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X C P" an algebraic set

Question: How many hypersurfaces of degree d contain X?

ZH2X <« felX)

Notation
I(X)g = {f € I(X) : f homog. of degree d}

I(X) homogeneous = I(X) = @5 I(X)q
d>0

Rephrasing: What is the size of /(X)4? )
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Examples: X CP?, d =2

f=aox®+ a1 Xy + aoxz + asy® + asyz + asz>

Hilbert’s theorem
o

X ={(0,0,1)}
f(0,0,1)=0 <« a=0

One linear condition on the vector of coefficients.

X ={(0,0,1),(1,0,1)}

= a =0
<~ a+a+a=0

Two linear conditions on the vector of coefficients.
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Examples: X CP?, d =2

f=agX? + ayXy + axXz + asy? + asyz + asz*

Hilbert’s theorem
o

X =4{(0,0,1),(1,0,1),(2,0,1)}

f(0,0,1)=0 <« as =0
f(1,0,1) =0 <= a+a+a =0
f(2,0,1) =0 — 4ay+2a+ a5 =0

Equivalent to
a=a =as=0.

Three linear conditions on the vector of coefficients.
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Examples: X CP?, d =2

f=agXx?+ aiXy + axXz + azy? + asyz + asz* J

X ={(0,0,1),(1,0,1),(2,0,1),(3,0,1)}

f(0,0,1) =0 — a=0
f(1,0,1)=0 — a+a+a=0
f(2,0,1) =0 — day+2a+ a5 =0
f(3,0,1) =0 = 9ay+3ax+a =0

Equivalent to
ag=a =as=0.

Still, three linear conditions on the vector of coefficients.




A Question The Hilbert function Hilbert's theorem
00008000 00000000 o

Examples: X CP?, d =2

= agX? + a1 Xy + @pXZ + asy? + asyz + asz® J

X=1{(0,0,1),(1,0,1),(2,0,1),(3,0,1),(4,0,1)}
a=a =as=0.

Again, three linear conditions on the vector of coefficients.
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Equivalent questions

X C P" an algebraic set

@ How many hypersurfaces of degree d contain X?
@ What is the size of /(X)47?

@ How many conditions are placed on a hypersurface of
degree d by requiring it to contain X?



A Question The Hilbert function Hilbert's theorem
00000000 00000000 o

S = Kxo,...,Xn]
Sq¢ = {fe S:fhomog., degree d}

Definition
The homogeneous coordinate ring for X C P" is

S(X) = S/I(X)
Its degree d part is
S(X)g = Sa/I(X)a.
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An exact sequence

0—-I(X)—S—S(X)—0

restricted to degree d

0= I(X)g — Sg — S(X)g — 0

rank-nullity theorem

dimk S(X)d = dimk Sd — dimk /(X)d
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Definition
The Hilbert function of X C P is

Hx(d) = dlmk S(X)d = dlmk Sd — dlmk I(X)d

Questions
@ How many hypersurfaces of degree d contain X?
@ What is the size of /(X)4?

@ How many conditions are placed on a hypersurface of
degree by requiring it to contain X?

@ What is the Hilbert function of X?
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Example 1

S(X) = S/(0)=S=klx,...

H[p:n(d) = dim Sd =dim k[Xo, .

) Xn]

9 Xn]d-

Hilbert’s theorem
o]
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n=2, S = Kk[xp, X1, X2]
d basis for Sy Hp2(d)
0 1 1
1 Xo, X1, Xe 3

2 2 2
2 Xy, XoX1,XoX2, X{, X1 X2, X5 6
3 XS, XEX1, ..., X3 10
4

15
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boxes-and-dots argument

One-to-one correspondence

mmnnmn%w&

[xo] [x] [o] Da] [o] De] — xoxx
[xo] o] [o] [o] [x] (o] — xx
EEE% x5

Hilbert function for X = P”
In general, need n dots (for n+ 1 indeterminates), and n+ d

slots: J
n-+
o)~ ("5 9)
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Example 2

X ={(0,0,1),(1,0,1),(2,0,1),(3,0,1),(4,0,1)}

CoCoA results
d: 01 2 3 45 6
Hx(d): 1 2 3 4 5 5 5
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Example 3

X = twisted cubic c P® J

CoCoA results
Hx(d)=3d+1 ford >0

d: 01 2 3 4 5

dimg k[x,y,z,w]: 1 4 10 20 35 56
Hx(d): 1 4 7 10 13 16
dm/(X)q: 0 0 3 10 22 40
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Example 4

Hypersurface
I(X) = (f), feS=Kx,...,xXn, degf=e

0—S-Ls—sXx)—0
0— Sg_e -5 Sy — S(X)g — 0

dimg Sy ford < e
dimy Sy —dimg Sy_e ford > e

{ (") ford < e
(

nJgd) _ (n+d7e) ford>e

Hx(d):dlmS(X)d = {

n
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Example 4 continued

_ (") ford < e
Hx(d) =dim S(X)d =
(759~ (49 ford > e
HW: For d > e,
Hx(d) = (nf1)|d”‘1 + lots
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Theorem (Hilbert)
For X C P", there exists a unique polynomial Px(d) such that

Px(d) = Hx(d)

ford > 0.

@ Px(d) is called the Hilbert polynomial of X;
@ deg Px =dim X;
@ the leading coefficient of Px(d) is

e
(dim X)!

where deg X = e.
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