
PRINCIPAL PARTS OF LINE BUNDLES ON TORIC VARIETIESDavid PerkinsonReed CollegePortland, Oregon 97202e-mail: davidp@reed.eduJuly 14, 1995The main tool for studying the inections (or Weierstrass points) of a mappingof a smooth projective variety into projective space are the principal parts of linebundles. In recent work by D. Cox, [2], homogeneous coordinates on a toric varietyhave been introduced, and in subsequent work with V. Batyrev, [1], an Euler se-quence is de�ned. The homogeneous coordinates and the Euler sequence are directgeneralizations of the usual notions in the case of projective space. The purpose ofthis note is to use the Euler sequence to describe the principal parts of line bundleson a toric variety (Theorem 1.2). The essential idea is to compare derivatives withrespect to local and global coordinates. Even for the case of projective space, thecomplete description is apparently not to be found in the literature.Acknowledgments. I would like to thank the Matematisk Institutt of the Uni-versity of Oslo, Norway for its hospitality, and thank Reed College for providingtime and support through a Vollum research grant.x0 NotationWe use standard notation from analysis. If � = (a1; : : : ; an) is a tuple of non-negative integers, let �! := Qni=1 ai! and j�j := Pni=1 ai. A monomial of the formQni=1 eaii will be denoted by e�. We will often write @xi in place of @=@xi.Toric varieties. As general references for toric varieties, we use [3] and [8]. LetX be an n-dimensional toric variety associated with a fan � in an n-dimensionallattice N �= Zn. Let M = HomZ(N;Z) be the dual lattice and �(1) be the set ofone-dimensional cones of �. For each � 2 �(1), let n� be the generator of � \ Nand D� be the associated T -invariant Weil divisor; the set of such D� is a basisfor the free abelian group of T -Weil divisors, Z�(1). To describe the homogeneouscoordinate ring of X introduced in [2], recall the exact sequence0 �!M �! Z�(1) �! An�1(X) �! 0 (1)m 7! Dm =X� hm;n�iD� Typeset by AMS-TEX1



2 DAVID PERKINSONwhere An�1(X) is the group of Weil divisors modulo rational equivalence and themap Z�(1) ! An�1(X) sends a divisor to its class. For each � 2 �(1), let x� bea variable. There is a 1-1 correspondence between T -Weil divisors and monomialsin the x�, namely, D = P� a�D� 2 Z�(1) corresponds with xD = Q� xa�� . Thehomogeneous coordinate ring of X is S = C [x� j � 2 �(1)] with grading given bythe class group, An�1(X). This means that two monomials xD and xE have thesame degree if [D] = [E] in An�1(X). For each T -Weil divisorD, there is a coherentsheaf, OX(D). As explained in [2], it comes from shea�fying the An�1(X)-gradedS-module S(D), where S(D) is S with degree shifted by [D], i.e., its [E]-th gradedpart is given by S(D)[E] = S[D]+[E]. We will always be interested in the case whereX is smooth and projective. Hence, each OX(D) is a line bundle.As discussed in [1], for each element � 2 HomZ(An�1(X);Z), there correspondsan Euler formula. If f 2 S is homogeneous of degree [D], then it is straightforwardto check that X�2�(1)�([D�])x�@x�f = �([D])fThe case of X = Pn recovers the usual Euler formula.Principal parts. Let F be an OX -module on a smooth n-dimensional variety Xover C . Let P k(F) be the sheaf of k-th order principal parts of F . We assumefamiliarity with principal parts, and recall some basic facts. Some references are[4], [6], [9], [11]. Throughout, we indentify vector bundles over X with locally freesheaves of OX -modules.In the case where F = F is locally free, the principal parts sheaves are locallyfree, and there are exact sequences of vector bundles0 �! Sk
X 
OX F �! P k(F ) �k�! P k�1(F ) �! 0where Sk
X denotes the k-th symmetric power of the cotangent bundle of X. Wecall these the fundamental exact sequences for principal parts bundles. One usesthese sequences to get a local description of the principal parts bundles, which werecall for the case where F = L is a line bundle. First suppose that X is a�ne, withcoordinate ring A = C [x1 ; : : : ; xn], and de�ne B = A[dx1; : : : ; dxn] where the dxi'sare indeterminates. Then X and L can be identi�ed with A, and the bundle Sk
X ,(resp., P k(L)), can be indenti�ed with elements of B which are homogeneous ofdegree k, (resp., � k), in the dxi's. For arbitrary X, the local picture is similarto the a�ne case just described: one takes local coordinates x1; : : : ; xn at a pointx and replaces A by the completion of the local ring of X at x (isomorphic toC [[x1 ; : : : ; xn]]).In general, for each k, there is a canonical map of sheaves of abelian groupsdk:F ! P k(F)These maps commute with the projections to lower-order principal parts bundles:�k � dk = dk�1. For F = L, a line bundle, using local coordinates as above, dksends a section of L to its truncated Taylor seriesf = f(x1; : : : ; xn) 7! Xj�j�k 1�! @j�jf@x�



PRINCIPAL PARTS ON TORIC VARIETIES 3Composing with �k amounts to truncating the Taylor series one degree earlier.Grothendieck, [4], de�nes di�erential operators so that they are represented byprincipal parts bundles. A map D:F ! G of sheaves of abelian groups is called adi�erential operator of order � k if it factors:P kFu��F �k //dk ==zzzzzzzz Gwhere u is OX -linear. In the case where F = L is a line bundle, this de�nition isequivalent to saying that locally, D is given by OX -linear combinations of partialderivative operators in the local variables.To see the connection between principal parts bundles and inections, let L bea line bundle, W an (n + 1)-dimensional vector space over C , and W ! �(X;L)a map of vector spaces. For each integer k � 0, we de�ne an OX -linear truncatedTaylor series map by evaluating global sections and taking principal parts:�k:W 
C OX �! �(X;L)
C OX ev�! L dk�! P k(L)These maps are compatible with the projections: �k � �k = �k�1.Assuming �0 is surjective, there is a corresponding mapf :X ! P(W ) �= PnThe study of inections of f is equivalent to studying the degeneracy locii of the�k. Let rk be the generic rank of �k. A point x 2 X such that the rank of �k(x)drops below rk is called a k-th order inection or Weierstrass point for f . LetU = fx 2 X �� rk�k = rkg. Restricting �k to U determines a surjection onto asubbundle of P k(L)jU which corresponds to a rational mapfk:X �� ! Grk�1Pnto the Grassmannian of (rk�1)-planes in Pn. This de�nes the k-th order associatedmap of f sending a point to its k-th order osculating space. Using local coordinateson X to parametrize the mapping, the point x 2 X is sent to the span of thederivatives of the mapping up to order k.x1 Principal parts on toric varietiesLet X be a smooth toric variety over C with s one-dimensional cones �1; : : : ; �shaving associated invariant Weil divisors Di = D�i and homogenous coordinatesxi = x�i for i = 1; : : : ; s. We want to describe the principal parts of line bundleson X. Let � := �si=1OX(�Di) = sXi=1 OX(�Di)eiwhere the ei are indeterminates. Take symmetric powers to de�neSk� := �1�i1�����ik�sOX(�Di1 � � � � �Dik) = � sXi=1 OX(�Di)ei�k



4 DAVID PERKINSONwith basis consisting of monomials in the ei's of degree k.De�nition 1.1. If D is a T -Weil divisor, the bundle of k-th order homogeneousprincipal parts of OX(D) isSk�(D) := Sk�
OX OX(D) = �1�i1�����ik�sOX(D �Di1 � � � � �Dik)As an analogue of the projection of principal parts, �k, de�ne the OX -linear map� = �k:Sk�(D)! An�1(X)
ZSk�1�(D)f 7! sXi=1[Di]
 xi@eifThe map � is not generally surjective, but we will see that like the standard projec-tion, its kernel is Sk
X 
OX (D). It is surjective, however, in the case where k = 1and D = 0. The resulting exact sequence has been called by [1] \the generalizedEuler exact sequence:"0 �! 
X �! �si=1OX(�Di) �1�! An�1(X)
ZOX �! 0For example, if X = Pn with homogeneous coordinates x0; : : : ; xn and correspond-ing divisors D0; : : : ; Dn, we can can identify An�1(X) with Z so that �1 is deter-mined by shea�fying the map�ni=0S(�Di) [x0���xn]�����! SThis gives the standard Euler sequence on projective space. For a general X, themap �1 will be determined by a matrix, as above, but with many rows: one foreach Euler formula on the toric variety.In the case of X = Pn, the Euler sequence is exactly the fundamental exactsequence for principal parts with k = 1 and D = 0, [5]. A complete description ofP k(OX(d)) and the fundamental exact sequence for a range of values of k may alsobe described using the Euler sequence (cf. x2). The main purpose of this note is togeneralize these ideas to the case of toric varieties.To begin to compare homogenous principal parts on a general toric variety withthe standard principal parts, consider the mapC [x�11 ; : : : ; x�1s ]! SkC [x�11 ; : : : ; x�1s ] = � sXi=1 C [x�11 ; : : : ; x�1s ]ei�kf 7! 1k!� sXi=1 ei@xi�kf = Xj�j=k 1�! @j�jf@x� e�For each divisor D, the sheaf OX(D) is naturally a subsheaf of the constant sheafon C [x�11 ; : : : ; x�1s ] (see the de�nition of OX(D) in [2]). Hence, for each D, the mapjust described induces a di�erential operator of order k:�k:OX(D)! Sk�(D)



PRINCIPAL PARTS ON TORIC VARIETIES 5To verify that �k is a di�erential operator, note that on a standard a�ne open set,the operators @xi which do not come directly from the coordinates can be writtenas combinations of those that do by using Euler formulas (cf. x0). In detail, let Ube a standard a�ne open set and assume that x1; : : : ; xn are coordinates. Thesheaf OX(D) is the set of elements of degree [D] in C [x1 ; : : : ; xn; x�1n+1; : : : ; x�1s ],(cf. [2]). Take [Dn+1]; : : : ; [Ds] as a basis for An�1(X), and take the dual basis,�n+1; : : : ; �s, for HomZ(An�1(X);Z). For f 2 OX(D)(U), the Euler formulas of x0can be written (solving for @xj )@xjf = 1xj  �j([D])� nXi=0 �j([Di])xi@xi! f; j = n+ 1; : : : ; s(The reader may �nd the exact description of Sk�(D)(U), given in the proof ofTheorem 1.2, useful in understanding the remarks just made.) Hence, using theabove formulas, �k can be described using only partial derivatives with respect tothe coordinates.The universal property of principal parts bundles says there is an OX -linear mapuk factorizing �k through the canonical di�erential operator dk:P k(OX(D))uk��OX(D) �k //dk 88qqqqqqqqqq Sk�(D)Finally, to make the projections �k and �k compatible with the maps uk, de�ne� = �k:Sk�(D)! An�1(X)
ZSk�(D)f 7! sXi=1[Di]
 xi@xifAlthough � involves partial derivatives with respect to the xi, it is OX -linear. If fis homogeneous of degree [E] =Psi=1 ai[Di], then�(f) = sXi=1 ai[Di]
 f = [E]
 fHence, � is just multiplication by degree.We can now state the main theorem:Theorem 1.2. For each k � 0, there is a commutative diagram with exact rows0 // Sk
X 
OX(D) // Sk�(D) �k // An�1(X)
ZSk�1�(D)Sk�1�(D)�k�1OO
0 // Sk
X 
OX(D) // P k(OX(D))ukOO

�k // P k�1(OX(D))uk�1OO // 0



6 DAVID PERKINSONThe bottom row is the fundamental sequence for principal parts bundles. Since �kis surjective, P k(OX(D)) is the pullback of �k and �k�1 �uk�1. (See x2 for remarksabout cases where uk is injective.)proof: We will �rst show that the right-hand square of the diagram commutes.Since P k(OX(D)) is generated by the image of dk and dk is compatible with theprojection, �k, it su�ces to show that �k � �k = �k�1 � �k�1:�k(�k(f)) =Xi [Di]
 xi@ei� 1k!�Xj ej@xj�kf�=Xi [Di]
 xi@xi� 1(k � 1)!�Xj ej@xj�k�1f�=Xi [Di]
 xi@xi(�k�1(f)) = �k�1(�k�1(f))We now take local coordinates to check that the induced map between ker�kand ker�k is an isomorphism. Let U be a standard maximal a�ne open set of X.We may assume that x1; : : : ; xn correspond to one-dimensional cones spanning amaximal cone in the fan for X and that U is the corresponding a�ne subset. Takethe primitive lattice points on these one-dimensional cones as a basis for N , thedual basis forM , and [Dn+1]; : : : ; [Ds] as a basis for An�1(X). The exact sequence,(1), for An�1(X) becomes0! Zn " In�C #�����! Zs [C Is�n ]��������! Zs�n ! 0for some matrix C = [cn+i;j ]1�i�s�n; 1�j�n.According to [2], if E is a T -Weil divisor, then �(U;OX(E)) is the set of elementsof degree [E] in the localized ring C [x1 ; : : : ; xs]xn+1���xs . Since linearly equivalentdivisors give rise to isomorphic line bundles, we may assume that D = an+1Dn+1+� � �+ asDs for some integers ai. Hence, the a�ne coordinate ring on U is�(U;OX) = B = C [w1 ; : : : ; wn]; wi := xiQsj=n+1 xcj;ijAlso, letting xD =Qsi=n+1 xaii , we have�(U;OX(D)) = xDBand�(U; Sk�(D)) = xD  B e1Qsj=n+1 xcj;1j + : : :+B enQsj=n+1 xcj;nj + B en+1xn+1 + � � �+ B esxs!k



PRINCIPAL PARTS ON TORIC VARIETIES 7To make the kernel of �k apparent, it is convenient to change e-variables, lettingzi = ( eiQsj=n+1 xcj;ij � wiPs̀=n+1 c`;i e`x` ; for 1 � i � neixi ; for n+ 1 � i � sIt follows that �(U; Sk�(D)) = xD(Psi=1Bzi)k, and since [Di] = Psj=n+1 cj;i[Dj ]for i = 1; : : : ; n, we get that�k = [Dn+1]
 @zn+1 + � � �+ [Ds]
 @zsHence, the kernel of �k consists of polynomials of z-degree k in xDB[z1; : : : ; zs]which do not involve any of the zi with i > n.We identify P k(OX(D))jU with the elements of degree � k in B[dw1; : : : ; dwn],thinking of the dwi's as indeterminates. For xDf(w1; : : : ; wn) 2 �(U;OX(D)) =xDB, the map dk gives the truncated Taylor series expansion of f ,dk(xDf) = 1k!�1 + nXi=1 dwi @wi�kf= Xj�j�k 1�! @j�jf@w� dw�The kernel of �k is the set of polynomials of degree exactly k in the dwi's. Wewill be �nished if we show that for each � 2 Zn�0 with j�j = k, the map uk sends themonomial dw� to the corresponding monomial in the kernel of �k, namely, xDz�.A priori, we know that uk maps the kernel of �k to the kernel of �k, so uk(dw�)has no terms involving zi with i > n. Thus, we just need to check the coe�cientsof terms only involving zi with i � n.Using a standard identity from analysis,uk(dw�) = uk�X���(�1)j���j����w���dk(xDw�)�= X���(�1)j���j����w����k(xDw�)For each  = (1; : : : ; n; 0; : : : ; 0) 2 Zs�0 with jj = k, we need to �nd the z -termin the above expression. In �k(xDw�), this term is�k(xDw�)z = " 1k!� sXi=1 ei@xi�k(xDw�)#z= "���xDw� nYi=1� eixi�i#z= "���xDw� nYi=1 1wi (zi + wi sX`=n+1 c`;i e`x`!i#z= ���xDw�� nYi=1 zii



8 DAVID PERKINSON(A note to help see that the second line in the above computation follows from the�rst: Recall that each zi is a homogenous linear combination of the ej 's. Hence, to�nd the z -term, we only need to consider partial derivatives, @xi , with i � n.) Nownote that since � � � and j�j = jj, the �nal expression is zero unless � = � = .Thus, uk(dw�) = xDz�as required. � x2 DiscussionI. Taylor series/associated maps. We de�ne Taylor series maps with respect tothe homogeneous coordinates on the toric variety, X, and compare them with theusual notion (cf. x0). Let W ! �(X;OX(D)) be a map of vector spaces over C .By evaluating global sections, de�ne the OX -linear map�hk :W 
C OX �! �(X;OX(D))
C OX ev�! OX(D) �k�! Sk�(D)There is a commutative diagram expressing the compatibility of �hk with the usualtruncated Taylor series map: Sk�(D)W 
C OX �k //�hk 77ppppppppppp P k(OX(D))ukOO
If uk is injective, then the ranks of �hk and �k are the same at all points of X.Thus, �hk can be used to measure inections: if W maps to a set of globally gen-erating sections of OX(D), the k-th order inections of the corresponding map,X ! Pn, are exactly the points where �hk drops rank. The following propositiongives a su�cient condition for the injectivity of uk.Proposition 2.1. Using the notation of x1, the map uk is injective provided thatthe classes, [D �Di1 � � � � �Di` ] are nonzero for all i1; : : : ; i` 2 f1; : : : ; sg and for` = 0; : : : ; k � 1.proof: From the de�nition of S`�(D) and the fact that �` is multiplication bydegree, it follows that �` is injective provided that [D�Di1 �� � ��Di` ] are nonzerofor all i1; : : : ; i` 2 f1; : : : ; sg. Theorem 1.2 implies that u` is injective provided thatu`�1 and �`�1 are injective. The result follows. �For instance, on Pn with OX(D) = OX(d), the map uk is injective if k � d or ifd < 0. (For more on this point, see II, below.)We can de�ne variants of uk and �hk so that inections can be measured usinghomogeneous coordinates even in the case where uk is not injective. First, de�nethe di�erential operator of order k:��k = �ki=0�k:OX(D)! �k̀=0S`�(D)(Compare this with �k of x1, where we only took derivatives of order exactly k inthe homogeneous coordinates.) The OX -linear map corresponding to ��k via theuniversal property of principal parts bundles isu�k = �ki=0uk:P k(OX(D))! �k̀=0S`�(D)



PRINCIPAL PARTS ON TORIC VARIETIES 9Using the Euler formulas from x0, it is straightforward to check that u�k is alwaysinjective. De�ning �h�k := �k̀=0�h̀, we get a \Taylor series" map and a commutativediagram �k̀=0S`�(D)W 
C OX �k //�h�k 77oooooooooooo P k(OX(D))u�kOO
Now, the ranks of �k and �h�k are the same at all points of X. This idea was usedin [12] to de�ne inections of toric mappings using homogeneous coordinates.II. Principal parts on projective space. Let X = Pn and OX(D) = OPn(d)for some integer d. The commutative diagram in Theorem 1.2 can be written0 // Sk
Pn 
OPn(d) // OPn(d� k)(n+kk ) �k // OPn(d� k + 1)�(n+k�1k�1 ) // 0OPn(d� k + 1)�(n+k�1k�1 )�(d�k+1)OO
0 // Sk
Pn 
OPn(d) // P k(OPn(d))ukOO

�k // P k�1(OPn(d))uk�1OO // 0The surjectivity of the upper row can be checked in local coordinates. The map�k�1 is multiplication by degree, d� k + 1. Since u0 is an isomorphism, it followsfrom the �ve-lemma that all the uk are isomorphisms for k = 1; : : : ; d. Whenk = d+ 1, the map �d is multiplication by zero and ud+1 is not an isomorphism. Ifd is negative, then uk is an isomorphism for all k.We have identi�ed P k(OPn(d)) as a direct sum of line bundles in the case wherek � d or d < 0. In the case where k > d, it follows from Theorem 1.2 thatP k(OPn(d)) = Qk �O�(n+dd )Pnwhere the bundle Qk is given asQk = ker�OPn(d� k)�(n+kk ) �k������d+1�������! O�(n+dd )Pn �In particular, Qd+1 = Sd+1
Pn 
 OPn(d). It also follows that for k > d there areexact sequences 0! Sk
Pn 
OPn(d)! Qk ! Qk�1 ! 0It would be nice to know more about these bundles, Qk.Note. In [10] it had previously been noted that P k(O(d)) �= O(d� k)�(k+1) on P1for 0 � k � d.III. Principal parts of projective bundles. In [11], a description of principalparts on projective bundles over arbitrary schemes was given. We recall this de-scription here in an extended form. Let E be a vector bundle of rank n+ 1 over a



10 DAVID PERKINSONnoetherian scheme S. Let P = P(E) be the projective bundle of one-dimensionalquotients of E with projection u:P ! S and universal quotient bundle O(1). (Forexample, if E is a trivial bundle over a �eld S = k, then P �= Pnk .)To describe the principal parts of O(d), we use the Euler sequence on P , whichwe write as 0 �! 
P=S 
O(1) �! EP ��! O(1) �! 0where EP := u�E. De�ne a map�k:SkEP ! O(1)
 Sk�1EP := Sk�1E(1)v1 � � � vk 7!Xi ��(vi)
 v1 � � � v̂i � � � vk�Tensoring by O(`) gives a map which we also denote by �k�k:SkEP (`)! Sk�1EP (`+ 1)(This map is essentially �k from x1.)Theorem 2.1. Let k � 0 be an integer, and assume that the characteristic of theresidue �eld at each point of S is zero or greater than k; then there is a commutativediagram with exact rows0 �! Sk
P=S 
O(d) �! SkEP (d� k) �k�! Sk�1EP (d� k + 1) �! 0 �kx?? �k�1x??0 �! Sk
P=S 
O(d) �! P k(O(d� k)) �k�! P k�1(O(d� k + 1)) �! 0The bottom row is the fundamental sequence for principal parts bundles. The map�k is an isomorphism when k � d or when d < 0.In [11], this theorem is proved only for the case k � d. Using the ideas presentedin this paper, the result can be extended to the case d < 0.IV. Di�erential operators on toric varieties. We have given a description ofP k(OX(D)) on a toric variety. Thus, taking duals|applying Hom( � ;OX) to The-orem 1.2|should give a description of the di�erential operators D:OX(D) ! OX .I. Musson, [7], has described these \twisted" di�erential operators on a toric variety,and it would be interesting to compare our results.References[1] V. Batyrev and D. Cox, On the Hodge Structure of Projective Hypersurfaces in Toric Varieties75 (2) (1994), Duke Mathematical Journal, 293{338.[2] D. Cox, The Homogeneous Coordinate Ring of a Toric Variety (to appear: Journal of Alge-braic Geometry).[3] W. Fulton, Introduction to Toric Varieties, Annals of Math. Studies, 131, Princeton UniversityPress, 1993.[4] A. Grothendieck, EGA (4), Publ. Math. IHES 32 (1967).[5] S. Kleiman, The enumerative theory of singularities, Real and complex singularities, Oslo1976, Sijtho� and Noordho�, Alphen aan den Rijn, The Netherlands, 1977, pp. 297{396.[6] D. Laksov and A. Thorup, Weierstrass Points on Schemes, preprint (1994).
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