b3, bos, boa)

= ﬂ((bi@, C12, €13, bo3, by — bl3) + (caili € A) + (bia — baib1a, ba; — baj, 1 — b%;]i, 5 € A))
A

ﬂ ((bilz, C12, €13, bS5, bo3) + (caili & A) + (bia — baibiz, ba; — bajli, j € A))
A#£D

N <b12, bis, c12, €13, bo3>

ﬂ((bi@, 12, €13, bil:zz,, boz, boa) + (c2i|i € A) + (biz — baibis, bai — bajli, j € A))
A

N (b12, b1, 12, €13, bos, boa).
The ideals in the last and the third to the last rows above contain V5, and are thus
redundant in a primary decomposition of V. Now the (possibly redundant) associated
primes of V' can be easily read off, and by adding (c11, c14, boz — b12bos, bo1 — bybos) one
gets the associated primes of (K (n,d) : b3 c12) + (b‘f;) (see page 31):
Ggn = (11, €14, bo1, bo2, bi2, b1, c12b11 — c13b1a) + (c2i]t & A) 4+ (1 — bosli € A),
= (c11, €14, bo1, bo2, b12, b13, c12b11 — c13b14),
Gioa = (c11, €13, €14, bot, bo2, b1, b12) + (c2:i € A) + (bosli € A),
G1iar = (c11, €13, €14, bo1, boz, b11, b12, b1g) + (caili & A) + (bai — bojli, 5 € A),
Gi2aa = C1 + (bo1, boz, bos, b1z, b13) + (caili & A) + (bai — afi € A), 0% =1,
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Gisar = C1 + (bo1, boz, bos, biz, bi3) + (coi|i € A') + (bai — bojli, j € A),
G1an = C1 + (bo1, boz, bos, boa, b12, big) + (c2ilt € A) + (bai — bojli, j € A),

where A varies over all subsets of {1,2,3,4} and A’ varies over all non-empty subsets of
{1,2,3,4}. By Proposition 7.2 it follows that

Proposition 7.3: Whenever n > 3,

R
Ass [ =) C{Gir. G, Crnrli = 8,10,14: j = 6,7,9:k = 5, 11,13
5 (i) € (G G Gl j )
R
U G 6% UA b
{Grzna} SS(K(n,d):bg4c12bgl§)

where o varies over the dth roots of unity and A over all subsets of {1,2,3,4} and A" varies
over all non-empty subsets of {1,2,3,4}. =

Next,
d d? d? d
K(n,d) : bgyci2b7y = L1 + Ny + (c11 — biyci2, c14 — €11, boz — b12bo3, bor — bT5b04)
+ (c12(b12 — b11), c12(b12 — b1a), (b12 — b1i)bo3), (bly — bY,)bos, c13 — c12)
+ <(02i<b12 - bzib13), C13(b12 - 513), c12bi1 — c13b14, b11bcll;2>) - b14b‘11;)
b1 ((b12 — bis)bos, (b — bs)boa) ) : b,

The ideal V in the last two rows, before coloning with b‘f;, (partially) decomposes as (first

coloning with and adding c;3):
V = (CQib12<1 - b2i)7 bi2 — b13,c12011 — c13b14, bil;(bll - b14))
N (02i<b12 — ba;b13), 13, c12b11, b11bcll;2>) - b14b‘11;, (b2 — b13)bo3b11, (bilz - bilg)b()szu)).

The second component decomposes further into:

M ((exs, crzban, braby = braby, (b1 = brs)bosbi, (6 — bis)boabia)
A

+ (caili & A) + (brz = baibisi € A)).
For A # (), the corresponding component of 1% simplifies to
(c13, c12b11) + (c2:li € A)
+ (b1a — bagbus, b5 (b1y — brabd; ), bis(bai — 1)bosbiy, bls(b%; — 1)boabuili € A),
and for A = () it equals to and (partially) decomposes as
Cs + (e1s, crabin, buaby — brably, (b1 — bus)bosbur, (b5 — b3)bosbur)
= (Cs + (c13, b11, b14bil;))
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N (o + (eas, ez, biabis — buablly, (bra — big)bosbar, (b — ba)boabin))
= (02 + (c13, b11, b14bil;))
N (Cy + (c13, c12, (b11 — b1a)bl, bio — bi3))
N (Co + (eas, cr2, buabfs — buablly, bosbia, (05 — by )bosbnn).
The last component in the last display above decomposes as:
(Ca + (c13, c12, (b11 — b14)bis, bos, by — bis)
N (Cs + (c13, c12, b11b%s — brabls, bos, boa))
N (Cs + (c13, c12, braby, bi1)).
Thus from the combined decomposition above of V, V' : bil; equals
v bcll; = (c2i(1 — b2;), b1z — b1z, c12b11 — c13b14,b11 — b14)

N ﬂ (13, c12b14) + (c2ili € A) + (b12 — baib1s, ba; — bajli, j € A)
AH£D

+ (b1 — brabl;, (bai — 1)bosbra, (b, — 1)boabrali € A))
N (Cy + (c13,b11, b14))
N (02 + (c13, €12, b11 — D14, b1o — 513))
N (02 + (c13, €12, b11 — bia, boz, by — b(113)
N (C2 + (c13, 12, b11b%s — b1abds, bos, bos))
N (02 + (c13, €12, b1g, b11))~
Next we compute this intersection. The intersection of the last two ideals is
Cy + (c13, 12, b11b5 — brably, bosbi1, boabir, bosbia, boabia),
and the intersection of the two immediately preceding is
Co + (c13, 12, b11 — bia, bos(b12 — big), by — b3).
Thus the intersection of the last four components in V' : bil; is
C + (13, €12, biabs — brably, boa (b1 — bua), boa (b1 — bra)
+ (bosb11 (b2 — b13), boab1a(bfy — bs)),
and then the intersection of the last five components in V' : b‘f; is
Cs + (13, buibfs — brabl, bos (b1 — bra), boa(bur — bs)
+ (bosb11(bra — b13), boabra(bfy — bis)) + c12(b11, bra).

Now this ideal, together with the second through the sixteenth components of V : b‘f;
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above are all of the form
(c13,011b%5 — b1abla, bos(b11 — b1a), boa(bir — bia), bosbi1 (brz — bis), boabra(bdy — b3))

+ c12(b11, b1a) + (c2ili € A)

+ (b12 — b2;b13, ba; — boj(b11 — brabl; , (bai — 1)bosbua, (b — 1)bosbrali, j € A)),
as A varies over all sixteen subsets of {1,2,3,4}. The intersection of all these sixteen ideals
is

(crs, brabls — brably, bos(bur — b1a), boa(br1 — bra), bogbur (b1 — bis), boabra(by — b))
+ cra(bir, bra) + cai(bra — baibi, caj(bas — boj),bir — biabls ), (bai — 1)bogbra, (b% — 1)boabia))-
Thus finally V : bﬁl; equals (intersection of above with the first factor of V : b‘f;):
(braby — brabfy, bos (b1 — b1a), boa(br — bra), bosbur (brs — bis), boabra(bly — b))
+ c2i(b12 — baibis, c2;(bai — baj), b1 — b14b§:, (ba; — 1)bozbia, (b3; — 1)boab1a))
+ (c12(b11 — b4, c12b11 — c13b1a) + c13(c2i(1 — b2i), b1z — b1z, b11 — b1a).
Thus K(n,d) : b614c12b§l; equals (refer to page 33):
Ly + Ny + (c11 — bacra, e1a — €11, boa — bizbos, bor — blaboa)
+ (c12(bi2 — b11), c12(bra — bia), (brz — b1 )bos, (b — bf;)bos, c13 — c12)
+ (b11b%5 — b1ably, boz (b1 — b1a), boa(brr — bia)
+ (bosbi1 (br2 — bis), boabra(bfy — b3))
+ c2i(b12 — baibi3, c2;(bay — baj), b1 — b14b§lf, (bai — 1)bogbia, (b3; — 1)boabis))
+ (c12(b11 — b1a), c12b11 — c13b14) + c13(c2i(1 — ba;i), b12 — bi3, b1 — b14)
= L1 + Ny + (e11 — bac19, 14 — €11, €13 — €12, bog — biaboz, bor — bybos)
+ (cr2(br2 — b1y), (brz — b13)boss (b — b%:)boa, 11085 — brabds, (b1 — bra)boa)
+ CQi(bIZ — ba;ib13, C2j(b2i - b2j), bi1 — bgjbm, 612(1 - b2i))~

By Fact 1.6, any associated prime of K(n,d) : bg4c12b§l§ is associated either to (K (n,d) :

bg4612b61l;) + (¢12) or to K(n,d) : bg4c%2b‘f;. These ideals are as follows:
S = K(n,d): bl,obly = Ly + Ny
+ (e11 — byerz, ¢4 — c11, €13 — 12, boz — biabos, bia — big, o1 — byboa, e2i(1 — bay)),
and
(K(n,d) : bycrably) + (c12) = Ly + Ny + C,
+ (bo2 — b12bos, bor — byboa, (brz — b1)bos, (b — b;)bos)
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+ C2i(bra — baibig, a(bai — baj), bir — b, b1a) + (br1bfy — brably, (b1 — bra)boa).
This last ideal decomposes (coloning with and adding bgs):
= (Ll + Ny + Oy + (boz — bi2boz, bor — biaboa, biz — b1;) + cai(bia(1 — ba;), caj(ba; — sz)))
N <L1 + N1+ C1 + (bor — bybos, boz, bos, (b5 — bY;)bos)

+ c2i(b12 — b2;bi3, c2(b2i — b2j),b11 — bgjbm) + (bllbil;z», - b14b(1i;: (b11 — 514)504))-

Let T denote the first of the two components above. The second component further

decomposes (coloning with and adding bg4):
(L1 + N1+ 1+ (bor = byboa, boa, bus, by — b, brx — bu)
+ c2i(b12 — b2;b13, coj(b2; — baj), b11 — bgjbm))
O (L1 + N1+ 1+ (bor, boa, s, bos, buub — brabdy)

2
+ c2i(bra — baib1a, c2; (b — bay), b1y — b, 514))-
Let these two ideals be V and W, in that order. By Fact 1.6 and Proposition 7.3:

Proposition 7.4: When n > 3,

R
Ass [ ———) C{Girr,Gir,Crrars Cronali = 8,10,14; 5 = 6,7,9: k = 5,11, 13
SS(K(n,d)>_{ A Giry Grrars Graaalt J }

U Ass (g) U Ass (%) U Ass (g) U Ass (%) ,
where « varies over all dth roots of unity and A, A" over all subsets of {1,2,3,4} with
IA'[>0. =
But W = K(n — 1,d?) + Cy + (bo1, bo2, b3, boa ), so the induction on n gives all of its

associated primes. It remains to compute the associated primes of the other three ideals,

namely of S, T and V. For each one of these ideals U (U varying over S,T and V), by

Fact 1.6,
Ass (E) C Ass (iz) U Ass <i2> .
U U+ (%) U: b4

Modulo the other generators of U, L1 4 Ny is contained in (b% ), so that the three U+ (%)
are as follows:
S+ (b)) = (b1, c11, c1a — 11, 13 — 12, boz — biaboz, biz — bus, bt — byboa, eai(1 — bay)),
T+ (b(ﬁ) =0 + (b‘ﬁ, boz — b12b03, bo1 — baboa, biz — b1g) + coi(b12(1 — ba;), c25(ba; — b2j)),
V + (b)) = C1 + (b1, bor — biaboa, boz, bos, by — b, bur — bua)

+ c2i(b12 — baibi3, c2;(ba; — baj), b1 (1 — bgj))
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These contribute the following possible associated primes of K (n,d):

Gisa = (c11, €13 — €12, €14, bot, bo2, b11, b12, b13, b14) + (c2:]i € A) + (1 — bo;li € A)(from §),
Gien = C1 + (bo1, boz, b11, b2, b13, b1a) + (c2ili € A) + (1 — boy|i € A) (from T),

Gi7a = C1 + (boi, bo2, bi1, b12, 013, b1a) + (c2i|t € A) + (b2 — bajli, j € A) (from T).

The associated primes obtained from V are not so easily read off, so we need to first

decompose V + (b‘fi) By Fact 1.4 it suffices to decompose
(11, by = b1, by — bf3) + cailbro — baibus, a;(bas — by), bra (1= 5,)
= ﬂ((bﬁ, by — by, by — bs) + (caili & A) + (b — baibiz, ba; — baj, bii (1 —b%)i,j € A))
A

= (02 + (b(ﬁ, bilz — b61l17 bil2 - bil3))
N () (b5, b5 — b3) + (cali & A)

A#£D
+ (b12 — baibig, ba; — baj, buy (1 — bl ), b (bd; — )i, j € A))
= (Co + (b(ﬁ’ by — by, by — bils))

m ((b11, b)) + (caili & A) + (bra — baibiz, ba; — bajli, j € A))
A£D

(M) (b4, 6%) + (caili @ A) + (brz — baibus, ba; — bay, (1 - bd:)/ (b — )i, j € M)
A#£D

n (b, b5 — %) + (caili & A) + (br2 — baibia, bay — by, 1 — bdii,j € A)),
A#D
from which one can easily read off the associated primes. Then by adding Cy + (b1 —
blsboa, bo2, bos, b11 — b14) to these primes, the contribution of V + (b‘f) to the associated
primes of K (n,d) is:
Gign = C1 + (bot, bo2, bo3, bi1, b1z, bis, bia) + (coili & A) + (bai — bajli, j € A),
Gignra = C1 + (bo1, boz, bos, bi1, b1z, b13, b1a)
+ (caili @ N) + (bos — ali € A), 0% =1,a% #1,
G20a7a = C1 + (bo1, boz, boz, bi1, b1z, bis, bia) + (caili € A') + (by; — ali € A'), 0% =1,
where A varies over all and A’ over all non-empty subsets of {1,2,3,4}. This establishes

Proposition 7.5: Forn > 3,

R
A - iy g, |t =8,10,14,15,16,17,18; j = 6,7, 7k: ;11,1
ss(K(n,d))_{G’A Gj, Grarli = 8,10 5,16,17,18;j=6,7,9 5 3}

R R R
U {G12na, Groarar, Gaonra} U Ass [ ——— | U Ass [ ———— | U Ass [ ——
{Grane, Gronver, Gaonve) 88<S-bd> SS<T:b?1> SS<V:6%)

© V11
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R
U Ass )
(K(n —1,d?) + C1 + (bo1, boz, bos, b04))
where o varies over all dth roots of unity, o over all d* roots of unity which are not dth

roots of unity, A varies over all subsets of {1,2,3,4}, and A" varies over all non-empty
subsets of {1,2,3,4}. m

Finally we analyze the three U : b%; (where U = S, T, V, and n > 3). The computation
of U : bili is is not difficult, as modulo b¢; — b{, € U, L; + N; equals b‘fif/ for the following
ideal L:

L= ((grjlr > 4) with c11 = 1) 4+ D2 + (c22(b21 — baa), c22¢5i(b12 — baibi3)).
In particular, L contains Ds. Thus S : bili equals
L+ (e1n — blycra, c1a — c11, 13 — 12, boa — biabos, bia — iy b1 — baboa, caa(1 — bay))

which decomposes as follows:

n

m (D2 +--4+ D1 +Ci+ Byy1+ (c11 — 5111;612)

t=2

+ (c14 — 11, €13 — €12, bo2 — bi2boz, bia — b1z, bor — biyboa)).

Thus S : bili contributes the following possible associated prime ideals of K(n,d), for
t=2...,n:

Go1t =Do+ -+ Dy +Cy + By
+ (11 — byera, e1a — e11, 13 — 2, boa — bizboa, bia — big, bor — biybos).
Similarly, 7" : b‘fi equals
L+ C1 + (boz — brabos, bot — byboa, b1z — bis, caa(1 — bay))
which contributes the following possible associated prime ideals of K (n,d) fort =2...,n:
Gaot = C1 4+ D+ -+ Dy—1 4 Cy + Bay—1 + (boz — bizbos, b1z — b1y, bor — biabos) -
And lastly,
Vb = L+ Cy + (bor — babou, boz, bos, b1y — brs)
+ (bilg — balli) + o2 (b12 — baib1g, ba; — baj, 1 — bgi))
= (01 + Oy + (bor — bsboa, boz, bos, bi1 — bra, by — bili))
(n](ol+D2+---+Dt_1+ct+33t_1
t=3
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o (bor — babos, boz, bos, biy — bua, by — by, bia = baibus, bai — bag, 1 = 15,) ).
which contributes the following possible associated prime ideals of K (n,d) fort =3...,n,
and with a4 = 8¢ = 1:

G23208 = C1 +C2 + (b01 — bY5bo4, bo2, bos, biz — abyz, by — Bbiz, by — b14) )
Gastap = C1 + Do+ -+ Dy_1 + Cy + Bsy—1+ (bor — b5b04, bo2, bo3)
+ (b2 — abiz, b11 — Bb13, b11 — bia, bay — ).
Thus we have proved:

Theorem 7.6: Forn > 3,

R
A ———— | C{Gir, G, Gt = 8,10,14,15,16,17,18; 7 =6,7,9; k= 5,11,13
SS(K(n,d)) C{Gin, Gy, Giarli J }

U{G12aa; Gioara’, Gaonra } U{Gjt, Gasapli = 21,22;t=2...,n}

R
D Ass (K(n —1,d) + C1 + (bor, bos, bos, b04)) ’
where o and 3 vary over all dth roots of unity, o varies over all d*> roots of unity which
are not dth roots of unity, A varies over all subsets of {1,2,3,4}, and A’ varies over all
non-empty subsets of {1,2,3,4}. =

It remains to find the associated primes of K (n,d) when n = 2. By Proposition 7.2, it

remains to find the associated primes of K(2,d) : 634012, which was computed on page 31:
2
= by (bjsc11 — b3y c12, b1 (13 — c12), (bra — bu—1,5)bos, (b, — bf;)bos, c13 — c12)
2 2
+ (c11 — bfye12, c1a — c11, bi2 — bz, boa — biabos, c12b55(b12 — bi1))
+ (c12b% (bra — b1a), bor — byb b1y — c13bia, birb%y — biab%
12 12( 12 14)7 01 12904, C12011 C13014, 011013 14 12)
2
= b{, ((b12 — b11)crz, bi1 — bua, (b12 — big)bos, (b5 — bY;)bos, c13 — c12)
2
+ (e11 — bfye12, c1a — c11, b1z — bz, boa — biabos, bo1 — b{yboa, c12b11 — c13b14).
By Fact 1.6, any associated prime of K(2,d) : bd,cio is associated either to (K (2,d) :
bd,cia) + (bil;) or to K(2,d): bg4clgb°f;. The former ideal is
2
= (b, c11, €14, b12 — b1s, boz — b12bos, bo1 — blyboa, c12b11 — ci3bia),
which is a primary ideal, so this contributes only the following prime ideal to a list of
possibly associated primes of K(2,d):
Gg = (c11, €14, b12, b13, bot, boz, c12b11 — c13b14).
Next we analyze K (2,d) : bd,c12b%:

K(2,d) : bl,c10bdy = ((br2 — bi1)erz, bin — bia, (bi2 — bi;)bos, (bfy — b;)bos, c13 — c12)
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+ (c11 — bcll;Cm, 14 — €11, b1z — b13, bo2 — b12bo3, bo1 — bcllgb04, c12b11 — c13b14)
= ((b12 — bi1)ci2,b11 — bra(biz — b14)bos, (bilz - bili)b(m, €13 — 012)
+ (11 — byei2, €14 — c11, bia — bia, boz — bisbos, bor — biabos).
This decomposes further as (first coloning with and adding ¢12):
= <b12 — iy c13 — €12, €11 — bacia, e1a — ci1, boz — biabos, bor — b({lgb04)
N (Cl + (br1 — b1a, b1a — bus, boz — bi2bos, bor — biabos, (b1 — bi1)bos, (b — 5?1)1?04))
= <b12 — by, c13 — C12,¢11 — bcllzcm, C14 — €11, bo2 — b12bos, bo1 — b(112b04)
N (Cl + (b11 — b14, boz — b12bo3;, bor — bilzb04))
N (01 + (b11 — b1a, biz — by, boz, boz, (bo1 — blaboa, (bfy — b‘f1)b04)>
= <b12 — iy c13 — €12, €11 — biacia, e1a — e11, boz — biabos, bor — b({lgb04)
N (Cl + (b11 — b14, boz2 — b12bo3, bor — b(112b04>)
N (01 + (by1 — b1, biz — b3, boz, boz, bor — biabos, by — bil1)>
N (Cl + (b11 — b14, b12 — b13, bo1, boz; bos, b04)>-
From this it is easy to read off the associated primes:
G2 = <b12 — b1, C13 — 12,11 — bilzclz, c14 — €11, bo2 — bi2bos, bo1 — b({lgb04)
Gazo = Oy + (by1 — b1i, bog — bi2boz, bo1 — biaboa),
Go3.21.0 = O1 + (b1 — b1a, bia — b1z, bog, bos, bor — biaboa, brz — abiy),a =1,

Gag = C1 + (b11 — b4, b12 — b13, bo1, boz, bos, boa-
This completes finding an upper bound on the set Ass(R/K(n,d)) for all n > 2:

Theorem 7.7: For n = 2, Ass (i) C {Gsnr, Gy, Giz, Gasat e Gaali = 21,22 =
6,7,9}, where a varies all dth roots of unity.

8. The associated primes of the Mayr-Meyer ideals

By Fact 1.4, any prime ideal associated to K(n, d), after adding Cy+ (s, f), is possibly
associated to J(n,d). In the previous section we obtained a set of prime ideals possibly
associated to K (n,d). This set consists of 20 variously subscripted families and the ideals
associated to K (n—1,d?)+C1+ (bo1, boz, bos, bos), where K (n—1,d?) involves the variables

cri,7 > 2, and b,;,7 > 1. From these families by Fact 1.4 then one easily constructs the
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corresponding families of prime ideals, which are possibly associated to J(n,d). To list
these families, as usual, A varies over all subsets of {1,2,3,4} and A’ over all non-empty
subsets of {1,2,3,4}. Also, we will use the ideals

T =(s,f)+Cod -4+ Cr4(bili=1,...,4t=0,...,r = 1).
With this then the list of prime ideals possibly associated to K (n,d) lifts to the following
prime ideals possibly associated to J(n,d):
Qsrar =T + (br1,bpa) + (Cry1,ilt € A) + (bra — bry1,3br3, brgp1i — brg1 jli, 5 € A),
height 8 + 12,0 <r <n — 2,
Qor = T + Cypyr + (boab%y — boabd ), height 87+ 11,0 <7 < n — 2,
Q7 =T + (Cr41,1,Cr+1,25 Crg1,4, br1, br2, brp1.3,br41,4),
height 8 + 13,0 <r <n — 2,
Qsra =Ty + (¢r41,1, Crg1,4, 001, br2, brp 1.2, b041,3, Crp1,20r 411 — Crg1,30r41,4)
+ (crg24lt €A)+ (1 =0 ), height 8 + 17,0 <r <n —3,
Qor =T, + (Cr+1,1, Cr41,4, br1,br2, br—|—1,27 br+1,3, Cr+1,2br—|—1,1 - cr+1,3b7"—|—1,4)7
height 8 + 13,0 <r <n — 2,

Qiora = T + (Cr41,15Cr11,3, Crr1,4, 001, 072, b 1,1, br1 2)
+ (¢rg2,4lt € A) + (byyoili € A), height 87+ 17,0 <r <n — 3,
Quirnr = T + (Cri1,15,Cr 41,3, Cry1,45 br15 002, by 1,1, br 11 2, b7 413)
+ (eranli @ A) + (bryoi — brio iy j € A'), height 8r + 17,0 < r < n — 3,
Q12rra = T + C1 + (bo1, boz2, bo3, b12, b13) + (c2:|i & A) + (ba; — ali € A), o =1,
height 8 + 19,0 <r <n — 3,
Q13rar = Tp + Cry1 + (b1, b2, 013, b 41,2, br1,3)
+ (¢ry2,ilt € N') + (brg2.i — bryajli, j € A'), height 8r + 18,0 <r <n —3,
Q1ars = T + Cry1 + (br1,br2, 003, b0, by 1,2, b0 11.3) + (Cra2,i]i € A)
+ (bysai — bryo i, j € A), height 81+ 19 + 6y_p,0 < < 1 — 3,
Qisra =15 + (Cr+1,17 Cr+1,3 — Cr41,2,Cr41,4, br1, br2, br+1,1, br+1,27 br—|—1,37 br+1,4)
+ (crg2,4lt € A) + (1 — byl ), height 8r + 19,0 <r <n — 3,
Qi6ra = Tr + Cry1 + (br1, br2, brg1,1, 00 11,2, 0413, brg1,4)
+ (cry2.ilt € A) + (1 — bpyo,i]i € A), height 87+ 20,0 <r <n — 3,
Qirra =T + Cry1 + (b

rl, 7"27 r—l—l,la br—l—l,Qa br—|—1,37 bT+1,4) + (CT+2,i|Z ¢ A)

41



+ (bry2,i — bry2jlt, 7 € A), height 87 + 194 63—p,0 <7 <n — 3,
Qisra =Ty + Cri1 + (bp1, 002,003, br 1.1, br11,2, br 1,3, bp11,4) + (Crg2,ili & A)
+ (bysai — bryo i, j € A), height 8r +20 + 6y_p,0 < < 1 — 3,
Qiornra =Ty + Crg1 + (br1, b2, 003, b0 41,1, brgp 1,2, br 41,3, bry1.4)
b (eraoali @ M)+ (bryoi —afi € A), 0 =1,a £1,
height 8 + 21,0 <r <n — 3,
Q20r'a =Ty + Crg1 + (b1, br2, 003, 001011, brg1,2, br1,3, byt 1,4)
+ (eryaili @ )+ (bryoi —ali € A),a®” =1,
height 8 + 21,0 <r <n — 3,
Qa1rt =T +Dypyo+ -+ D1+ Cy + By
+ (¢rg1,1 — bf«lil,gcrﬂ,z, Cr41,4 — Cr41,1,Cr41,3 — Cr41,2)
+ (bra — bry1,20r3, brp1,2 — bpg1,i, bp1 — bf+1,zbr4),
height 7t +r + 404, 0 < 1r < n — 2,
Qa2rt =T + Cry1+ Drjo+ -+ Di—1 + Cr + B
+ (bra — brg1,2br3, brg1,2 — brg1,is brr — ch~l+1,2br4> ,
height 7t +r 4+ 1+ 40,0 <7 <n — 2,
Q23rn—208 =Ty + Crp1 + Crgn + (brl — bfirl,gbm, bro, brg, byy1,1 — br+1,4>

+ (bry1,2 — abri1,3,bp41,1 — Bbry13), ot = ﬁdzr = 1, height 8n,

Qa3rtap =Tr + Cri1 + Dypyo + -+ + Dy—q + Cp + Bay—1 + (by1 — bf+1,2br4, bra., brs)
+ (bry1,2 —abri1,3,bp41,1 — Bbri1,3,bp41,1 — brg1,4,brg2 — @),
a® =B =1, height Tt +1+2+46,2,,0 <r <n—3,

Q24 =Tp—1+ (bn—1,1 — bn—1,4,b—1,2 — by—1,3), height 8n.
Thus finally:

Theorem 8.1: With n > 2, the set of embedded primes of the Mayr-Meyer ideal J =
J(n,d) is contained in the set

{QlA; QQA’OM Q?)A’? Q24} U{Q4,2a,85n:2|ad — ﬁd = 17 « 7é ﬂ}

U{Q4ro¢ﬁ'y(5n>2|ad - ﬁd = 7d - 17 |{O£,ﬁ,")/}| > O}
r=2

n—2
U {QE)TA'; era QkT‘tlj - 67 7797 k= 215 22at =r+ 27 .. '7”}
r=0
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n—3
| {Qira, Qrrarli = 8,10,14,15,16,17,18; k = 11,13}
r=0

n—3

2T or+1 27
U {Q12rAa,Q19rA/a/,Q20rA/a\Oéd = 1,0/d = 1,0/d # 1}
r=0

n—
3 on—2

27 o7
U{@asriaslt =7 +2,. om0 = 07 = 1} JQasnamiala® =1},

r=0
where A varies over all subsets of {1,2,3,4}, and A’ varies over all non-empty subsets of
{1,2,3,4}. =

Remark 8.2: [t was proved in Sections 2, 3 and 4 that the prime ideals Q1p, Qoa’a, @347,

Q4243 are indeed associated to J.

The last theorem proves that the Mayr-Meyer ideal J(n, d) has at most 160n — 270 +
31d+n(n—1) + 0peo(d? — d) + Spsa(d® —d)(n—1)+31(d* +---+d*>" )+ (n—1)d* +
(n—2)d® + - +3d*" " +18d

n > 2, none of the maximal ideals is associated to the Mayr-Meyer ideals.

2n72

embedded prime ideals. Also, it proves that for all

Much is left to be done to answer the Bayer-Huneke-Stillman question. I end this
paper with a list of questions:

1. Some of the prime ideals in Theorem 8.1 may not be associated to J(n,d). Find
the exact set of embedded primes of J(n,d). In particular, determine if the set of
associated primes of J(n,d) is truly doubly exponential in n.

2. Determine if any of the associated prime ideals of J(n,d) play a crucial role in the
doubly exponential behavior. The prime ideals Q23.n—2n,1,o and Q24 are likely can-
didates.

3. Theideal J(n,d)+(s, f)%—Zf;é (¢r1, Cr2, Cr3, Cra)? exhibits the same doubly exponen-
tial syzygetic behavior as J(n,d). It has height 2 + 4n, whereas J(n, d) has height 2.

What are the associated primes of this larger ideal?
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