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stable, unstable, and center subspaces

A € Mp(R") with generalized eigenvectors and eigenvalues
ui+iv;e C" and A =a;+ibj€C,

respectively, for j =1,...,n.

E® := Span {uj,v; : a; < 0}
E" := Span{uj,v; : aj > 0}
E€ :=Span{uj,vj: a; = 0}.
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Stable manifold theorem

Theorem. f € C1(E), f(0) =0,

Dfy:  k eigenvalues with negative real part and n — k eigenvalues
with positive real part.

3 k-dimensional differentiable manifold S tangent to the stable
subspace E® of the linearized system x’ = Dfy(x) at 0

and 3 (n — k)-dimensional differentiable manifold U tangent to the
unstable space EY of the linearized system

such that
Jim 0x(p) =0
for any p € S and
lim ¢(p) =0
t——00

for any p € U.



Example

X' ==x—-y

y =y+x°
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Sketch of proof of stable manifold theorem

pre-processing: (i) if xo # 0, replace x with x — xg.
(i) x = JF(0)x + F(x) where F(x) := f(x) — JF(0)x
(iii) Take P so that

P~LIfF(0)P = ( é‘ g )

where A has k eigenvalues with positive real part and B has n — k
eigenvalues with negative real part.

(iv) Let y = P71x and G(y) = P~1F(Py):

y’=<g\ g>y+G(y)-
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;/:(S‘ g>y+G(y)
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operator on functions u: [—¢,e] x Q — R"™
t
(Tu)(t, a) = U(t)a+/ U(t — 5)G(u(s, a)) ds
s=0

_ /: V(t — 5)G(u(s, a)) ds



Sketch of proof of stable manifold theorem

operator on functions u: [—¢,e] x Q — R"™
t
(mxn@::wna+/itﬂt-@@@@@»ds
s=0

—Lmvu—gcwgﬁn$

=t

idea: iterate T starting at the zero-function
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Fixed point v of T:
t
u(t, a) = U(t)a+/ Ut — 5)G(u(s, a)) ds
s=0

_ /:o V(t — 5)G(u(s, ) ds

=t



Sketch of proof of stable manifold theorem

Fixed point v of T:
t
u(t, a) = U(t)a+/ Ut — 5)G(u(s, a)) ds
s=0

- /SOO V(t — 5)G(u(s, ) ds

=t

The stable manifold is the set of points
(al,...,ak,ukH(O,al,...,ak,O,...,O),...,u,,(O,al,...,ak,O,...,O))

as (a1,...,ax) varies in a neighborhood of the origin in R¥
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Sketch of proof of stable manifold theorem

For the unstable manifold, replace t by —t. The equation becomes

y’=—(é\ g)y—G(y)

Apply @2y = (Vit1s - Y Y1y -5 YK):

(4y)) = ( o ) By) — G(6(y))

Find the stable manifold for this system, then apply ¢—1.
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S My -0 = [ e 6lys) ds



Motivation for T

Suppose y is a solution with initial condition in the stable
manifold. Then

Y=My+6(y) = e My =eMMy+eac(y)
= My = MMy 4 e MG(y)
= My - MMy = G()
= (e My) =eM6(y)

4

[Lera o= [ e et

= e*Mty(t) —y(0) = /Sto eiMsG(y(s)) ds

= y(t) - eMt)/(O) = /sio eM(t*S)G(y(s)) ds
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Motivation for T

t

= A=y + [ MIG(y(s)) o8

= y(t) = (U(t) + V())y(0)

+ /i (U(t —s)+ V(t —5))G(y(s)) ds
s=0
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Motivation for T

S0 = U+ VWO + [ U= 565 d

7 vie- NG ds - [ vie—s)6(v(s) ds

= y(6) = U(0) + V(1) (y(0) + [ V(-5)6(x(s)) os)

+/ U(t — $)G(y(s)) ds—/: V(t - 5))G(y(s)) ds



Motivation for T

= (1) = (U + VOO + | io U(t — 5)G(y(s)) d
[T Vie= )G ds— [ V(E-9)G(v(s) ds

= y(t) = U(t)y(0) + V(1) <y<0) + [ V=9)60(6) ds)
+/ U(t — $)G(y(s)) ds—/i V(t - 5))G(y(s)) ds

O+ [ Ut-9)60()d
- [ Vie-speuis) ds



