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Homogeneous Coordinates

Pn = {lines in An+1}

We name ` ∈ Pn, with any p ∈ `.

Equivalence relation on An+1 \ {0}
p ∼ λp for λ ∈ k \ {0}

Pn =
(
An+1 \ {0}

)
/ ∼
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Standard open cover

Definition

Ui = Uxi = {(x0, . . . , xn) ∈ Pn : xi 6= 0}
= Z (xi)

c

Charts

φi : Ui → An

(x0, . . . , xn) 7→ (x0
xi
, . . . , x̂i

xi
, . . . , xn

xi
)

inverse ψi : An → Ui

(x1, . . . , xn) 7→ (x1, . . . ,1, . . . , xn)
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Pn is a manifold with atlas {(Ui , φi)}n
i=0.
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Projective closure

X ⊆ An ⊂ Pn

(x1, . . . , xn) 7→ (1, x1, . . . , xn)

X̄ = smallest proj. alg. set of Pn containing X

I(X̄ ) = ?
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The homogenization of f ∈ k [x1, . . . , xn] with respect to x0 is

f h = xdeg f
0 f (x1

x0
, . . . , xn

x0
).

Example

If f (x , y) = x2 − 2x3y + y + 2, then

z4f (x
z ,

y
z ) = z4

(( x
z

)2 − 2
( x

z

)3 ( y
z

)
+ 2

)
= x2z2 − 2x3y + yz3 + 2z4.
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Definition
The homogenization of an ideal I ⊆ k [x1, . . . , xn] with respect
to x0 is

Ih = (f h : f ∈ I) ⊆ k [x0, . . . , xn].

HW

I(X̄ ) = I(X )h
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Example

X = Z (y − x2), X̄ = Z (yz − x2)

Example

twisted cubic

C = Z (y − x2, z − x3), C̄ = Z (wy − x2, zw − xy , y2 − xz).

Caution

X = Z (f1, . . . , fm) 6⇒ X̄ = Z (f h
1 , . . . , f

h
m).
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The finite part of a projective algebraic set

Y = Z (J) ⊆ Pn, J ⊆ k [x0, . . . , xn], homogeneous

Choose some std. open set, say U0 ⊂ Pn.
The finite part of Y is

Y∗ = U0 ∩ Y ⊂ U0 ≈ An

(y0, . . . , yn) 7→ (y1
y0
, . . . , yn

y0
)

J∗ = (f (1, x1, . . . , xn) : f ∈ J)

U0 ∩ Y = Z (J∗)
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One-to-one correspondence

affine algebraic sets in An not equal to An

l

projective algebraic sets in Pn

with no component contained in or containing {x0 = 0}

X Y∗

↓ ↑

X̄ Y
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Points at ∞

X ⊆ An ⊂ Pn

(x1, . . . , xn) 7→ (1, x1, . . . , xn)

Definition
The points at ∞ on X are the points

X̄ \ X = X̄ ∩ Z (x0).
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Examples

X X̄ X̄ \ X ∞

y − x2 zy − x2 z = x2 = 0 (0,1,0)

xy − 1 xy − z2 z = xy = 0
(1,0,0)
(0,1,0)

x2 + y2 − 1 x2 + y2 − z2 z = x2 + y2 = 0
(i ,1,0)
(1, i ,0)

HW
A plane conic is a circle iff it passes through the circular points
at ∞: (i ,1,0), (1, i ,0).



Homogeneous coordinates Standard open cover Projective closure Points at∞ Duality Conics

Changing coordinates

To see a point at infinity p on an alg. set X :

Choose i such that pi 6= 0, i.e., such that p ∈ Ui .

Set xi = 1 in the equations defining X̄ .

Example

X = Z (y − x2), X̄ = Z (zy − x2)

p = (0,1,0) ∈ Uy

X̄ ∩ Uy ≈ Z (z − x2).
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Example

X = Z (x2 + y2 − 1), X̄ = Z (x2 + y2 − z2)

p = (±i ,1,0) ∈ Uy

X̄ ∩ Uy ≈ Z (x2 + 1− z2)
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Duality

Definition
hyperplane in Pn:

H = Z (a0x0 + · · ·+ anxn), not all ai = 0.

The set of all hyperplanes in Pn is called the dual projective
space, denoted (Pn)∗.

One-to-one correspondence

Pn ≈ (Pn)∗

p = (a0, . . . ,an) ↔ Hp = Z (a0x0 + · · ·+ anxn)
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Example of duality

Two distinct points determine a unique line in P2.

Two distinct lines determine a unique point in P2.

Proof.
Points (a0,a1,a2), (b0,b1,b2) lie on line c0x + c1y + c2z = 0 iff

(c0, c1, c2) ∈ ker
(

a0 a1 a2
b0 b1 b2

)
Dually, lines a0x + a1y + a2z = 0,b0x + b1y + b2z = 0 contain
point (c0, c1, c2) iff

(c0, c1, c2) ∈ ker
(

a0 a1 a2
b0 b1 b2

)
In either case, the kernel has dimension 1.
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Conics

conic in P2

C = Z (a0x2 + a1xy + a2xz + a3y2 + a4yz + a5z2)

not all ai = 0.

One-to-one correspondence

P5 ≈ {conics in P2}
(a0, . . . ,a5) ↔ Z (a0x2

0 + · · ·+ a5z2)
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Fix p = (p0,p1,p2) ∈ P2.

General conic: a0x2 + a1xy + a2xz + a3y2 + a4yz + a5z2.

conics passing through p

{
(a0, . . . ,a5) ∈ P5 :

a0p2
0 + a1p0p1 + a2pop2 + a3p2

1 + a4p1p2 + a5p2
2 = 0

}
hyperplane Hq with coefficients

q = (p2
0,p0p1,p0p2,p2

1,p1p2,p2
2).
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Veronese embedding

ν2 : P2 → P5

(x , y , z) 7→ (x2, xy , xz, y2, yz, z2)

{
conics through p ∈ P2} = Hν2(p) ∈ (P5)∗
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Conics tangent to x = 0

f (x , y , z) = a0x2 + a1xy + a2xz + a3y2 + a4yz + a5z2 = 0
x = 0

f (0, y , z) = a3y2 + a4yz + a5z2 = 0

The conics tangent to the line x = 0 form the quadric
hypersurface

a2
4 − 4a3a5 = 0

in P5.
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