
Putnam Practice Problems
November 15, 2009

1. Let p(x) be a polynomial that is nonnegative for all real x. Prove that for some k,
there are polynomials f1(x), . . . , fk(x) such that

p(x) =
k∑

j=1

(fj(x))2.

2. Given a point (a, b) with 0 < b < a, determine the minimum perimeter of a triangle
with one vertex at (a, b), one on the x-axis, and one on the line y = x. You may assume
that a triangle of minimum perimeter exists.

3. Define a selfish set to be a set which has its own cardinality (number of elements) as
an element. Find, with proof, the number of subsets of {1, 2, . . . , n} which are minimal
selfish sets, that is, selfish sets none of whose proper subsets is selfish.

4. Let S be a set of real numbers which is closed under multiplication (that is, if a and
b are in S, then so is ab). Let T and U be disjoint subsets of S whose union is S.
Given that the product of any three (not necessarily distinct) elements of T is in T and
that the product of any three elements of U is in U , show that at least one of the two
subsets T, U is closed under multiplication.

5. Evaluate

8

√
2207− 1

2207− 1
2207−...

.

Express your answer in the form a+b
√

c
d

, where a, b, c, d are integers.


