Permanental ideals of Hankel matrices
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Abstract

We provide the Grobner basis and the primary decomposition of
the ideals generated by 2 x 2 permanents of Hankel matrices.

1 Introduction

Cauchy [4] and Binet [3] introduced the concept of permanent in 1812 as a
special type of alternating symmetric function. The greater part of results
on permanents in the nineteenth century consists of identities involving per-
manents and determinants. Only later the permanents were employed in
various fields of applied mathematics, in combinatorics, probability theory,
and invariant theory [7]. A book that includes the main results about the
theory of permanents is [10].

In this paper we study permanental ideals of Hankel matrices. We focus our
attention on the structure of Grobner basis and primary decomposition of
the ideal generated by 2 x 2 permanents of Hankel matrices.

The permanent of an (n x n) matrix M = (a;;) is defined as

perm(M) = > a15(1)020(2) ** * Gno(n)-
€Sy

Thus, the permanent differs from the determinant only in the lack of minus
signs in the expansion. If M is a u X v matrix with entries in a ring R,
we denote by P.(M) the ideal of R generated by the (r x r)-subpermanents
of M. It is particularly interesting when M is a matrix of linear forms
in a polynomial ring over a base field K. If the field K has characteristic
2, the permanental ideals equal the determinantal ideals, which are well-
understood [5], [11]. Thus, from now on, we assume that the characteristic
is different from 2.
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Laubenbacher and Swanson [9] studied the case of generic matrices finding
the primary decomposition of P>(M). Recently Kirkup [8] gives some indi-
cation on associated primes of the ideal generated by 3 x 3 permanents of a
generic matrix (not complete list).

We analyze the case of Hankel matrices, finding profoundly different results
from [9]. Let K be a field, m,n, r positive integers, and z; variables over K
with 1 <i<m-+n—1. Let R = K[z;|1 <i < m+n—1] be the polynomial
ring over the previous variables, and let M be an m x n Hankel matrix in
R, withm <n

{5 xs3 s Tn+1
M= 2" b (1)
Tm Tm+1 - Tpdm—1

As Py(M) for a 2 x 2 Hankel matrix is a prime ideal, in the rest of paper
we assume that m +n > 4.

In Section 2 we analyze the structure of a Grobner basis, in some cases
reduced, of the ideal P»(M). To simplify the work we start with some
preliminary Lemmas about the existence of particular monomials in the ideal
Py(M), (Lemmas 2.1 and 2.2), about the reduction of monomials of degree
2 and 3, (Lemma 2.4), and about the S-polynomial of two permanents,
(Lemma 2.5) with respect to the set H of all permanents. In the Theorem
2.7 we find the reduced Grobner basis for Po(M) of a 2 x n Hankel matrix,
and in the Theorem 2.10 we provide a Grébner basis for Py(M) of a m x n
Hankel matrix with m > 3 and n > 5. We are left with the cases 3 x 3,
3 x 4 and 4 x 4. Their Grobner bases are different from the general case,
we deal them respectively in the Proposition 2.8, (3 x 3 matrix), and in
the Proposition 2.9, (3 x 4 and 4 x 4 matrices). We note that for a Hankel
matrix, the Grobner basis of P>(M) depends strongly on the shape of matrix,
whereas if M is a m X n generic matrix there exists a unique pattern for any
m,n, see [9].

In Section 3 we show that the permanental ideal P>(M) has exactly two
minimal primes, see Proposition 3.1, and that the structure of these primes
does not depend on the shape of matrix. This is exactly the opposite of the
situation described in [9]. In Proposition 3.2 we provide also the minimal
components of Py(M), which are different from the minimal primes. This
is in contrast with the results for generic matrices in [9]. In Section 4, 5
and 6 we provide the full primary decomposition of P»(M). Again we need
to separate cases. In Section 4 we give a primary decomposition, probably
redundant, of the ideal P»(M). With respect to [9] the first difference is
about the number and the structure of minimal primes, the second difference
is about the embedded component. We show that, except for few cases,
there exists exactly one embedded component and the associated prime is
the maximal ideal. It is important to underline that, if M is a generic matrix



then the embedded component exists if and only if m,n > 3, whereas if M
is a Hankel matrix the existence of the embedded component depends on
the shape of matrix, as we show in the Sections 5 and 6.

2 Grobner Bases

We first need to recall some results of Laubenbacher and Swanson [9] that
are true also in the case of Hankel matrices. We omit the proofs that are
identical to those of [9].

Lemma 2.1. The ideal Py(M) contains all the products of three entries of
M, taken from three distinct columns and two distinct rows, or from two
distinct columns and three distinct rows.

Lemma 2.2. If m,n > 3, Py(M) contains all monomials of the form
cLopS? xS, with distinct 1q1,19,13, distinct ji,j2,J3, and where e, es,e3

xi1j1xi2j2tri3jz_3 .
are positive integers which sum to 4.
Observation 2.3. In our case x;; means Tj4;_1.

We start now the work to find a Grébner basis for Py(M) with respect
to a lexicographic monomial order, with 1 > 29 > -+ > Tymin_1.

Lemma 2.4. Let M be a m x n Hankel matriz as in (1) and let H be the
set of all permanents of M. Define the lexicographic ordering of monomials,
with x1 > x9 > +++ > Tman—1- LThen fori,jk=1,... m+n—1

1. the reduction of x;x; with respect to H is

(a) (—1)3'—1—%95%#, ifi+j=0mod2,

(b) (—l)j_l_#br#x#, ifi+j=1mod2;
2. the reduction of x;x;x), with respect to H is

(a) £a3,,.y, if i+ j+ k=0 mod 3,

(b) It$2i+:+“$i+j+3k+2, ifi+7+k=1 mod3,

(c) :I::cw;_z:c&”gk“, ifi+j+k=2mod3.

Proof. In general case we can assume that ¢ < j < k.

1. It is clear that if ¢ = j then i + j = 0 mod 2 and z;z; = z2, and if

79
j=1+1then i+ j =1mod 2 and z;2; = x;7;41. Suppose now that
j > i+ 1. By induction assumption we have

(_1)3'—2—1;7 22 if i +7 = 0 mod2
TiTj = —Tigp1Tj—1 = — o itjtl C
v ! I (—1)]727%1‘#%1 ZTitj+1 if ¢+ 7 =1 mod2
2 2

and so, we are done.



2. Clearly if K = i then ¢ + j + k = 0 mod 3 and z;xjx), = x3. Suppose
k =144 1. Then we have two cases: if j =i theni+ j+ k=1 mod 3
and 22z, 1, and if j = k then i+ j+k = 2 mod 3 and xixzzﬂ. Suppose
now that £ > ¢+ 1. Then

TiTjTg = —TiH1TjTk—1,

and for all j = 4,...,k the difference between max{i + 1,j,k — 1}
and min{i + 1,7,k — 1} is strictly smaller than k — ¢, so by induction
assumption on k — ¢ we have

+a3, ifi+j+k=0mod3
3

TiTjT = —Tip1TjTh—1 = ix%+j+k_1 Ii+j-gk+2 if 4 +j +k=1mod 3
3

txirjen2a?, 4 ifi+j+k=2mod3
3 3

and so, we are done. ]

Lemma 2.5. Let M be an m x n Hankel matriz as in (1). Define the
lezicographic ordering of monomials, with x1 > x9 > -+« > Tymin—1. Let f,
g be two permanents of M with distinct leading terms. Then S(f,g) either
trivially reduces to zero or it is a binomial whose terms x,Tpx. satisfy

T<a+b+e<3m+3n-171.

Proof. By hypothesis on f and g, their leading term can have only one factor
in common. Let

[ = ZiTitstt + TitsTite,
9= TjTjips 4t/ T Tjps Tjtp
First suppose that ¢ = j. Then
S(f,9) = TitsTittTjrs 1t — Tjro Tjpt Tistt-
We can suppose also that i + s+t < j+ s + ¢, so we have
3<i+s+t<m+n—2,
4<j+s+t'<m+n-—1,
1<i,5<m+n—4.

In this case the sum of indices a + b + ¢ is the same for both terms. It is
simple to see that

1+3+4<i+(s+i+t)+(+s+t)<m+n—4+m+n—2+m+n—1.

So we have
8<a+b+c<3m+3n-T.



Now we suppose that i = j + s’ +t'. Then
S(f,9) = TjTitsTivt — Tjps/ Tjip Tigst-
Clearly we have
1<j<i—-sd—t<(m+n-3)—1-1=m+n—5,

3<i=j+5+t'<m+n-3,
5=3+1+1<(+s+t)+s+t=i+s+t<m+n-—1.

Also in this case the sum of indices a + b + ¢ is the same for both terms of
S(f,g) and it satisfies the following relation:

1434+5<()+ @)+ (s+i+t)<m+n—-5+m+n—-3+m+n—1.

So we have
9<a+b+c<3m+3n-09.

Finally, we suppose that i + s+t = j+ s +t. Then
S(f,9) = Ti%jLgTjpy + TjTiqsTipy.
We can suppose that i < j. So we have
1<i<m+n—4,
2<j<m+n-—3,

4=+ +t'<i+s+t<m+n-—1.

Clearly, also in this case the sum of indices a 4+ b 4 ¢ is equal for both of
terms of S(f,g) and it satisfies

I+24+4< @)+ G+ +i+t)<m+n—4+m+n—-3—-m+n—1
So we have
T<a+b+c<3m+3n-—_8.
O

Corollary 2.6. Under assumptions of Lemma 2.5, if a set H contains all
3 .3 3 2 2 2

the permanents of M, x3, Ty, ..., Ty, 1y 3, T3L3, T4, « ., Tyt 3Tmin—2,

Tox3, z373, ..., mm+n_3x%1+n_2, then S(f,g) reduces to zero with respect to

H.



Proof. Tt is sufficient to prove that each of the terms of S(f,g) reduces to a
multiple of some monomial of H. By Lemma 2.5, it is sufficient to prove that
whenever 1, j, k are positive integers with 7 <i+j+k < 3m +3n — 7, then
x;x;x), reduces to zero with respect to H. By Lemma 2.4 x;x;x) reduces,
with respect to permanents, to

23, if i+ 7+ k=0 mod 3,
3
:I::L’2i+j+k_1 Litjt+k+2, if 4 +j 4+ k=1 mod 3,
E 3

twirjin22? 0, ifi+j+k=2mod 3.
3 3

But the relation 7 < i+ 5+ k < 3m + 3n — 7 implies that, up to sign,

these reduced monomials are in the set 23, 23, ..., 3 3, 2323, 2324, ...,
22 L aTman—2, T2T3, T3TG ..., Tmin—3T2 4, o, Which are all elements of
H. O

Theorem 2.7. Let M be a 2 x n Hankel matriz, with n > 3, and let G be
the following set of polynomials:

1. the permanents x;Titi41 + Tit1Tite, 1 =1,...,n—1,t=1,...,n—1;
r2x; = 2 —1;
- LiTi41, V=455 ’

2 C .
ST, 0 =2,0.,n — 1

S O S
8
w
-~
I
R
S
|
—_

Ry
Then G is a minimal reduced Grobner basis for Py(M) with respect to the
lezicographic ordering of monomials, with x1 > x9 > -+ > Tp41.

Proof. First of all we observe that in case n = 3 the set 4 is empty. Clearly
Py(M) contains all elements of type 1. By Lemma 2.1, it is clear that Py(M)
contains all elements of type 2 and 3 of G. It is easy to prove that also the
monomials of type 4 and 5 are in Py(M). In fact, as the Lemma 2.1 assures
that for all i = 3,...,n — 1, 2;_ 17711, 373 and z,_122 are in Po,(M), we
have

:B? = xi($i_1$i+1 + .%'12) — Xi—1%iTi41 € PQ(M),

r3 = 23(z123 + 23) — x12325 € Po(M),
Ty = Tn(Tn_1Tpp1 + Tp) = Tp1Tp@nir € Po(M).
It is easy to see also that G is a reduced and minimal generating set for
P,(M). Thus it is sufficient to prove that the S-polynomials of elements of
G reduce to zero with respect to G. As the S-polynomial of two monomials
reduces to zero, it remains to show that S(f, g) reduces to zero when f is a



permanent.
First consider f,g two permanents

[ =2i%iysi1 + Tip1Tiys,

g = TjTj+t+1 T L4124t
with s <t. Clearly z;7;4 541 and xjx 4441 are respectively the leading terms
of f and g. If in(f) and in(g) have no factor in common then S(f, g) reduces
to zero. If instead in(f) and in(g) have exactly one variable in common,
then S(f, g) reduces to zero with respect to G, by Corollary 2.6.
Now, we see what happens when f is a permanent and ¢ is a monomial. We
first consider g a monomial of type 2

[ = TiTitsi1 + Tip1Tivs,

g = $§$j+1.

If ¢ = 7, then

S(f,9) =~} 1 Tiss.
Asi=j=2,...,n—1, it reduces to zero with respect to a monomial of
type 3.
If i =4+ 1, then

S(f,9) = —331271971'+196i+s
reduces to xi_lx?xi+t with respect to x;—1x;11 ‘HU?- Asi=j+1=3,...,n,

then it reduces to zero with respect to a monomial of type 3.
Suppose i +s+1=j. Clearlyif j =2 theni+s+t#j. Soi+s+t=j=
3,...,n—1,and

S(f,9) = —Tit1TitsTitst1Titst2-

But o = xi+sxi+s+2+x?+s+1 is a permanent, so S(f, g) reduces to xi+1w§’+s+1
with respect to a, which reduces to zero with respect to a monomial of type
4.

At the end we suppose that it +s=7=2,...,n—1 and

S(f,g) = wip173, .

If i + s = 2 then S(f,g) = x4 which reduces to zero. If i +s=3,...n — 1,
S(f,g) reduces to zero with respect to a monomial of type 4.

In the same way we can show that S(f,g) reduces to zero when ¢ is a
monomial of type 3.

Now we suppose that g is a monomial of type 4, g = 3:?
Ifi=j35=2..,n—1, then S(f,g9) = x?w?+1xi+s reduces to zero with
respect to a monomial of type 2 or 3.

Ifi+s+1=j, then S(f,g) = :ci+1xi+scc?+s+l. It is clear that if j = 2 then

7



i+s+1#j. Soi+s+1=35=3,....,n—1and S(f,g) reduces to zero
with respect to a monomial of type 3.

At the end, we see what about f permanent and g = x5 or g = z.

If i # 2, S(f,23) = 0 and if i = 2, S(f,x3) = 232372, which reduces to
Z€ero.

Ifi+t+1#n, S(fizt)=0andifi+t+1=n, S(f,r}) = vi 1z, 123
which reduces to zero. O

Proposition 2.8. Let M be a 3 x3 Hankel matriz and let G be the following
set of polynomials:

1. the permanents xiTits4t+TiysTite, 1 = 1,2,3, s,t = 1,2 with i4+s+t =
37 47 57‘

2 2 .2 2.
2. x5x3, Tox3, TZX4, TITY;
4 .4 .4
3. x5,x3, 4.

Then G is a minimal reduced Grébner basis for Py(M) with respect to the
lexicographic ordering of monomials with x1 > x2 > --- > x5.

Proof. Clearly P,(M) contains all elements of type 1. By Lemma 2.1, it
is clear that P,(M) contains all elements of type 2 of G. Furthermore, by
Lemma 2.1, 23z3, 3x5,203207 are in Py(M), then

Ty = x3(x 23 + 23) — 212523,

4_ 2 2 2
x5 = z5(r175 + 73) — T1X5XS,

4_ 2 2 2
zy = vy(T375 + 1Y) — T3TLTs,

are in Py(M), so that also elements of type 3 of G are in Py(M). It is easy
to see also that G is a reduced and a minimal generating set for Py(M).
Therefore it is sufficient to prove that the S-polynomials of elements of G
reduce to zero with respect to G. As the S-polynomial of two monomials
reduces to zero, it remains to show that S(f,g) reduces to zero when at
least one of f and g is a permanent. If in(f) and in(g) have no variables in
common, then S(f, g) always reduces to zero. In particular,

S(xyz3 + x%, ToTa + x%), S(z1x3 + :L‘%, xToTs + x314), S(T123 + x%, x%),

S(xyx3+ 23, x3), S(x124 + 223, Toxs + x3), S(x124 + Tox3, 375 + T7),
S(z124 + x273, fE%ZL‘g), S(z1x4 + x273, IEQZL‘%), S(z124 + x273, x%),
S(z124 + 2273, :U§), S(z1x5 + :L‘%, ToTa + x%),

S(x1x5 + 22, g) for all monomials g € G,

S(waws + 23, w325 + 23), S(w2w4 + 23, 23), S(2275 + w324, T324),



S(zoms + w374, T377), S(T275 + 374, 25), S(T2T5 + 374, T7),
S(x3zs + mZ,x%), S(x3xs + 90421; xi) — 0.

If f and g are permanents and lem(in(f),in(g)) = zexpxe, With a + b+ ¢
not a multiple of 3, then as in the proof of Corollary 2.6, S(f, g) reduces to
zero. In particular,

2 2

S(z123 + 25, T124 + T223), S(T174 + 273, 175 + 23),
2 2

S(z124 + x273, 24 + 75), S(T125 + 75, T2T5 + T3X4),

S(2zoxy + 23, moxs + 2324), S(T275 + 2324, T3T5 + T3) — 0.

And here is the remainder of the reductions of S-polynomials:

2 2 2 T2x5+1L3%4 2
S(x1x3 + 23, m105 + 23) = 2305 — 23 P _gg(wawy + 23) — 0,
2 2 2 2 T2x5+T3%4
S(xix3 + x5, 2375 + x]) = vHw5 — w1y —  —x4(T124 + T223) — 0,

S(xyx3 + 23, x3x3) = 25 — 0,

2
S(xyx3 + 23, 2023) = 2323 — 0,

S(x1x3 + 23, 2304) = 232324 — 0,

2
2 2 2, 4 T2TATTy 4
S(r1z3 + x5, w37%) = vh0; — " x3 — 0,

S(xyx3 + 23, x3) = 2325 — 0,
2 3
S(x174 + T273, T5T4) = T2y — 0,

S(z124 + 2273, xg:ri) = x2x§x4 — 0,

S(z124 + 223, xi) = zox32s — 0,

T1T4+T2T3
S(xyx5 + 23, w305 + 27) = —xq 2] + 23 TS

x3(waws + 23) — 0,
S(xoxy + x%, rix3) = a:ng — 0,
2 2 4
S(zowy + x5, T223) = 25 — 0,

S(woxy + 23, ¥314) = 3 — 0,

2 2
S(xoxy + 23, 230%) = 2324 — 0,
S(xoxy + 23, 5) = w323 — 0,

2 4 2
S(xoxy + 23, x4) = 2323 — 0,

S(xoxs + w314, T323) = ToT3T4 — 0,
2
S(xows + x3%4, T2x3) = $§x4 — 0,

4
S(xows + X324, T5) = x%mgm — 0,



x2x4+ac2
S(x3xs 4 23, x3x3) = 3] — ° —x9x3my — 0,

2 2 2
S(x3ws + xy, vows) = xowzry — 0,
g 2 3 .\_ . 3 0
(x3x5 + 23, v524) = w325 — 0,
2 2 4
S(zsxs + x5, x3xy) = x5 — 0,
S(x3zs 4 23, 3) = x3xF — 0.
O

Proposition 2.9. Let M be a m x n Hankel matriz, where (m,n) = (3,4)
or (m,n) = (4,4) and let G be the following set of polynomials:

1. the permanents TiTitsyt+TitsTite, t=1,...,m+n—3,s=1,...,m—
1,t=1,..n—1withi+s+t=3,....m+n—1;
2. 3:%:1:3, xm+n*3l‘gn+n—2;

2 2 .
3. X3, T3

4 .4
4. T Ty

Then G is a minimal reduced Grébner basis for Py(M) with respect to the
lezicographic ordering of monomials, with x1 > xo > -+« > Tymyn—1-

Proof. As the proof of Proposition 2.9 is similar to that of Proposition 2.8,
we omit it. ]

Theorem 2.10. Let M be an m X n Hankel matriz with m > 3 and n > 5,
and let G be the following set of polynomials:

1. the permanents TiTits4t+TitsTitt, ¢ =1,...,m+n—3,s=1,..., m—
1,t=1,....n—1withi+s+t=3,....m+n—1;

2. TiTi41, 1 :3,...,m+n—4;
3. X33, Tygn—3T2 0 o

4. £L‘Z2, 1=3,....m+n—3;

5. bty

Then G is a Grébner basis for Py(M) with respect to the lexicographic or-
dering of monomials with x1 > X2 > -+ > Tymin_1-

10



Proof. First of all we show that P»(M) contains G. Clearly P>(M) contains
all elements of type 1, and by Lemma 2.1, it is clear that Py(M) contains
both elements of type 3 of G. It remains to prove that also the monomials
of type 2, 4 and 5 are in P(M). We can consider the following submatrix
of M
Ti—2 Ti-1  Ti  Ti4l Ti42
Ti-1 Ty Ti4l T2 Ti43
Ti  Titl Tit2 Tit3  Titd

Then, for all i = 3,...,m +n — 4, we have
20xi11 = (Tim1Tip2 + TiTig1) + (Ti—2Tiy3 + Ti%it1) — (Tim2Tip3 + Ti—1Ti42).
Moreover, for all i = 3,...,m +n — 3 we have
227 = (wi1zit1 + @) + (Ti2@ive + 27) — (@icoira + Ti1@ig1).
This proves that the monomials of type 2 and 4 are in Py(M). Finally
xy = a3 (w123 + a3) — mrades,

4 _ .2 2 2
Tmtn—2 = $m+n—2(l‘m+n73$m+n71 + xm+n—2) — Tm4n—3Tim4n—2Tm+n—1-

Because r3x3 and 22, tn_2Tmin—1 lie in Po(M) by Lemma 2.1, we conclude
that G is in P,(M). Now we show that the S-polynomials of elements of G
reduce to zero with respect to G. As the S-polynomial of two monomials
reduces to zero, it remains to show that S(f, g) reduces to zero when at least
one of f and g is a permanent. First of all we consider the case in which
both of them are permanents. Let

[ = %iTiqsit + TitsTigs,

9= TjTits'+t' + Tjts' Tjtt/,

withi,j=1,...,m+n-3,s=1,...,m—1,s =1,...,m—1,t=1,...,n—1,
t'=1,...,n—1,withi+s+t, j+5 +t <m+n—1. We can suppose also
that s <t and s’ < t'. Clearly inf = z;xi1s1¢ and in(g) = zjzj1g4p. If
in(f) and in(g) have no factor in common then S(f,g) reduces to zero. So
we suppose that in(f) and in(g) have at least one variable in common. First
of all we suppose that in(f) =in(g) and f #g,soi=jand s+t =35 +1
but s # s’ and t # t'. Suppose s’ < s, then there exists r = 1,...,s—1 such
that s = s —r and t' =t + r, and so we have

S(f,9) = Tits—rTivtrr — TiysTitt.

But we can consider the permanent o« = ;15 »Tiy¢tr + TitsTire and so
S(f, g) reduces to —2x; sx;4+¢ with respect to o, and by Lemma 2.4 it reduces
to

(1) 222 if s+t=0mod 2,

gt

11



or it reduces to

t—s—1

(—1) 2 2xi+5+571 $i+s+;+1 if s4+t=1mod 2.

By hypothesis on indices s, s’,t,t we have
1<i1<m+n-—25,
2<s<m-—1 and 1<t<n-—1,
1<s<m-—1and 2<t <n-1,
5<i+s+t<m+n-—1,

ifi=m+n—4o0ri+ s+t =4, the only possible permanents with same
leading terms are equal. If s +¢ = 0 mod 2, then

242 < 8—|—t<m+n—5+m—|—n—1

3=1+ 5 <1 5 = 5 =m+n—3,
SO l’i_LH is a monomial of type 4. If s +¢ =1 mod 2 then
2
24+3-1 t—1 —6 -1-1
3:1+%§¢+S+2 L min +;”+" = m4n—4,

In fact s + ¢t must be odd but it cannot be 3 because in this case the
only possible permanent with leading terms zix3 is z123 + x3. It follows
iy sttd Ty st is a monomial of type 2. Hence, in any case S(f, g) reduces
to zero with respect to G.

By Lemma 2.5 and Corollary 2.6 the S-polynomial of two permanents re-
duces to zero whenever the leading terms of polynomials are different.
Now it remains to prove that S(f, g) reduces to zero with respect to G when
f is a permanent and g is a monomial. As before,

[ = Xi%igstt + TitsTitt

wherei=1,....m+n—3,s=1,....m—1,t=1,...,n—1withi+s+1t =
3,...m+n-—1.
First of all we consider g = x;x;4+1 a monomial of type 2. It is impossible
that in(f) = xjz;11, so the only possibility is that in(f) and g have one
factor in common.
If i = j then S(f,9) = Tit1TitsTirt. As3<i=j<m+n—-4,ifs=t=1
then S(f,g) is a monomial of type 4. Otherwise 6 <i+s+t<m+mn—1
and by Lemma 2.4 for x;1sx;4¢, it reduces to a multiple of

+1? if s+t=0mod 2,

ittt
or it reduces to a multiple of

:i:xi+ s+;—1 ﬂfi+s+§+1 if s+t=1mod2.

12



We observe that, if s + ¢ =0 mod 2, then

242 t -5 -1
p=34 gyttt omEnToemEnl_ L, g
2 2 2
S0 $?+5—+t is a monomial of type 4. However, if i = m+n—-4andi+s+t =
2

m+n — 1, necessarily i + s=m+n—2and 1+t =m+n —3 and so it is
a monomial of type 2. If s +¢ =1 mod 2 then
24+1-1 . s+t—1 m+n—4+m+n—-1-1

4:3+T§H— 5 < 5 =m+n—3,

SO &, s+t-1%;  stt+1 1S @ monomial of type 2. Hence, in any case it reduces
2 2

to zero with respect to G. It is simple to see that also in the cases x; = 41,
Tiystt = Tj OF Tiysrt = Tjy1 the S-polynomials reduce to zero with respect
to G.

Now, let g = $%CL‘3. It is impossible that x;z;1s4¢+ = xox3 so the only
possibilities are x; = x9, x; = X3 Or Tjys1t = T3.

If i = 2 then S(f, 23x3) = 7273724 sT2+¢. Now we can apply the Lemma 2.4.
Asm > 3 and n > 5, then

m—+n
<m+n-—3,
2
t
3§2+8+ §m+n<m+n—3 if s+t=0 mod 2,
t—1
3§2‘+8+2 Sm;n<m+n—3<m+n—2ifs—i—tzlmon.

These arguments show that S(f, g) reduces to zero with respect to G.

If i = 3, then S(f,23w3) = 2323, 573, The same argument shows that it
reduces to zero with respect to G.
Ifi+s+t=3theni=s=t=1s0S(f z3x3) = x3 that reduces to zero
with respect to G.

By symmetry, if g = 210372, 4n_o then S(f,g) reduces to zero with re-
spect to G.

If g is a monomial of type 4, then S(f,g) = jx;1szi4s not only in the case
1 = 7 but also in the case i + s+ ¢ = j. In both cases, by Lemma 2.4 and
previous arguments, it reduces to zero with respect to G.

It remains to consider g a monomial of type 5. If g = 23 then, in order to have
a nontrivial S-polynomial, we can have only z; = 22 50 S(f, 9) = T3x2 1 sT24¢,
which reduces to zero by Lemma 2.4. Finally, we see that if g = % n_2
then, in order to have a nontrivial S-polynomial, the only possibility is
Titstt = Tmin—2 and so S(f,g) = x§n+n,2xm+n_2_t$m+n_2_s reduces to
zero with respect to GG, by Lemma 2.4. O
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3 Minimal primes and minimal components of P,(M)

For the rest of this paper we set:
1. r=m+n — 2, and to avoid the trivial case, we assume r > 3;
2. P =(x1,...,2;) and P» = (z2,...,ZTp41);
3. forallr >3

_ 2
Ql = (.731, ey Lp=3, L9, Lr—2Lr—1, Lr—2Lr, Lyr—2Lr41 + xr 12y,
2 2
Ly 15 Lr—1Tr41 + .Tr),

2 2 2
Q2 = (965, cey Tpyl, T1X3 + T, 124 + T2X3, T2Xy4, T3, L3T4, l’4)~

We now prove that P, and P, are the minimal primes of P>(M) and () and
Q2 are the corresponding minimal components.

Proposition 3.1. With M an m x n Hankel matriz as in (1), m+mn > 5,
the prime ideals of R minimal over Py(M) are

Py = (z1,22, ..., Tmin—2) and Py = (22,23,...,Tmin_1).

Proof. Let P be a minimal prime over P»(M). By Lemma 2.1, z123 €
Py(M). Then
r123 € P=> 12, € Por a3 € P.

We suppose that 1 € P. Since xf + zi1xiy1 € Po(M) C P for all i =
2,...,m+n—2 and P is prime, by induction on ¢ we have that x1, zo, ...,
Tman—2 are all elements of P. Therefore

Py (M) C (z1,...,Zmin—2) C P,
and by minimality of P we have that one of the minimal primes is
P=P = (x1,. ., Tmin-2)-
Now, if 1 € P then z3 € P. We note that
T1Tirj—1 +xx; € Bo(M) C P foralli=2,...,mand j=2,...,n.
Then the case i = j = 2 implies that
r1x3 + :c% € P and x3 € P so that x5 € P.
Suppose we have proved that xo,x3,...,2, € P for some r > 3. Then by
choosing i € {2,...,m},j € {2,...,n} such that i+j—1 = r+1, necessarily

1,5 < r, so that
T1Tpy1 + 225 € PQ(M) CcCP

14



implies that x,,1 € P. Therefore
PQ(M) - (1?2, ‘e ,xm+n_1) - P,

and by minimality of P we have that the only other minimal prime over
Py (M) is
P = P2 = (1‘2, ey IEern,l).

O

Proposition 3.2. The ideals Q1 and Q2 are respectively primary to P1 and
b,

Proof. By symmetry, it is sufficient to prove that @)1 is primary to P;. By
the structure of @)1, it is sufficient to prove the assertion only in the case
r = 3. Set A = {a2, w179, 1123, 73, 1174 + T273, w274 + ¥3}. We establish
the following:

1. the degree lexicographic monomial ordering x; > x2 > x3 and x4
treated as a constant;

2. P(M) C (A);

3. (A) € Po(M) (3, 20,25) N K21, 72, 23, 24];

4. all S-polynomials of elements in A reduce to zero with respect to A;

5. the leading coefficients of elements of A are elements of K (do not
involve x4).

Then, by arguments in the proof of Proposition 3.6 of Gianni, Trager and
Zacharias [6], we have that (A) = Poa(M) (3, w924) N K[T1, 72,73, 4] is the
(21, 2, x3)-primary component.

Clearly P,(M) C (A).

Moreover, it easy to prove that (A) C (M), pas) N K21, 72, 73, 74].
In fact, by Lemma 2.1 the monomials x1z974, 17324, T34, are in Py(M)
and so, as x4 is units in Ry, 4, z;), we have that ziza, @123, r3 are in
Py(M) (2 20,25)- Now, we notice that 2xy = 11 (1124 + T273) — (T172)73 1S
in Po(M)(z, 20,05) and 50, as x4 is units in R, 4, ;) we have that 22 is in
P2(M)(131,$2,$3)'

Finally we prove that the S-polynomials of elements in A reduce to zero
with respect to A. As the S-polynomial of two monomials reduces to zero,
it is sufficient to prove that S(f,g) reduces to zero when f is a permanent.
For example,

2
T 1T
S T1X4 + T2X3, T2T4 + 1‘2 = 1‘233‘3 — 1‘133‘2 =2 —$1l‘2 2% 0.
) 3 2 3 3

The others are analogous. O
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4 A primary decomposition of P,(M)

In this section we find a redundant primary decomposition of the ideal
Py(M). We start by identifying what it will be the embedded component in
the cases in which this will be present.

Proposition 4.1. The ideal J = Py(M)+(2%,22,,) is primary to (x1, . . ., Tyr41).

Proof. To prove that the ideal J is primary to (z1,x2, ..., Zy+1), we compute
V. Clearly x1,2,41 € VI, x1xs +x% e JCVJso 1:% € VJ soxs €V,
Say x1,...,x; € VJ,i <r. We see that x;x;yo —i—a:?_H e JCVJso xfﬂ €
VJ and so z;41 € VJ. So J C (x1,...,2r11) C VJ. But (x1,...,2,41) is
maximal in R = K[z1,...,%,41], so J is primary. O

Now we recall a fact whose proof is folklore.

Fact 4.2. In an Noetherian ring R, for all ideals I and for element x & /1,
there exists an integer n such that

(I:2")=(I:z")
and then
I=({I:2")n(+ (=")).

Theorem 4.3. Let M be an m x n Hankel matriz in K[x1,22,. .., Tmin—1]
as in (1). Let Py(M) be the ideal generated by the 2 x 2 permanents of M.
Then a possibly redundant primary decomposition of Py(M) is Po(M) =
Q1NQ2nJ.
Proof. We show that

L Qu = (M) s a2py) = (Po(M) 5 8,),

2. Q2 = (Po(M) + (2741)) 2t = (Po(M) + (2744)) : 2,
and so by Fact 4.2 we can assert that

P(M)=Q1NQ2NJ

is a primary decomposition of P,(M).

1. (a) First of all we see that $%+1Q1 C Po(M). As xp—9%pi1 + Tp_1Zp,
and Ty _12r41 —|—x,% are two permanents, it is clear that (z,_oz,41+
Tr12y) 22, 1, (Tr_12r11 +22)22, are in Po(M). By Lemma 2.1,
22 a2 0, Tp_okr 122y, Tp_owpa?  and 22 x2, | are in Po(M).
If r >4and i =1,...,r — 3 then z;22,; € P»(M). In fact
as (zjxy41 + xsxy) with s,¢ such that s+t =i+ r+11is a
permanent and as, by Lemma 2.1, 222,41 is in Po(M) we have
that $¢$%+1 = Tpy1 (X1 + Tsx4) — Tspxpyq is in Po(M). So
we have Q1 C (P2(M) : 22,1). But we know that P»(M) C Q;

and Q is primary, so Q1 C (Pa(M) : #2,,) C (Q1 5 a2,,) = Q1.
Then (P (M) : 22,1) = Q1.
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(b) For all y ¢ /@1 we have Qiz2_ 1y C Po(M) C Q1 so Q1 =
(Py(M) : 22,,y) and in particular we have Q1 = (Po(M) :

93%+1) = (P2(M) : $§+1)-

2. (a) By symmetry, 23Q2 C Py(M). So we have Q2 C (Po(M) +
(z2.1)) : 3. But Po(M) + (22,,) C Q2 and @ is primary,
0 Qs C ((Pa(M) + (s2,1) : #3) € (Qa : 23) = Qa. Then
((P2(M) + (2744)) : 27) = Q2.

(b) For all y ¢ /Q2 we have Qoziy C Po(M) + (22,,) C Q2 so

Q2 = ((P2(M) + (22,,)) : 23y) and in particular we have Qo =
(Po(M) + (2744)) = 2F) = (P2(M) + (2744)) = 29).

O

Observation 4.4. Whereas ()1 and ()2 are never redundant, J may be
redundant, but only in finitely many cases. We describe precisely what
happens in the next Sections.

5 When there is an embedded component

Proposition 5.1. Let M be an m x n Hankel matriz as in (1).

1. If m =2 and n > 4, then (x1,22,...,Tnt1) 18 an associated prime of
Py(M).
2. Ifm>3 andm+n—12>9, then (x1,...,Tmin—1) IS an associated

prime of Po(M).

Proof. By definition, an ideal J is an associated prime to P»(M) if there

exists « € K[x1,...,Zm+n—1] such that
J=(Py(M): «).
1. Let
Mo | T omeox3owa o waa T
T2 I3 T4 Ty ... In Tn+1

and for all 4,j withi < j, 1=2,....,n—2, j=4,...,n,
o = x;34.
Then, by Lemma 2.1, we have
(1,22, ..., Tnt1) C (Po(M) : ),

and Theorem 2.7 implies that a ¢ Py(M).
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2. Now let M a m x n Hankel matrix as in (1). We assume m > 3 and
m+n—1>9. Forall j=5,...,(m+n—1)—4 set

= Tj.
Then by degree count, a ¢ P>(M). So it is sufficient to prove that
O‘(Ila s axm—i-n—l) c PQ(M)

By Lemma 2.4, forall¢=1,.... m+n—1land j=5,...,m+n—>5
the monomials z;x; reduce, with respect to elements of P>(M), to

422, ifi+j =0 mod 2,

2

+rivjazrisn if i+ 7 =1 mod 2.
p) 2

Clearly, if ¢ + 7 = 0 mod 2, then

< -3
5 <m-+n s

and if 7 + j = 1 mod 2, then

i
3gl++§m+n—4.

Thus, by Theorem 2.10, all monomials z;x; are in Po(M).

Proposition 5.2. Let M be a 3x3 Hankel matriz. Then the ideal (x1,...,x5)
is an associated prime of Py(M).

Proof. In this case

r1 T2 I3
M=\ z9 x3 x4
T3 T4 I

Set a = x1x3x5. Then by Lemma 2.1 and 2.2,
(:Zil, . ,a:5) g (PQ(M) . a),
and by Proposition 2.8 xjz3x5 & Py(M). O

Proposition 5.3. Let M be a 3x4 Hankel matriz. Then the ideal (x1, ..., x¢)
is an associated prime of Po(M).
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Proof. As in previous propositions we see that if

Ty T2 T3 T4
M = T2 I3 T4 I5 5
r3 T4 I5 T

and if @ = xox5 or @ = x3x4 then, Lemma 2.1 implies that
(x1,...,26) C (Po(M) : ).
Proposition 2.9 shows that o ¢ P>(M). O

Proposition 5.4. Let M be a 4 x 4 Hankel matriz. Then (z1,...,27) is an
associated prime of Po(M).

Proof. In this case we see that if

Ty X2 T3 T4
2 T3 T4 Ts
r3 T4 T5 Te
T4 Ty T X7

and if « is any of xoxs, 324, 326 Or X425 then Lemma 2.1 implies that
(15, 27) C (P2(M) @ ).

The Proposition 2.9 shows that oo & Po(M). O

6 When there are only the minimal components

We have mentioned that in a few cases the primary decomposition of Py(M)
admits only the two minimal components. In this section we describe all
such cases. Throughout we will use the following easy facts (for the proofs
see [2] and [1]).

Fact 6.1. For all ideal I,J, K then
I+ H)NI+K)=I+Jn({+K).

Fact 6.2. Let t be a variable over R = Klx1,...,ZTmin—1]. We impose on
R[t] a monomial order such that for any f € R[t] \ R,in(f) ¢ R. For all

pairs of ideals I, J in R we can compute I N J via Grobner basis. Namely,
InJ=ItR[t]+ J(t —1)R[t]) N R.

Proposition 6.3. Let M be a 2 x 3 Hankel matriz, then the primary de-
composition of M is Q1 N Qs.

19



Proof. Tt is sufficient to show that Po(M) = Q1 N Q2. Actually, we can
compute the intersection of the minimal components.

2 2 2
Q1 = (27, v122, T123, T3, T1T4 + T2T3, Toxg + 23),

2 2 2
Q2 = (xoxa, 3, T34, TF, T123 + T3, T124 + T223).

By using the Fact 6.1

Q1NQy =

(z124 + Tow3, Toxs + T5)+

(22, z122, 2123, 23) N (:1:2354, 23, x324, 73, 1173 + T3, T174 + T273)]
(z124 + T2w3, ToTs + T3, T173 + x3)+

(22, 2172, 2123, ¥3) N (2274, T3, T374, T3, 1174 + T273)]

= Py(M)+ [(22, 2122, 7173, 23) N (vox4, 73, 2324, T3, T174 + ToT3)].

By using Fact 6.2 it is straightforward to see that the last intersection is
equal to
(2324 4 T1T0T3, T1ToTy, T1 T3, 1 23Ty, ToT3, T3T4).

Clearly z2x4 + 212223 is in Py(M). By Lemma 2.1 the monomials x12o14,
1123, 1120374, 373, 2374 Are in Py(M), so

Q1 NQ2 = P(M).
O

Proposition 6.4. Let M be a 3 x 5 Hankel matrix. Then the primary
decomposition of M is Q1 N Q2.

Proof. We know that
_ 2 2 2
Q1 = (x1, 22, T3, ], T4Ts5, Tale, T5, TaT7 + T5Te, L7 + L§),

2 2 2
Q2 = (x5, 76, 7, T224, T3, T3T4, T4, T1T3 + T3, T1T4 + T223).
2 2 2 2 .
As (], x4x5, ToT6, TE, T4T7 + X526, Tz +28) C (w5, T6, X7, 2]), by using the
Fact 6.1, we have

2 9 9
Qi1NQ2 = (z7, 2475, T4T6, T5, Ta27 + T5X6, TrT7 + 2§) + [(T1, T2, 23)N
2 2 2
(w5, 6, T7, T2Xs, T, T3T4, TG, T123 + T3, L1204 + To23)].

Moreover, as (ToT4, T3, 2374, 1123 + T3, ¥124 + T223) C (71, T2, T3), by using
the Fact 6.1, we have

2 9 9
QiNQ2 = (x7,x4%5,T4%6, T8, Tax7 + T5%6, T5T7 + Tg)+

(womq, 23, w374, T173 + 23, 11704 + T273)+
[(x1, 2, 3) N (23, 25, 26, 27)].
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But we know that (21,2, 73) N (22, T35, 76, 27) = (1, T2, 73) - (3, 5, T, T7),
so we have

2 2 2
N NQ2 = (z7)+ (zaws, T4z, T8, TaT7 + T526, 527 + TF)+
9 9 2 2 2
(roxa, x5, T3T4, T1T3 + X5, 124 + Taw3) + (T127, T2y, T3TE)+
(x125, T1T6, T127, T2X5, T2T6, T2LT, T3L5, TITE, TILT).

As (2123, 2922, 2322) C (22), then

_ 2
Qi1NQ2 = (zix3+ x5, 1204 + T2T3, T1T5, T1X6, T1T7, T2L4,
2
X2x5,L2X6, L2, f]}'g, XT3X4,T3X5,T3T6,L3T7,
2 2 2
Ty, T4Ts, T4T6, TaTT7 + T5T6, TS, T5T7 + TF).

Clearly Q1 N Q2 contains Py(M), but it is also simple to show the opposite
inclusion. It is sufficient to prove that all monomials in Q1 N Q2 are in
Py(M). As x129 + 23, 2175 + 1924 and zoxy + 25 are in Po(M), then zqz5,
roxy and 2% are in Po(M). As x176 + Tox5, 1176 + 2374 and w275 + T374
are in Py(M), then zixg,x0x5 and z3zy are in Po(M). Now we see that
Tox6 + 1375, Toxe + o3 and w35 + 27 are elements of Py(M), which implies
that zowe, r3zs and 25 are in Po(M). So, as w127 + 235 is in Py(M), also
x1z7 is in Py(M). Another time we see that zox7 + x376, Tow7 + 425 and
x3x6 + x4ws are in Po(M), so xowy, x3xe and xyxs are in Po(M). At the
end, as T377 + 1476, T377 + T2 and x476 + 72 are in Py(M) then x3x7, 1476
and z2 are in Py(M) too. O

Proposition 6.5. Let M be a mxn Hankel matriz with (m,n) = (3,6), (4,5).
Then the primary decomposition of M is Q1 N Q2.

Proof. As in previous Proposition we show that Po(M) = Q1 N Q2. Clearly
Q1 N Q2 contains Py(M). To show the opposite inclusion we compute the
intersection between Q1 and (Js. In this case we have

2 2 2
Q1 = (1,2, T3, T4, 5, T5T6, T5T7, Ty, LTy + TeX7, TeXg + T7),
_ P 2 2
Q2 = (5, T6, T7, T8, T2Ta, T3, L3T4, Ty, L1X3 + T3, T1T4 + T2X3).
By Fact 6.1 it is simple to see that

2 2 2 .2
QiNQ2 = (z123+ 25,2124 + Tox3, ToTg, TF, T3T4, T, TF, T5Te, L5LT,
2 2
x5x8 + TeX7, TF, Texs + x7) + (21, T2, T3, T4) - (25, T6, T7, T8).

After computing (x1, x2, 3, 24) - (5, T6, 7, x3) We have

_ 2
Q1NQ2 = (r123+ 25, 2124 + X223, T1T5, T1L6, T1X7, T1T8, T2L4, T2T5,
2 2
T2X6, L2X7, L2Lg, T3, L3L4, L3L5, L3L6, LILT, T3LG, Ly, L4L5,
2 2 2
T4T6, TATT, T4TR, Tf, T5L6, T5LT, L5L8 + LLT, Th, TeLg + L7).

It remains to prove that all monomials in @1 N Q2 are in P»(M) too. By
Lemma 2.4 it is sufficient to prove that ac%, T334, T3, T4T5, x%, T5Tg, x% are
in P,(M). But these are in P»(M) by Theorem 2.10. O
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