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stable, unstable, and center subspaces

A ∈ Mn(Rn) with generalized eigenvectors and eigenvalues

uj + ivj ∈ Cn and λj = aj + ibj ∈ C,

respectively, for j = 1, . . . , n.

E s := Span {uj , vj : aj < 0}
Eu := Span {uj , vj : aj > 0}
E c := Span {uj , vj : aj = 0} .
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Stable manifold theorem

Theorem. f ∈ C1(E ),

f (0) = 0,

Df0: k eigenvalues with negative real part and n − k eigenvalues
with positive real part.

∃ k-dimensional differentiable manifold S tangent to the stable
subspace E s of the linearized system x ′ = Df0(x) at 0

and ∃ (n− k)-dimensional differentiable manifold U tangent to the
unstable space Eu of the linearized system

such that
lim

t→∞
φt(p) = 0

for any p ∈ S and
lim

t→−∞
φ(p) = 0

for any p ∈ U.
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Example

x ′ = −x − y2

y ′ = y + x2



Sketch of proof of stable manifold theorem

pre-processing:

(i) if x0 6= 0, replace x with x − x0.

(ii) x ′ = Jf (0)x + F (x) where F (x) := f (x)− Jf (0)x

(iii) Take P so that

P−1Jf (0)P =
(

A 0
0 B

)

where A has k eigenvalues with positive real part and B has n − k
eigenvalues with negative real part.

(iv) Let y = P−1x and G(y) = P−1F (Py):

y ′ =
(

A 0
0 B

)
y + G(y).
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Sketch of proof of stable manifold theorem

y ′ =
(

A 0
0 B

)
y + G(y)

e

(
A 0
0 B

)
t =

(
eAt 0
0 eBt

)
=
(

eAt 0
0 0

)
︸ ︷︷ ︸

U(t)

+
(

0 0
0 eBt

)
︸ ︷︷ ︸

V (t)

operator on functions u : [−ε, ε]× Ω→ Rn:

(Tu)(t, a) = U(t)a +
∫ t

s=0
U(t − s)G(u(s, a)) ds

−
∫ ∞

s=t
V (t − s)G(u(s, a)) ds

idea: iterate T starting at the zero-function
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Sketch of proof of stable manifold theorem

Fixed point u of T :

u(t, a) = U(t)a +
∫ t

s=0
U(t − s)G(u(s, a)) ds

−
∫ ∞

s=t
V (t − s)G(u(s, a)) ds

The stable manifold is the set of points

(a1, . . . , ak , uk+1(0, a1, . . . , ak , 0, . . . , 0), . . . , un(0, a1, . . . , ak , 0, . . . , 0))

as (a1, . . . , ak) varies in a neighborhood of the origin in Rk



Sketch of proof of stable manifold theorem

Fixed point u of T :

u(t, a) = U(t)a +
∫ t

s=0
U(t − s)G(u(s, a)) ds

−
∫ ∞

s=t
V (t − s)G(u(s, a)) ds

The stable manifold is the set of points

(a1, . . . , ak , uk+1(0, a1, . . . , ak , 0, . . . , 0), . . . , un(0, a1, . . . , ak , 0, . . . , 0))

as (a1, . . . , ak) varies in a neighborhood of the origin in Rk



Sketch of proof of stable manifold theorem

For the unstable manifold, replace t by −t.

The equation becomes

y ′ = −
(

A 0
0 B

)
y − G(y)

Apply φ : y 7→ (yk+1, . . . , yn, y1, . . . , yk):

(φ(y))′ =
(
−B 0

0 −A

)
φ(y)− G(φ(y))

Find the stable manifold for this system, then apply φ−1.
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Motivation for T
Suppose y is a solution with initial condition in the stable
manifold.

Then

y ′ = My + G(y) ⇒ e−Mty ′ = e−MtMy + e−MtG(y)

⇒ e−Mty ′ = Me−Mty + e−MtG(y)

⇒ e−Mty ′ −Me−Mty = e−MtG(y)

⇒ (e−Mty)′ = e−MtG(y)

⇒
∫ t

s=0
(e−Msy(s))′ ds =

∫ t

s=0
e−MsG(y(s) ds

⇒ e−Mty(t)− y(0) =
∫ t

s=0
e−MsG(y(s)) ds

⇒ y(t)− eMty(0) =
∫ t

s=0
eM(t−s)G(y(s)) ds
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(U(t − s) + V (t − s))G(y(s)) ds

⇒ y(t) = (U(t) + V (t))y(0) +
∫ t
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s=0
V (t − s))G(y(s)) ds −

∫ ∞
s=t

V (t − s))G(y(s)) ds
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